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Abstract

Recent technological advances, the global understanding of climate change and the role that renewable
energy resources can play, along with the rise in electricity prices and little incentive for feeding the excess
PV generation back to the grid have led to the growing interest among end-users in residential solar
photovoltaic (PV) systems with battery storage systems. The recently released Western Australian Climate
Policy sets the goal of achieving net-zero greenhouse gas emissions (GGE) by 2050. The rapid growth in
distributed energy resources (DER) has changed the load pattern in distribution networks (DNs). As more
DER facilities are introduced to the electric power systems, the power utilities undertake more investments
in infrastructure to tackle the uncertainties pertaining to DER and manage the voltage issues due to
increasing DER penetration. In these cases, the conventional planning models will result in over- or underinvestment choices due to limited knowledge about end-users, which ultimately leads to financial losses for
both the utility and customers.
In order to effectively plan DNs for the future utilities need to understand the possible changes at the
end-users’ side, which is missing in the existing literature. To achieve the optimal plan for the modern
power distribution networks, all parties should be considered including the utility and end-users. There is
also a critical need for better network charge tariffs designs to reflect the true contribution of customer DER
in the cost of poles and wires. This thesis studies planning models for power utilities incorporating a model
of end-users’ decisions. This enables utilities to see the most likely possible scenarios of end-users’
investment in DER.
The main contributions of this thesis are:
1.

Development of a DN planning model that incorporates the expected end-users’ investments in
DER. This model enables the utility to investigate the opportunities and challenges offered by
end-users’ DER and presents more cost-effective investment plans for the utility.

2.

Further development of a DN planning model through formulating a separate optimisation
problem for the end-users. This model allows both the utility and end-uses to maximise their
own benefits.

3.

Inclusion of a local energy market where end-users can trade energy with other end-users in their
neighbourhood providing more convenient prices for buyers and higher benefits for sellers.

4.

Design of a network charge allocation scheme for the utility to rationalise the network use. This
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will help the utility to avoid unnecessary investment in the network.
5.

Development of solution techniques using distributed optimisation algorithms and
decomposition techniques to enhance the computation speed.

6.

Formulation of a novel optimal power flow problem based on the concept of the Stackelberg
game and Benders decomposition. This model provides more cost-effect solutions and is faster
than existing models.

The simulations reveal that the proposed planning model enables power utilities to avoid overinvestments
while motivating the increased installation of DER by end-users. In essence, the numerical studies show
that the proposed planning model led to 75% reduction in the cost of network investment and 70% reduction
in the total cost of planning and operation for the utility compared to existing planning models. As well as
this the penetration of customer DER increased by 20% using our proposed model. The proposed model
also reduced the total cost of electrification by 4%.
The numerical studies also show that the proposed dynamic network charge tariff design can effectively
reflect the true contribution of customers to the cost of network upgrade. Essentially, the loading of lines
and distribution transformers decreased by up to 30% which resulted in lower grid losses and avoided
unnecessary costly infrastructure investments. The deviation of the node voltages from 1 per unit was also
improved by a factor of 11%.
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Chapter 1 Introduction

1.1 Problem Statement
Customers in many countries around the globe have installed distributed energy resources (DER), mainly
rooftop solar photovoltaic (PV) systems, at an unprecedented rate, including Australia, the U.S., China,
Germany, etc [1, 2]. The penetration of customer DER is expected to increase in the upcoming years in
Australia mainly driven by the falling cost of DER installation and development in DER technology [3].
Due to DER integration, customers are already benefited by reduced electricity bills, more control over
their energy consumption, lower carbon footprint and more flexibility in their demand. However, the high
levels of DER in the distribution network have fundamentally changed the electrical characteristics of the
distribution networks, i.e. the load pattern, peak demand, voltage profiles, ramping characteristics of
inverter-interfaced DERs, etc.
The high levels of DER will put the operation of the distribution networks at risk of breaching the
standard technical limits such as voltage and thermal limits. Particularly at the end of long feeder runs, the
backfeed of excess PV generation can cause overvoltage issues or the thermal limits of network equipment
may exceed the allowable limits. Furthermore, the variability associated with the growing number of
renewable DERs has added uncertainties to the planning and operation of distribution networks. While it is
expected that the integration of DER within power systems will minimise the needs for investments,
tackling the emerging challenges of DER requires other investments or approaches, which need to be
investigated. The growth of DER, essentially distributed PV systems has reduced both the minimum and
total operational demand which has already created serious operational challenges in maintaining the
security of the grid and having enough margin to meet the requirements for system strength and inertia. The
total demand is declining to levels that the current electricity pricing scheme does not accurately reflect the
installation cost of the network infrastructure, that are required for only a short period of time to supply the
peak demand. As a result, the electricity price is going up which puts pressure on customers [3]. Also,
power utilities will see a decline in their income as the penetration of PV systems is expected to grow for
the next decade.
The high levels of customer DER will present the risks of overvoltage and congestion issues, leading to
potential disruption and eventually more costs to the customers. Consequently, if DER integration is not
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managed properly, customers may be prevented from installing DER or the utility will have to invest more
in the network infrastructure, which could increase the investment cost up to 4 times as discussed in
subsection 6.7. The former will hinder the increasing penetration of renewables by 20% as reported in
subsection 6.7 and prevents the customers from enjoying the benefits of DER, while the latter consequence
will negatively impact customers by imposing higher electricity prices on them.
One of the main reasons for the problems discussed above is that distribution networks were not
originally designed to integrate a high percentage of DER. Conventional planning processes were designed
to find the optimal solutions in distribution networks in order to supply future loads considering the growth
in demand. However, modern distribution networks integrate a high percentage of DER and must provide
a safe and reliable grid to not only supply the load but also to accommodate these new energy resources, to
enable them to provide value for the whole system and to meet the emerging needs of the customers. One
of these emerging needs is to be able to trade electric energy with other prosumers in their neighbourhood.
This not only offers value to consumers and prosumers but also presents a new business opportunity for the
utility to charge the neighbourhood energy trading scheme participants for their use of the network. The
utility can also incentivise this trading amongst customers in a way to address the network technical
challenges when needed.
The existing planning processes do not thoroughly consider the increasing DER adoption which results
in failing to effectively accommodate them. Also, the impact of neighbourhood energy trading on
distribution network planning has not been investigated in detail, therefore, the existing planning models
may not be able to achieve the optimal investment plan. There is a critical need to enhance the existing
planning processes and revisions to consider the scenarios of DER adoption by customers while examining
all the opportunities in the modern distribution networks such as neighbourhood energy trading.
In the existing planning models for distribution networks the focus is to use feasible and viable
alternatives to maintain the technical constraints of the system, mainly the voltage and thermal limits. This
requires the inclusion of power flow equations that are inherently nonlinear and nonconvex, thus, adding
to the complexity of the planning optimisation model where a substantial part of the variables are integer.
These complexities will increase the computational time of planning which can be unmanageable for largescale distribution networks. Convexification of the power flow equations has been increasingly used in the
literature over the last few years which addresses the computational challenges successfully. However,
these convexification models may result in non-feasible solutions where the power flows, node voltages
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and line currents do not satisfy Kirchhoff’s Laws. Therefore, more sophisticated representations of power
flow equations should be developed for optimisation problems in power systems, especially in planning
studies.

1.2 Objective
The objective of this thesis is to develop a model for the planning of power distribution networks in
local energy communities with high levels of DER to meet the evolving needs of prosumers at the
minimum cost. Specifically, the objectives of this thesis are to:
•

Model the energy-related decisions of customers, particularly their investment in DER,

•

Formulate an optimisation model for distribution network planning that incorporates the
scenarios of customer investments in DER,

•

Investigate the impact of neighbourhood energy trading schemes on the operational
characteristics of distribution networks,

•

Design a dynamic network charge scheme for neighbourhood energy trading participants to
effectively reflect the cost of network use and the contribution of customer energy trades to the
technical issues of the distribution network,

•

Develop a planning method for addressing the technical issues of the network using customer
DER.

1.3 Research Contributions
Considering the objectives of this work, the research contributions of this thesis are summarised as
follows:
•

A new consolidated planning and operation model is developed for the utility that advances the
previous planning methods by considering the scenarios of customers’ investment in DER.

•

We validate the impact of neighbourhood energy trading schemes in distribution network
planning.

•

A novel dynamic network charge tariff is designed which effectively reflects the technical
requirements of the network.

•

A distributed optimisation technique is developed which significantly enhances the computation
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speed.
•

An innovative convex Optimum Power Flow (OPF) model is formulated based on the
Stackelberg game and Benders decomposition approaches to convexify the planning model and
enhance the tractability of the optimisation. The findings of this thesis confirm the superiority
of the proposed OPF model against the existing well-known models.

1.4 Thesis Structure
A summary and the structure of this thesis is shown in Figure 1.1. An optimisation model is formulated
in Chapter 3 to investigate the impacts of neighbourhood energy trading on the energy costs of end-users.
Building upon that model, a planning methodology is developed in Chapter 4 for power utilities which
considers the neighbourhood energy trading and the scenarios of customers’ investments in DER. Instead
of planning for the forecast load, this model incorporates the possible scenarios of DER integration in future
to make the investment decision. Also, a dynamic network charge tariff is designed to rationalise the use of
the network by neighbourhood energy trading participants. This dynamic network charge tariff design only
varies with time and with location, i.e. an equal network charge tariff is considered for each NET
participant. This model minimises the total cost of electrification which is defined as the total investment
and operation costs borne by the utility and customers.
DNP model in local energy community
with DNC tariff design considering the
scenarios of end-users’ investment in DER
(Chapter 6)

Implementing multimachine cluster for
distributed optimisation

Development of OPF model
based on the SG and BD for
improving the accuracy and speed

(Chapter 5)

(Chapter 7)

Impact of NET on
customers’ investment
in DER
(Chapter 3)

Dynamic network
charge tariff design

Development of DNP
model for minimising
the electrification cost

(Chapter 4&6)

(Chapter 4&6)

Figure 1.1. Thesis structure
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In Chapter 5 a distributed optimisation technique is designed and implemented to enhance the
computation speed of the proposed planning model. This is a critical step as the proposed model includes
thousands of integer variables which makes the program computationally intractable. The adopted
distributed optimisation technique shows a significant reduction in computation time.
In Chapter 6 a more detailed and realistic model of the distribution network planning is developed in
which each stakeholder, i.e. the utility and end-users, seeks a solution to minimise its own cost rather than
minimising the total cost. This model is formulated based on the concept of the Stackelberg game and is
solved using the Benders decomposition technique. The advantage of this planning model is that it provides
lower cost plans and increases the penetration of DER.
In Chapter 7 a novel optimal power flow model is proposed for two reasons: 1) to convexify the power
flow equations and ultimately enhance the computation speed, and 2) to achieve feasible and viable
solutions that accurately and efficiently account for overvoltage issues.

1.5 Thesis Outline
Chapter 2 reviews the most recent literature and develops a four-step planning process frame. In
Chapter 3, a preliminary optimisation model of planning and operation for the utility and customers is
presented. Chapter 4 provides a joint planning and operation model for the utility and customers. Chapter
5 discusses the adopted distributed optimisation technique for the proposed model. Chapter 6 presents the
proposed Stackelberg game-based model of the distribution network planning in a local energy community.
Chapter 7 presents the novel proposed optimal power flow model based on the Stackelberg game and the
Benders decomposition approaches. Chapter 8 draws some conclusions and provides recommendations
for future research.
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Chapter 2

Literature Review1

2.1 Summary
The increased customer adoption of small-scale renewable distributed energy resources from rooftop
solar photovoltaic systems to battery storage systems has fundamentally changed the electrical
characteristics of the distribution network, presenting both opportunities and challenges. These new
technologies adopted by customers are adding to the flexibility of modern distribution networks. However,
the traditional planning processes were not historically designed to see the distributed energy resources on
the customer side, failing to successfully accommodate them. Appropriate planning frameworks that
leverage these technologies are now essential for power utilities. This chapter presents an overview of
recent distribution network planning models and processes that take the growth of distributed energy
resources into account in order to meet evolving customer demands in a reliable, safe and affordable
manner, called customer-focused distribution network planning processes in this chapter. The systematic
review is provided in four stages: philosophy, assessment, modelling and solution. The determination of
infrastructure investment requires cost-benefit analyses, which is an optimisation problem. Hence,
optimisation techniques in distribution network planning are included in the solution stage. The future
trends in the distribution network planning methodologies are also presented.

2.2 Introduction
Distribution networks are the backbone of modern power systems. They distribute electricity to various
types of customers ranging from residential and business to regional communities and farms in remote
locations. The electricity is received via sub-transmission lines at zone substations, also known as
distribution substations, and is delivered to end-users through overhead conductors and underground cables
which comprise the primary (medium voltage) and secondary (low voltage) circuits, distribution
transformers and service cables [4]. It also enables embedded generation by distributed energy resources
(DER), either owned by the utility and connected to the DN or owned by customers and located within their
premises. The distribution network (DN) is directly connected to end-users. The electrical characteristics

1
This chapter is based on the publication J. M. Delarestaghi, A. Arefi, G. Ledwich, S. E. Razavi, and A. Azizivahed, " Customerfocused power distribution network planning: A review," under review in Renewable and Sustainable Energy Reviews.
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of DNs are radically affected by the current DER penetration levels, due to the proximity of DNs to DER
connection points.
The integration of DER has substantially increased over the last decade mainly driven by the reduction
in the total installed cost, the expected savings in electricity cost for customers and the subsidies provided
by governments. This presents both challenges and opportunities to network operators and customers. The
distribution network was not originally designed to accommodate numerous inter-connected DER. The
significant back-feed energy from DER during midday may breach the technical limits including asset
ratings and acceptable voltage range [5]. Besides, as the end-users investment in DER increases, power
utility companies see a reduced electricity demand which contributes to not proportionally recovering the
investment cost in network infrastructure. This in turn may lead to higher electricity prices and put pressure
on end-users. The rise in electricity prices due to high investment costs has already been experienced in
Australia [6] and the European Union [7]. There is a critical need to develop new planning tools considering
the emerging challenges, evolving customer demands and modern technologies.
Traditionally, the objective of DN planning was finding a set of investment strategies to ensure the
expected demand is supplied reliably and adequately at the minimum cost. Numerous planning approaches
and methodologies have been developed to improve the capacity of DNs considering load forecasts, new
connections, evaluating current system and asset conditions with a focus on identifying the size, type,
location and time of investment in network assets, including uprating/replacing/adding new lines and
transformers and building/upgrading substations. With the advent of new technologies, traditional planning
processes were revisited to include opportunities provided by investment in on-load tap changers (OLTC)
[8], voltage regulators (VR), shunt capacitor banks (SCB) [9] and distributed generation (DG) [10].
Procuring non-network solutions (NNSs) such as demand response (DR) [11], conservation voltage
reduction [12], power factor correction and interaction with third-party DER service providers [13] has
become an attractive alternative for DN planners to exploit for the past few years.
Inspired by the procedure presented in [14], the DNP process is presented in four key steps in this chapter:
philosophy, definition, modelling and solution, as shown in Figure 2.1. The first step in DNP is identifying
the philosophy of planning. In this step, the general idea behind the DNP will be determined. A DN planner
must have a deep understanding of the current performance of the DN, regulatory obligations, federal and
state policies and other key factors in DNP. For example, DNP might be needed to service new residential
and commercial developments, or to supply the increasing load in an area, which is also known as capacity
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expansion DNP. In this step, the planner will determine the needs, capabilities and limitations of the DN.
Once the philosophy of the DNP is known, the DN planner should develop a framework for the DNP as
an optimisation problem. The objective in DNP is finding the optimal solution, where the optimal is either
the least (cost, voltage deviation, pollution or risk) or the most (DER integration, profit, reliability, asset
utilisation or proliferation), subject to different types of constraints, typically technical, budget, logical,
construction and environmental constraints. These constraints divide the solution space into feasible and
infeasible spaces. The DN planner seeks the most desirable solution for decision variables in the feasible
space. The desirability of a solution is measured by a function in terms of decision alternatives [15], called
the objective function (OF). Steps 2-4 in DNP (Figure 2.1) show how to develop, formulate and solve a
DNP optimisation problem.

PHILOSOPHY

DEFINITION

MODELLING

SOLUTION

(Section III)

(Section IV)

(Section V)

(Section VI)

Current system
performance

Alternatives

Network

Objective

Uncertainty

Constraints

Load and DER

Regulatory
obligations
Other key
factors

Stakeholders

Planning
horizon

Reliability,
resilience etc.

Mathematical
Heuristics
Multi-objective
Multi-stage

Figure 2.1. A summary of the distribution network planning

The second step in DNP is to assess the feasible and available alternatives to improve the DN, to
determine the objective(s) of the DNP, identify the constraints and uncertain parameters, as well as the
planning duration. For example, adding switching devices to the DN might be a viable solution to improve
the reliability of service in urban communities, while seeking stand-alone power systems alternatives might
be more cost-effective in remote areas that suffer from lack of service during severe weather conditions.
Step 2 needs to be done appropriately for a successful DNP based on the philosophy of planning in step 1.
The third step in DNP is formulating the optimisation model. The planner must mathematically formulate
the DNP problem in the desired form considering the capability of available optimisation solvers, the
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required accuracy, and the possible simplifications, which is called problem modelling. This step includes
modelling and forecasting of load, DER generation, modelling of available equipment, network and NNSs,
as well as stakeholder modelling. Various stakeholders might be involved in DNP, i.e. DER facilities and
service providers, non-network service providers, community developers and energy customers. The
behaviour of key engaged stakeholders and the interaction between them needs to be modelled to achieve
the economically optimal investment plan. The growth of DER and its impact on the DN can be seen either
as a modification to load forecast or as new devices that can be integrated into the future DN. The former
approach is the conventional way of DNP for a period of one to ten years considering the load growth,
network capacity and the condition of network assets. In this way, the end-users are treated as
interconnected loads. However, the latter approaches will determine network investment to support the
integration of increasing DERs while providing a reliable electric grid that meets the rapidly evolving
energy needs of end-users. Traditionally, load growth is forecast and considered in the DNP framework.
With the increasing adoption of renewable DERs, the generation of non-dispatchable DERs, and the
possible scenarios of DER adoption by end-users should also be analyzed, as they can significantly impact
the optimal investment plan.
The last step in DNP is solving the DNP optimisation problem, as shown in Figure 2.1. Depending on
the characteristics of the developed model, a solution approach will be selected. Various aspects should be
considered when devising a DNP optimisation solution strategy, i.e. linearity, convexity, size of the
problem, number of objectives to be optimised and planning period etc.
Today, high levels of DER are leading to changes in the role of DNs. The main drivers are 1) emergence
of modern and efficient technologies to generate, store, manage and monitor and control energy, 2)
increasing customer engagement, 4) high electricity prices due to costly network augmentation. Figure 2.2
shows the emerging technologies that shape the characteristics of modern DNs. These technologies include:
•

PV system: rooftop solar PV units have been adopted by customers at an unprecedented rate over
the last decade, where now almost one in three households in Western Australia has PV systems
[3].

•

ESS: these devices can be either small-scale battery systems linked with PV systems, multi
dwelling or community scale, or network utility scale storage options enabling a group of
customers to store energy in them. With the declining cost of the ESS and the increasing value of
the services that the ESS provides, it is expected that the number of both behind-the-meter batteries
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and in-front-of the meter network storage solution installations will grow significantly in Australia
[1], the U.S., China, Germany and Korea [2].
•

Electric vehicle (EV): presently, the number of EVs is starting to pick up in some parts of the
world and they are expected to become prevalent by the next few years as the technology will
become more mature and national targets or strategies drive uptake. Environmental benefits and
higher efficiency are the main drivers of EVs increasing penetration in the electric grid. EVs can
play either the role of load at charging state, or act as a generator while injecting power to the grid
during discharging. Moreover, the location and time and state of EVs (charging/ discharging) are
uncertain parameters. Hence, various aspects of introducing a large amount of EVs into the DN
must be deemed at the planning stage to prevent probable future interruptions [16, 17].

•

Energy trading: end-users with DER installed can trade energy with other end-users under various
platforms, including neighbourhood energy trading programs [18], peer-to-peer (P2P) energy
trading [19] and community energy sharing [20].

•

Demand response: DER and smart technologies have added to the flexibility of demand and
enabled the procurement of DR programs [21]. End-users can defer their energy consumption for
various reasons, i.e. incentive from the utility, more convenient prices in P2P energy trading
schemes, increasing PV utilisation [22] or responding to the time-of-use tariff.

•

Energy management systems: home and commercial energy management systems (EMS) enable
customers to monitor, control, schedule and optimise their energy consumption. The architecture,
components and impact of EMS on DNs are investigated in [23-26]

Commercial
customer

DR
Grid ESS

EV
EMS

Neighborhood
energy trading

Figure 2.2. Illustration of modern power distribution networks
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Modern DNs are characterised by the active role of customers taking control of their energy consumption
and investing in DER and smart devices to actively participating in DR and energy trading programmes.
The transition towards a modern customer-centric era in the energy sector will necessitate the utilities to
change their planning methodologies. In this way, they can adapt to new customer-focused electric power
systems.
Customer-focused DNP focuses on finding solutions to examine the capabilities of the modern DN,
devise sophisticated investment plans to integrate DERs and enable customers to provide grid management
services. Over the last few years, there has been an increasing interest in developing planning approaches
for modern DNs. The most notable features of these approaches are as follows,
•

Integrating new potential solutions in DNP including network and NNSs [9, 13, 21, 27-35].

•

Modelling the uncertainties in DNP [9, 13, 21, 27, 29, 32-34, 36-61].

•

Modelling the adoption of DER by stakeholders including customers, third-party DER providers
[13, 18, 22, 32, 56].

•

Considering the investment in automation systems (AS) [33, 62-67].

•

Investigating the impact of active network management (ANM) in DNP [13, 31, 40, 47, 50, 59,
68].

•

Planning for EV charging stations.

•

Applying decomposition techniques to increase the speed of convergence [13, 22, 32, 69-72]; and

•

Adopting relaxed [18, 29, 50, 72-77] or approximated [13, 21, 22, 30, 34, 55-57, 61, 78-81] power
flow (PF) formulation.

Table 2.1 demonstrates the difference between the contents of this chapter and other recently published
DNP review papers. This table shows that the concepts of DNP philosophy and customer-focused DNP has
not been covered. Besides, the power flow formulation in DNP is more elaborated here, as well as the
available and practical NNSs, automation systems and ANM.
Table 2.1. Recent distribution network planning review papers
PHL*

CF**

AS

ANM

NNS

PF

Scope

[82]

Optimisation and uncertainty modelling methods in DG
planning

[83]

Impact of large flexible loads on DNP

[84]

DNP as an optimisation problem with variables, constraints,
objectives and uncertainties

[85]

DG and load allocation in AND considering DSM

[86]

DG technologies, challenges, planning tools and methods

26

[87]

AND planning, tools, uncertainty modelling methods and
designing a comprehensive framework

[88]

A comprehensive review of various constraints in DNP

[89]

Optimisation techniques in DNP

[90]

Characteristics, types, planning, operation and management of
LV DNS

[91]

Evolving technologies their impact on coordination and
planning of ADN

[92]

Uncertainty modelling in AND planning

[93]

AND planning and uncertainty modelling methodologies

This
chapter
*philosophy

of planning

**customer-focused

DNP

This chapter provides a general understanding of the concept of modern DNP methods, the major
challenges that planners are facing and the techniques that have been presented so far. This chapter reviews
the most recent publications in the field of customer-focused DNP. Inspired by previous outstanding related
work, this survey can be beneficial for those who are interested in finding new ways of undertaking DNP.
The rest of the chapter is as follows: The philosophy of DNP is explained in Section 2.3; The definition
step of DNP is presented in Section 2.4; Section 2.5 discusses the modelling step of DNP; Techniques to
solve the DNP are provided in Section 2.6.; Customer-focused distribution planning approaches are
reviewed in Section 2.7 and Section 2.8 provides a conclusion.

2.3 Philosophy Step in Distribution Network Planning
The philosophy step discusses why the planning study is needed, what considerations should be made
when planning the DN and what are the needs, capabilities and limitations. Today, power utilities are
conducting DNP studies for various purposes. For example, a utility may seek viable solutions to address
the challenge of maintaining the continuity of service in an area with extreme weather conditions or frequent
bushfire [94, 95]. Alternatively, the DNP can be undertaken to respond to rapid DER uptake and improve
the reliability in renewable-rich DNs [96], or to increase the number of electric vehicles [97], support remote
communities [98], expand the DN to service new residential and commercial developments [99], meet the
peak demand or to cope with the negative daytime demand [100]. Implementing a peer-to-peer energy
trading programme in the DN can present both technical and financial opportunities and risks that need to
be incorporated in DNP [18].
Regulatory obligations and local/national policies should also be taken into consideration when planning
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the network. Power utilities must comply with the policy and regulatory requirements and obligations when
making decisions to invest in the DN. For example, power utilities are responsible for maintaining the
power quality and voltage levels within technical standards. Some utilities must preserve the equity of
access to the DN and providing a non-discriminatory opportunity for customers to connect their DER to the
DN [3]. Responding to these obligations requires DN improvement, highlighting the importance of the
philosophy step in DNP. An example of the impact of national policies on the DNP is the net-zero
greenhouse gas emission target by 2050 as outlined in the [101] which encourages the improvement of
sustainability in the energy sector.

2.4 Definition Step in Distribution Network Planning
Once the philosophy of planning is identified, the foundations of the DNP model will be determined in
the second step where a planner will assess the alternatives, set the objective(s) of planning, identify the
potential constraints and decide on the planning horizon.
The decision-making process in DNP is an optimisation problem with a structure of the following form,
min 𝐽(𝑥)

(2.1)

𝑥

subject to
𝐺(𝑥) ≤ 0, 𝐻(𝑥) = 0

(2.2)

where 𝐽 denotes the objective function; 𝑥 is the vector of decision variables; 𝐺 and 𝐻 represent the set of
inequality and equality constraints. The set of all vectors of decision variables that satisfy the constraint in
(2.2) is called the feasible space. The optimal plan is defined as a vector of decision variables in the feasible
space that has the smallest objective value among all other vectors of decision variables in the feasible
space.
The purpose of step #2 in DNP is to determine the alternatives to address the needs of the DN, the
objective of planning and constraints to formulate the optimisation model in equations (2.1)-(2.2).

Alternatives in DNP
The DN planner examines the alternative solutions to address the needs of the DN and selects those that
are feasible and viable based on the limitations that have been determined in the philosophy step. The
alternatives in DNP papers can be categorised into traditional infrastructure investments which are known
as network solutions and NNSs.

28

Network solutions
Network solutions are the basis of DNP and are incorporated in almost all of the previous DNP papers.
Network solutions mainly refer to investment in network infrastructure. Replacing/uprating/adding new
conductors and feeders [21, 63, 78, 102, 103], reinforcing/replacing transformers [21, 29, 78], building up
zone substations [21, 29, 78, 103], installing SCB [31, 49, 104], VR [104], STATCOM [105], ESS [31-33,
48, 55, 57, 58, 72, 106], DER [21], EV charging infrastructure [55, 107], AS and switching devices [33,
62-66] are included in this category. Network solutions are costly, have a long-term effect and have been
procured in the industry for many years.

Non-network solutions
NNSs pertain to actions that avoid or defer the investment in the network and mainly concern the control
of available assets. DR [21] and DSM [31], third-party DER service providers [32, 33, 108], power factor
correction [109], mobile substation and generation deployment [110] and DER curtailment [35] are the
most prominent examples of non-network alternatives. To achieve the optimal investment plan, NNSs must
be considered on an equal footing with network solutions. Procuring NNSs can contribute to deferring the
investment in costly infrastructure.

Active distribution networks: active network management and automation
ANM methods allow the DN operators for real-time or near real-time control of network devices (i.e.
inverter-connected DER and ESS, controllable loads, switching devices, OLTC, VR, SCB and
STATCOM). ANM schemes in active distribution networks (ADN) are recognised as promising tools for
DN operators to better manage the quality of supply and increase the utilisation of DER [47]. Figure 2.3
illustrates the concept of the ADN with control, monitoring and communication systems in which the
operator has access to various sources of data including supervisory control and data acquisition (SCADA),
advanced metering infrastructure (AMI), weather, smart meters at customers’ premises, distribution
transformer monitor (DTM) etc., and can control network assets and customer PV and battery systems.
Procopiou et al. [111] investigates the capability of ANM schemes in increasing the hosting capacity of
PV-rich DNs, and analyzes the viability of deploying ADN technologies against traditional network
solutions. Alexander et al. [112] is an example of practical implementation of control arrangements in
ADNs. The project results demonstrate that remote control of customer PV and battery systems can provide
voltage support for the network.
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Recent advances in control, monitoring, communication and metering devices and integration of the
technologies in modern DNs are adding to the ability of operators to better minimise the impact of faults in
the grid. These technologies enable the automatic fault management processes which used to be done
manually. Figure 2.4 demonstrates the integration of communication-enabled feeder automation systems in
the DN that can autonomously identify the faulted section, isolate it and restore customers in healthy feeder
sections. The remote control switching devices also have other functionality in ADN, i.e. network
reconfiguration [31, 50].
DTM

AMI

SCADA

Weather
data
API

internet

+

~

Figure 2.3. Illustration of communication, control and monitoring systems in modern DNs

Distribution automation assets are already being used in the DNs but there is a greater need for investment
in control, monitoring and communication components. Installation of switching devices that can be
remotely controlled such as circuit breakers (CB), protection devices like fuses, control systems like
processors and central control systems for monitoring and remote control of automation assets, sensors like
fault passage indicators, current transformers (CT) and voltage transformers (VT) and remote control
reactive power compensators for voltage control has been incorporated in the DNP models provided in [33,
62-67, 113-115]. The planning of communication systems in the DN is explored in [116].
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Figure 2.4. Illustration of fault location, isolation, and service restoration system (FLISR)

Objectives
In DNP, we seek the best mix of both network solutions and NNSs that meet the needs of the DN and
aligns with the philosophy of planning, where the term “best” is clarified in the definition step of planning.
Typically, the objective of DNP is to achieve the most cost-effective plan to supply the future load
reliably and safely. However, this is not by no means the only objective in DNP. Figure 2.5 shows a
summary of the various objectives of DNP in the literature. These objectives are divided into four groups,
i.e. economic, technical, environmental and other, ordered from highest to lowest frequency of
consideration in the literature. Each group is discussed as follows:

Economic
To deliver an affordable electricity service, the planner should determine a minimum cost strategy. Thus,
cost minimisation has been one of the key objectives of DNP. As illustrated in Figure 2.5, this group
includes investment cost, operational cost, maintenance [21, 31, 49, 51, 52, 55, 117] and repair cost [117],
salvage cost [9, 67], flexibility-oriented cost [34] and the costs faced by customers [18, 21]. The cost
associated with grid losses [56, 114, 118], fuel for DG units [34, 47], energy sells/purchases to/from
customers [18, 65], energy purchases from the upstream grid [18, 49, 51, 119], assets operation [34] and
procuring ANM schemes [30, 34, 49] are the examples of operational cost in the literature.
Flexibility-oriented cost is defined in Karimi-Arpanahi et al. [34] as a penalty imposed by regulations on
net-load variations in order to incentivise flexibility in the DN. Also, grid losses are either explicitly
considered in the OF [47, 56, 107, 120] or are implicitly included in the cost of imported power from the
upstream grid [18, 33].
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Technical
The utility needs to deliver a reliable, safe, secure and affordable service to customers. Therefore, it is
critical to include technical objectives in DNP to maintain the technical parameters within specified
thresholds. As shown in Figure 2.5, this group comprises minimisation of voltage deviation [49, 51, 121]
and total harmonic distortions (THD) [31] and maximisation (enhancement) of reliability [22, 35, 55, 58,
59, 66, 118, 122-124] and voltage stability [49, 120]. Each of these technical objectives can be treated as
an objective or be transformed to its cost equivalent term. For example Jooshaki et al. [122] models the
reliability cost as the penalty imposed by regulations on service interruptions and the revenue lost due to
unsupplied energy.

Environmental
A review of the literature reveals that leveraging clean energy has become an interesting topic in recent
years. In Gao et al. [51] the maximisation of annual renewable energy production is one of the objectives
of DNP. The minimisation of electric energy-related emissions is formulated as an objective in [49]. A
three-level optimisation model is presented in [125] to promote the penetration of renewable DERs. Similar
to technical objectives, environmental objectives can be added to the objective function as an emission cost
term. Emission cost is related to the production of CO2, SO2 and NOx caused by fossil fuel generating units
[38, 42, 46, 126, 127].

Miscellaneous
The literature review shows some recently published DNP models have novel objectives, i.e. risk
minimisation [9, 52, 59, 117], resilience enhancement [60, 61], maximising EV charging station utilization
and distance to charging station reduction [107]. A DNP methodology based on information gap decision
theory (IGDT) is presented in Salimi et. [61] to enhance the resilience of the DN following a natural
disaster. In Xiao et al. [128] the distance of EVs to charging stations and the queuing time cost.
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Figure 2.5. A summary of the objectives in DNP

Constraints
The DNP optimisation problem is subjected to a set of constraints, as formulated in (2.2). Some of them
are hard constraints that must be met inevitably such as budget limitation and power balance equations;
some of them are soft constraints that can be violated but the utility will be penalised, e.g. bus voltage and
thermal limits in Saboori et al. [129], and the rest of them are probabilistic constraints which must be
satisfied with a probability more than a predefined value, as bus voltage and feeder current constraints in
Rodrigues et, al., [9]. Considering the source of constraints, they are divided into three groups, as follows:

Utility constraints
The constraints with regards to node voltage and branch current/power flow [130-133], transformer
loading [134], construction [130], budget [135], operation of network assets [77], reliability [30], network
radiality [136], power factor [137], power flow equations (Kirchhoff Laws) [138] and DER penetration
level limits [139] are denoted as utility constraints.

Customer constraints
This group of constraints consists of the limitations associated with customers' preferences for the
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reliability and the quality of service [124], DR [21], operation of customers’ DER and all customers’
energy-related decisions including their choices for supplying their demand or selling their excess DER
generation [18].

Stakeholders constraints
The other stakeholders may have their own constraints for the price of energy, technical operation and
availability of their equipment [13, 30, 32, 34, 56].

2.5

Modelling Step in Distribution Network Planning

The programming model of DNP is formulated in the modelling step, given the alternatives, objective(s)
and constraints from step #2. In the modelling step, the DNP is mathematically expressed and formulated
as the optimisation problem (1)-(2). This step extends from modelling the network and equipment
modelling to load and DER, uncertainty, all stakeholders involved in the DN, reliability and resilience, as
shown in Figure 2.1. In this following, the literature is reviewed from the modelling point of view.

Network model
The network and all the equipment in the DN from lines and transformers to ANM schemes need to be
modelled. The operation of DG units, ESSs, DR programmes, energy trades between the stakeholders and
the technical operation of the DN are modelled and added to the programming problem as constraints. To
calculate the grid losses, power flow in branches and node voltages, the power flow principles are
introduced to the model. The planner can select various models for the network operation which usually
vary in the level of complexity and accuracy, depending on the available data and resources.

Uncertainty model
DNP is a complex process that involves many sources of uncertainty, from uncertainties in weather
forecast and load demand to unprecedented economic and technological changes. The uncertain parameters
in DNP are associated with the forecasts of load, non-dispatchable renewable DER generation and
penetration, energy price, the availability of network facilities, the uncertainties related to the
implementation of NNSs, the rate of load growth and economic parameters. Moreover, the uncertainty
regarding the evolution in the EV industry and estimation on EV penetration level needs to be modelled.
Normally, uncertainties result in planning for more conservative cases, increased computation burden
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and higher cost plans [9]. Uncertainty modelling has been a topic of interest in recent years, due to the high
impact of uncertainties in the customer-focused DNP. Among the many approaches for uncertainty
modelling in the literature, those that are suitable and applicable for modern DNs can be categorised into
eight classes, as presented in the following.

Monte-Carlo simulation
In this method, a sample of all uncertain input parameters is generated based on each probability
distribution function (PDF) and then the optimisation is carried out to calculate the output, OF, as the input
parameters are available. These steps are repeated a predefined number of times. Finally, the statistical
features of the output will be analyzed by using the samples obtained from simulations [33, 37].

Scenario-based
In scenario-based uncertainty modelling methods, a set of scenarios (states of input parameters) is
defined based on the available historical data or the knowledge of the planner and a probability of
occurrence is assigned to each scenario. The DNP problem is solved for each scenario and the OF for each
candidate solution is equal to the obtained OF for each scenario multiplied by its probability of occurrence
[32, 36, 40, 41, 43, 45, 47, 56, 57, 140].

Information gap decision theory
The literature reveals that IGDT is an efficient method to model severe uncertainties in DNP [54, 61].
The optimal solution of IGDT-based DNP is robust against the deviation in uncertain input parameters.

Probabilistic
Unlike the scenario-based method, the states are defined in probabilistic methods assuming that the PDF
of uncertain parameters is in hand [9, 38, 42]. In Bagheri et al. [42], first, the load and price duration curve
has been divided into multiple levels, then a Gaussian PDF is assigned to each level. Finally, the states have
been defined by integration on predefined intervals.

Hybrid possibilistic-probabilistic
This approach is well suited for the cases that both probabilistic (known PDF) and possibilistic (known
membership functions) uncertain parameters exist. A hybrid possibilistic-probabilistic uncertainty handling
method has been introduced in Soroudi et al. [141] to incorporate the intermittency characteristics of
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demand, wind and solar DER, and the decisions of DER operators in the DNP problem.

Point estimated
This technique uses the moments of uncertain input parameters to find the mean and standard deviation
of output based on a fewer number of input samples compared to the MCS method. A point estimated
approach is applied to model the uncertainty of load forecasting [27]. This study showed that the point
estimated method provides results with acceptable accuracy and lower computational time comparing to
the MCS approach.

Robust optimisation
The concept of robust optimisation (RO) has been recently used in planning studies [142, 143]. RO is a
new interesting tool in cases of a lack of information about the spectrum of uncertainty parameters, i.e. lowfrequency uncertain sources because it only requires the variation range of uncertain parameters, rather than
their probability distribution function. The idea of RO is to find the optimal solution in the case of the worst
realisation of uncertain input parameters. In this regard, RO provides a conservative planning solution that
is equal to more cost but notes that conservation degree can be controlled by a parameter in formulation
called the degree of robustness.

Spherical simplex unscented transformation
This method is used in Karimi-Arpanahi et al. [34] to model the uncertainties pertaining to renewable
DER and EV demand.

Load and DER model, forecast and future scenario
Forecasting load and DER are essential for DNP as they provide information on what the future demand
looks like. The review of recent literature reveals that few attempts have been made to consider the impact
of flexible/controllable loads, EV adoption, DR programmes, smart controllers of PV/battery systems and
energy efficiency in load forecasting [21, 144]. Similarly, DER forecasting has been limited to deterministic
penetration levels for DER and only a few works have focused on modelling the scenarios of DER [18, 32,
56]. Some recent works have used geographic information systems (GIS) tools for the modelling of DN
[145, 146] using the available data of population density, land cover and weather data [147].

Stakeholders model
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Multiple stakeholders are found in DNs (i.e. the utility, customers, private DER owners, EV parking lot
owners [34, 148], DER providers, NNSs providers etc). To achieve the objectives of DNP in the most costeffective and sustainable way, these stakeholders must be modelled. The modelling of engaged stakeholders
may result in a multi-level optimisation model, as formulated in a number of publications [13, 21, 22, 32,
33, 51, 56].

Reliability model
Most faults in power systems take place in DN as indicated in Chowdhury and Koval [149]. This is
mainly because the DN has the longest lines and the biggest number of components when compared to
transmission and generation networks. For instance in Queensland the length of conductors in the DN is at
least 10 times longer than the transmission network, supplying electricity to more than 2 million customers
[150]. Reliability assessment in DNP only deals with the adequacy evaluation (static) of the network, and
the security analysis is not considered in the literature. Hence, it is assumed that the network always returns
to the normal operation after a fault.
In the literature, different reliability indices such as system average interruption frequency index (SAIFI)
[36, 151], system average interruption duration index (SAIDI) [36, 151], and expected energy not supplied
(EENS) [152] have been calculated using power flow methods in radial topology networks, most noticeably
backward-forward power flow [38, 129]. The reliability assessment has been subjected to some challenges
such as the unknown network topology in modern DNs, since the configuration in the current network may
be different than the configuration that results from the output of DNP optimisation.
Reliability assessment is crucial to be added to the DNP optimisation model. The majority of the
reviewed references (except [30]) have examined heuristic methods for the optimisation process to take
advantage of candidate solutions and assess the reliability with the known topology [45, 46, 153]. In this
regard, two main classes of reliability evaluation techniques have been presented, i.e. simulation-based
methods and algebraic-based methods.
Simulation-based methods simulate a series of outages of components, once at a time, and then calculate
the reliability indices for each event. All of these methods have used heuristic solvers because the network
topology must be known for simulation analysis, which is the case in heuristic solution methods. Due to a
large number of failure states in bulk DNs, some methods have been used for state selections. The two most
commonly used methods are analytical methods like contingency enumeration approaches and MCS.
Contingency enumeration methods select the states based on a predefined contingency like the probability
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of states or the number of outages in each state, while the latter one works by sampling from the probability
of failure of components.
On the other hand, algebraic-based methods have employed analytical methods for reliability
assessment, by addressing the topology of the network in terms of the decision variables [30]. Two linear
formulations for reliability assessment have been presented in Jooshaki et al. [154] that can be incorporated
in DNP studies.

Resilience model
There has been a growing interest in the literature in recent years to develop resilient-driven DNP
frameworks. In Ghaffarpour et al. [155], a resiliency cost is added to the objective function comprising load
shedding and repair cost after the event. A resilience index is defined in Nazemi et al. [156] and added to
an ESS planning model to enhance the resilience of the DN following an earthquake. The results showed
that the ESS, if properly managed, can supply critical loads. Salimi et al. [61] presents an IGDT-based DNP
model to enhance resilience after natural disasters.

2.6 Solution Step in Distribution Network Planning
The final step of the DNP is to solve the optimisation problem and find the optimal solution (Figure 2.1).
This section presents the solution strategies that the reviewed DNP papers have used. Depending on the
model developed in step #3 and requirements relating to computation speed and solution accuracy, the
planner may adopt one of the techniques discussed in this section. The DNP optimisation models differ in
terms of linearity, convexity, number of objectives, number of optimisation levels and number of planning
stages. There are several optimisation solution techniques and solvers with distinct capabilities and
limitations that will be discussed in this section.

Linearity, convexity and formulation amendments
A programming problem is convex if both the OF and the constraints are convex. Analogously, a linear
optimisation problem is one in which both the OF and the constraints are linear. DNP programming
problems normally contain integer variables because of investment decisions. Therefore, the linear DNP
programming problem is denominated as a “mixed-integer linear programming problem”. The second-order
cone programming (SOCP) problem, as a special kind of convex programming problems, has attracted
growing attention in the literature recently. Formulating the DNP as a convex programming problem has
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considerable advantages over the non-convex ones, most notably they can be solved more efficiently and
reliably [157] such that some optimisation solvers [158] guarantee the optimality of the solution.
It is worth noting that mixed-integer programming problems are nonconvex, but still mixed-integer
convex programming problems have advantages over mixed-integer non-convex ones. For example, Gurobi
[158] uses the branch-and-bound technique to overcome the integrality constraints in mixed-integer
problems. In this technique, a relaxed continuous version of the original mixed-integer problem will be
solved which provides a lower bound on the original mixed-integer minimisation problem. If the original
problem is a mixed-integer convex programming problem, the relaxed version will be a continuous convex
programming problem for which very efficient techniques have been developed, e.g. interior-point
methods.
Linear problems are also a special subclass of convex problems that have applications in a wide range of
engineering problems and can be solved readily by a number of solvers [158-161]. However, DNP
programming models are mixed-integer, nonlinear and nonconvex. The integrality stems mostly from
investment decisions. Although the operation model of some equipment might result in a nonlinear
formulation, the nonlinearity and nonconvexity come mainly from the power flow equations.
Due to the benefits of convex optimisation, a planner may decide to reformulate the optimisation model,
using relaxation, approximation, linearisation and reformulation techniques. For example, a linearised
model for power flow equations is formulated in [22, 30, 32, 34, 55, 56, 78, 79]. DC power flow is used for
DNP in [13, 21]. These models are categorised as approximation techniques and can provide adequate
solutions in some cases. An ample review of state-of-the-art power flow formulations can be found in
Molzahn and Hiskens [162]. The SOCP relaxation of DistFlow equations is presented in several papers [18,
47, 72]. Besides power flow convexification, relaxing other nonconvex equations in the DNP programming
model using auxiliary binary variables have also been presented in Delarestaghi et al. [18, 76].

Single objective versus multi-objective
The objectives in DNP are the minimisation of a cost function [37] or the risk of the system [163], the
maximisation of total profit [67] or the penetration of a favorable option [164]. The objective function is
either a combination of the aforesaid goals [152] or only one of them [40]. From this perspective, the DNP
models can be classified according to their objective function into the single-objective and multi-objective
problems.
In single-objective DNP problems, the aim is to optimise one OF, which is generally the cost incurred to

39

the entity who is in charge of planning [40, 165, 166]. The cost function may contain various costing terms
(see subsection 2.4.4). If the costing term is associated with a monetised form of a non-economic objective,
a weighting factors is used [9, 11, 27, 28, 36-38, 41-43, 45-47, 67, 75, 127, 129, 130, 151, 153, 167-176],
as follows,
𝑛

(2.3)

𝐽(𝑥) = ∑ 𝛼𝑖 𝐽𝑖 (𝑥)
𝑖=1

where 𝑛, 𝐽𝑖 and 𝛼𝑖 are the number of cost terms, the 𝑖-th OF and the weighting factor associated with 𝑖th OF, respectively. The penalties can also be included in equation (2.3).
Unlike single-objective problems, multi-objective ones have more than one objective that are usually in
conflict with each other. The concept of Pareto optimality is used in multi-objective DNP problems to
provide a set of optimal solutions instead of one global optimal plan. Briefly, a solution is called Pareto
optimal when no OF is better off unless at least one other OF deteriorates. The planner can select a plan of
the Pareto set either according to the planner’s preference [44, 49, 51, 54, 117, 126, 152, 177, 178] or
decision making algorithms such as fuzzy decision making [164, 179-181]. Other techniques such as
maximum satisfaction fuzzy processing [107] have also been explored in the literature.

Dynamic nature
The investment decisions can be committed either at once, usually at the beginning of the planning
period, or at multiple time stages. From this perspective, DNP models can be divided into single-stage
(static) and multi-stage (dynamic and pseudo-dynamic) planning models.

Single-stage planning
These methods find the expansion plan of the network to meet the load forecasts of the planning horizon,
while the investments are committed at one stage, usually at the beginning of the planning horizon [31, 33,
42-47, 117, 164, 165, 172-174, 177, 181-184]. Single-stage DNP is easier to implement but the results are
less favorable than multi-stage DNP.

Multi-stage planning
In multi-stage planning, the type, size, location and time of installation are considered in the DNP model
and in this way give a more economical plan for distribution companies. The solution strategies to multistage planning models can be classified into dynamic and pseudo-dynamic techniques.
Compared to static methods, while the results of dynamic ones are much more realistic, the inclusion of
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timing variables of decisions adds complexities to them and limits their application in large scale networks.
A method based on the Benders decomposition technique is applied in Haghighat Zeng [41] which has
divided the primary optimisation problem into master and subproblems based on the decomposition of
integer and continuous variables. This problem is formulated as an SOCP problem and solved by CPLEX.
Shen et al. [130] have proposed a dynamic method for AND planning integrated with central and distributed
ESSs, modelled as an MILP problem. Also, heuristic methods, i.e. GA [67] and Tabu search [152], have
been employed in dynamic planning problems. However, all the existing dynamic planning techniques, are
applicable in relatively small-scale networks and their computation speed is not desirable due to the curse
of dimensionality.

Pseudo-dynamic planning
The increase in the number of decision variables in the multi-stage DNP problems compared to the
single-stage ones will drastically increase the computational burden of the optimisation problem [170]. In
this context, many pseudo-dynamic algorithms have been proposed by authors as a trade-off between the
accuracy of results and the required computation speed [36, 167, 170]. Pseudo-dynamic algorithms
decompose the planning horizon into a series of stages, obtain a plan for each single-stage independently
and then develop an expansion scheme to correlate the different stages. In this regard, one can categorise
the pseudo-dynamic approaches into three different groups a follows.

2.6.3.3.1 Forward fill-in
This approach is adopted in most of the pseudo-dynamic DNP papers in the literature [37, 38, 40, 129,
151, 179, 185]. In this method, the planning horizon is divided into single-stage intervals and each stage is
planned considering the load growth of that stage. The key point is that the planning process initiates from
the first year and proceeds to the next stage until it reaches the horizon planning stage. The initial condition
of a single stage will be determined with regards to the upgrades determined in previous stages. Forward
approaches are looking for the optimal plan of each single-stage individually. The main drawback of this
approach is that the correlation between the decision variables in different time stages is not considered.
Therefore, the result is not necessarily the optimal investment plan regarding the whole planning horizon.

2.6.3.3.2 Backward pull-out
Some papers in the literature have presented the backward pull-out approach to address the challenges
of the multi-stage DNP problem for its superior performance over the forward fill-in approach [75, 176].
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The main idea of the backward approach is to first determine the required upgrades for the worst case,
which is the last stage due to load growth, and then determine the time of each installation. The procedure
starts from the horizon year and comes back to the first year. The results of backward approaches are
reported to be better than forward fill-in approaches (suggests lower costs plans), because they consider the
major part of the decision variables excluding the time of upgrades at the same time for the horizon year.
However, same as the forward approaches, their results are not the optimal plans since the correlation of
different time stages has been disregarded at the first step (assigning the upgrades set). The other drawback
is that the load growth is by no means the most important reason for planning in modern DNs and the
network upgrade should not be planned for the horizon year solely, but instead, all stages should be
considered altogether to achieve the best plan.

2.6.3.3.3 Forward-backward
Recently some research has been done utilising a combination of the abovementioned methods and it is
reported that these techniques will potentially lead to better results [9, 170, 171]. The concept of this method
is that all single stages are selected each time and labelled as “reference-stage”, then the backward plan is
assigned to all of the stages before “reference-stage”, and the forward approach is fulfilled for the
“reference-stage” and the next stages to the final one.

Optimisation techniques
A wide range of heuristic methods has been developed in the literature that can be classified into two
groups, i.e. mathematical methods and heuristic methods. In the reviewed papers, three main formulations
of the DNP problem are used: MILP, MINLP and SOCP problems. MILP and MISOCP problems are
mainly solved by mathematical solvers, while the MINLP problems are mostly solved by heuristic
approaches. The models and adopted techniques are discussed in the following.

Mathematical
2.6.4.1.1 MILP
MILP problem can be solved by a number of commercial optimisation solvers including Gurobi [158],
CPLEX [159], XPRESS [160] and MOSEK [161]. In recent years, the majority of the MILP models for
DNP are solved by CPLEX [21, 22, 30, 34, 55, 56, 61, 78, 81, 133, 135, 186-188]. The Matlab embedded
optimiser INTLINPROG is used in Wu et al. [189] to solve the MILP model for batteries placement in the
DN.
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2.6.4.1.2 MISOCP
A growing body of literature has developed a MISOCP problem for DNP. Similar to MILP models,
MISOCP problems can be solved by Gurobi, CPLEX, XPRESS and MOSEK. Most of the MISOCP DNP
models in the reviewed papers are solved by Gurobi [13, 43, 47, 50]. However, a few papers have used
MOSEK (i.e. [32, 77, 155]).

2.6.4.1.3 MINLP
MINLP problems suffer from the complexities of handling integer variables and nonlinear functions at
the same time. Even relaxing the integrality constraints in MINLP will reduce the problem into a nonlinear
programming problem which is known to be NP-Hard [190]. The commercially available optimisation
solvers are rarely applicable to MINLP problems. In Mokryani et al. [40], an MINLP model is formulated
to solve the DNP considering the uncertainty, market environment and ANM methods by CONOPT.
Similarly, the authors in Ahmadigorji et al. [54] develop a MILNP model for DNP and solve it by DICOPT
and CONOPT. The majority of MINLP models however are solved by heuristic methods in the literature.

Heuristics
Heuristic methods are used to solve complex optimisation programs. The principle of heuristic methods
is to generate candidate solutions and update them in successive iterations by getting feedback on the
performance of the candidate solutions in the current iteration and previous iteration. The most common
heuristic methods in DNP are presented in the following.

Genetic algorithm (GA)
GA is a population-based method based on natural selection, i.e. mutation and crossover. The idea in the
GA is to create a population of candidate solutions, reproduce new solutions by means of crossover and
mutation operators. The solution generation will be stopped when a predefined criterion is met. GA has
widely been used in DNP-related papers because of its capabilities in handling MINLP problems [36, 38,
42, 45, 53, 67, 107, 191]. Non-dominated sorting GA is also a well-established technique for solving multiobjective MINLP DNP problems [44, 49, 60, 64, 117, 177, 178, 180, 192].

Particle swarm optimisation (PSO)
PSO is widely used in DNP and is capable of handling the complexities of MINLP problems [11, 33, 37,
129, 140, 182]. PSO works on the basis of the movement of a group of particles such that each particle is a
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candidate solution. The velocity of each particle is affected by the position of both that particle and the
other particles. For multi-objective DNP problems, a multi-objective version of PSO is developed [59, 106].

Tabu Search
A multi-objective multi-stage DNP model is solved by the Tabu search method to determine the near
optimal location and size of the substation, feeders, sectionalising switches and tie-lines [152].

Shark smell optimisation
The binary chaotic shark smell optimisation technique is used in Ahmadigorji and Amjady [168] to
obtain a scheme for network expansion with the alternatives of investment in line and DG units.

Simulated annealing algorithm
This algorithm is adopted in [63] to determine the optimal route for MV feeders.

Three-dimensional group search optimisation (3D-GSO)
This new approach is used in Teimourzadeh and Mohammadi-Ivatloo [193] for DG placement in the DN
considering network reconfiguration.

Water cycle algorithm
A solution strategy based on the water cycle algorithm and dataset approach is developed in Muhammad
et al. [132] to solve the MINLP model of the DNP problem.

Hybrid approaches
In Zou et al. [46], a hybrid technique with tribe PSO and ordinal optimisation has been proposed to find
the near optimal plan for the DG allocation in the MV DN, considering the active and reactive capabilities
of different types of DGs. In addition, some papers have used a modified version of PSO with GA operators,
i.e. crossover and mutation [9, 153, 170, 171, 175, 181, 185]. These algorithms aim to control the balance
between the diversification and the intensification of the candidate solutions. Bagheri et al., [179] have
used the self-adaptive global-based harmony search algorithm to find the near optimal Pareto solutions for
the substation, feeder and fossil fuel DG sitting and sizing. Ahmadigorji et al. [167] have applied a double
stage approach based on the combination of modified integer-coded harmony search and enhanced
gravitational search algorithm to obtain an expansion scheme for distribution systems regarding the line
reinforcement and installation of conventional DG units. A two-stage optimisation method based on a
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binary modified imperialist competitive algorithm and improved shark smell optimisation technique has
been used by Ahmadigorji et al. [127] to solve the DNP problem.

2.7 Customer-Focused Distribution Network Planning
DNs are moving rapidly from a network that supplies the electric demand of customers to one with a
high number of DER, either owned by customers or the other stakeholders such as third-party network
service providers, more flexible load demand enabled by recent advance in communication and smart
control technologies and a growing number of EVs. The power utilities are now responsible for not only
supplying the electric demand but also providing a safe and reliable network allowing DER connection and
enabling them to provide value. In fact, power utilities are experiencing a transition to modern DNs and
new customer-focused DNP methodologies are necessary to support this transition.
Customer-focused DNP methodologies recognise the evolving needs and capabilities of customers and
other stakeholders, model their behaviour and possible scenarios of their energy-related decisions and
prepare the DN for those scenarios. In this section, we present a summary of some of the recent customerfocused DNP studies along with their main features and contributions, as provided in Table 2.2.

Table 2.2. The recent literature on customer-focused distribution network planning models
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2.8 Conclusion
The increasing level of distributed energy resources (DER) in distribution networks (DNs) has presented
some immediate challenges in DNs across the globe. Despite the challenges, the growth in the DER level
is expected to continue, driven by the benefits and values that DER can offer to the customer, the power
utility and other stakeholders in the energy sector. To mitigate the challenges of DER integrated DNs and
capture the full benefits of DER and other modern technologies, there is an urgent need to revisit current
DN planning (DNP) methods. This chapter presents a comprehensive review of state-of-the-art research
papers in the field of DNP. A four-step DNP process is developed in the following chapters of this thesis
that demonstrates the interconnection of planning stages in practice.
It was observed that the focus of the recently published papers has been on planning for DER,
incorporating active network management (ANM) schemes and uncertainties, and most importantly
developing customer-focused DNP models. Customer-focused DNP models are characterised by modelling
the scenarios of customers’ and other stakeholders’ energy-related decisions in the DN, particularly their
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participation in DR schemes, investments in DER and their engagement in grid management. This survey
is expected to be used as a guide for new researchers and those who are interested in finding new trends in
DNP.
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Chapter 3 The Impact of Neighbourhood Energy Trading on
Energy Costs Borne by Customers with PV and Battery1

3.1 Summary
The penetration of renewable distributed energy resources (DER) among residential customers has been
increasing over the last decade and this growth is expected to continue. This means that the economic
challenges encountered in future distribution networks with high levels of DER need to be analysed. In this
study the impact of customer engagement in terms of neighbourhood energy trading (NET) on short-term
planning and operation of the distribution network is investigated. Furthermore, the optimal investment
plan for customers is included in the proposed model. An illustrative example is provided to show the
impact of the NET on distribution network planning. This chapter presents the proof of concept for the
impact of NET on customer DER adoption.

Nomenclature
Parameters
𝐹𝑡

feed-in tariff during time interval 𝑡 ($⁄MWh)

ω𝑡

wholesale market electricity price during time interval 𝑡 ($⁄MWh)

𝑅𝑡

price of energy drawn from the grid during time interval 𝑡 ($⁄MWh)

𝐿𝑡

price of energy in NET during time interval 𝑡 ($⁄MWh)

𝑛𝑐𝑡

network charge tariff during time interval 𝑡 ($⁄MWh)

𝑠𝑐𝑖

storage unit operation cost of customer 𝑖 ($⁄MWh)

𝑐𝑝𝑖𝑡

preference cost of customer 𝑖 during time interval 𝑡 ($⁄MWh)

𝜏𝑖𝑡𝑑

time duration that 𝑑𝑖𝑡 is postponed (h)

𝜏𝑖𝑡𝐵

𝑐
time duration that 𝑝𝑖𝑡
is postponed (h)

𝐷𝑖𝑡

initial electricity demand of customer 𝑖 during time interval 𝑡 (MWh)

𝐺𝑖𝑤𝑡

output of candidate PV unit 𝑤 at bus 𝑖 in time interval 𝑡 (MWh)

𝐶𝑃𝑉𝑤

investment cost of candidate PV unit 𝑤 ($)

𝐶𝐵𝑘

investment cost of candidate battery unit 𝑘 ($)

𝑀

large enough positive value to relax constraints (big-M method)

𝑆𝑖𝑃𝑉
/𝑆𝑖𝐵𝑡

maximum capacity of 𝑖-th customer’s PV/battery unit (MWh)

𝜄

interest rate

1
This is chapter is based on J. M. Delarestaghi, A. Arefi, and G. Ledwich, "The impact of peer to peer market on energy costs of
consumers with PV and battery," presented at the 2018 IEEE PES Innovative Smart Grid Technologies Conference Europe (ISGTEurope), Sarajevo, Bosnia and Herzegovina, Bosnia and Herzegovina, 21-25 Oct. 2018, 2018.
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𝑛

expected (guaranteed) lifetime of solar PV/battery units (years)

Variables
𝑃1𝑡

energy purchased from the wholesale market during time interval 𝑡 (MWh)

𝑝𝑟𝑖𝑡

energy purchased from the utility by customer 𝑖 during time interval 𝑡 (MWh)

𝑝𝑓𝑖𝑡

energy sold by customer 𝑖 to the utility during time interval 𝑡 (MWh)

+
𝑝𝑙𝑖𝑡

energy purchased by customer 𝑖 in the NET (MWh)

−
𝑝𝑙𝑖𝑡

energy sold by customer 𝑖 in the NET (MWh)

𝑑𝑖𝑡

energy demand of customer 𝑖 shifted from time interval 𝑡 (MWh)

𝑝𝑖𝑡𝑐

energy charged into the battery unit of customer 𝑖 during time interval 𝑡 (MWh)

𝑖𝑤
𝑥𝑃𝑉

binary variable which shows whether customer 𝑖 installed candidate PV unit 𝑤

𝑥𝐵𝑖𝑘

binary variable which shows whether customer 𝑖 installed candidate battery unit 𝑘

𝑧𝑖𝑡

binary variable which shows whether customer 𝑖 is a consumer (0) or generator (1) during time
interval 𝑡

′
𝑑𝑖𝑡

energy demand of customer 𝑖 shifted from previous time intervals to time interval 𝑡 (MWh)

𝑝𝑖𝑡𝑑

energy discharged by the battery unit of customer 𝑖 during time interval 𝑡 (MWh)

𝑇𝐸𝐶

total electrification cost ($)

𝐶𝑢

total cost incurred to the utility ($)

𝐶𝑐𝑖

total cost incurred to customer 𝑖 ($)

𝐼𝑁𝑉𝑐𝑖

investment cost incurred to customer 𝑖 ($)

𝑂𝑃𝑅𝑐𝑖

operation cost incurred to customer 𝑖 ($)

Sets & indices
𝑡

Index for time interval

𝑖

Index of customers

𝑇

Set of time intervals

𝐼

Set of customers

3.2 Introduction
Significant increases in electricity prices have been experienced over the last decade in Australia [196].
According to Australian Energy Market Commission [197], the cost of poles and wires contributed the most
to residential electricity bills, being responsible for about 50% of the bill. On the other hand, with the rapid
uptake of distributed energy resources (DER) like rooftop photovoltaic (PV) and battery systems, the
operational demand has declined gradually. The integration of DER, however, has not been strongly
correlated with the peak demand. In fact, the peak demand has increased in Australia, as reported in the E.
T. Taskforce report [3]. Normally, power utilities commission costly investments in network infrastructure
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to address the needs for peak demand. As a result of the decline in operational demand, conventional
planning processes may lead to unnecessary investment in network capacity upgrades, and consequently an
increase in electricity price and connection fees, mainly to recover the sunk investments in network
infrastructure [198].
The advent of modern DER technologies and a significant decline in installation cost of DER, e.g. rooftop
PV and battery systems, along with other smart home management devices have enabled customers to
manage their energy needs using their own DER facilities and to take the control of their energy
consumption. Today, almost one in three households in Western Australia has a rooftop PV system [3]. The
high price of electricity in Australia, particularly due to the rapid adoption of air conditioning over the last
decade, was another factor that paved the road for the widespread uptake of PVs among customers.
Moreover, customers are more willing to take the control of their own consumption with recent progress
and thus a decline in the price of renewables and batteries technology. Nowadays, despite an expected cut
in subsidies, it is expected that renewables penetration will triple over the next decade [199].
Despite the potential benefits of DER uptake among customers [170], it has caused a range of issues in
distribution network operation. This is mainly due to not properly considering the prosumers’ share in
energy generation and the resulting fundamental change in load demand. Moreover, customers with DER
still need to be connected to the grid for safe and reliable electricity service. Given the cost of installation
of equipment and the increase in electricity price, customers are willing to be self-sufficient and it is
expected more and more will leave the grid in the next few years [200]. As more customers go off-grid, the
cost of poles and wires will be divided among a smaller number of customers, which in turn will further
lead to higher electricity bills. Besides that, off-grid customers will probably suffer from the low reliability
of energy in a long-term period. If the current trend continues, customers will face significant costs of
investment and operation which will further raise the total cost of electrification. Moreover, the repetitive
charging/discharging of customers’ storage units reduces their life duration. Finally, the amount of energy
that DERs can provide depends strongly on weather conditions and is highly uncertain. As a result, their
long-term reliability must be assessed before going off-grid.
The abundance of prosumers offers a great opportunity for all stakeholders, i.e. utilities and customers,
to move towards a sustainable and affordable electricity network with a high degree of reliability. To
achieve that there is a critical need for novel and innovative approaches to manage and design future
electricity networks [201]. To address the abovementioned difficulties about high electricity prices and
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unassessed reliability of disconnected customers a neighbourhood energy trading (NET) scheme is
introduced as an effective incentive to encourage customers to stay connected. In the NET scheme (NETS),
customers can directly exchange money/energy. This provides a suitable structure for them to sell their
energy surplus or compensate for their generation shortage [202] in a grid-friendly way. The main target of
this study is to address the challenges of high electrification cost in modern distribution networks by a fair
share of total electrification cost between the customers and the utility, rather than considering each
individually.
Most of the planning studies in the distribution network are carried out in either non-market [152] or
distribution market environments where only the imported energy from substations is included [9, 130].
Long-term planning in both medium voltage (MV) and low voltage (LV) distribution networks based on a
loss reduction approach has been proposed in Gilvanejad et al. [203]. A distribution acquisition market is
presented in Shen et al. [130] to find the cleared energy quantities and price. The authors developed a
framework for short-term planning of distribution networks by reconfiguration of the network structure.
The investment alternatives of utility and/or customers have not been considered in this study. A method
based on locational marginal price daily operation of the distribution market considering the investments
in both centralised and distributed energy storage systems (ESS) is proposed in Shen et al. [130]. The
locational marginal price is considered as an uncertain input parameter like load demand and renewable
resources output. A risk-based planning method considering both network and temporary non-network
solutions for distribution networks is presented in Arefi et al. [9] to find the optimal investment plan for the
utility, as well as a risk treatment method to deal with the uncertainties regarding the demand and
renewables generation. A comparative study is presented in Arefi et al. [204] based on short planning
methods for loss reduction in distribution networks. However, the planning of distribution network under a
NET environment has not been studied in the literature. To the best of this author’s knowledge, this is the
first study that aims to design a planning model for the distribution network with a NET.
The main contribution of this chapter is evaluating the impact of the NET on PV and battery investments
by customers. The problem formulation is presented in Section 3.3. An illustrative example is presented in
Section 3.4. Finally, Section 3.5 discusses the conclusion of this chapter.

3.3 Problem Formulation
In this section, the problem formulation is presented, followed by a detailed mathematical model of each
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stakeholder’s cost (the profit is considered as negative cost). It is assumed here that the utility owns the
network infrastructure and has the right to decide on the network capacity upgrade.
Besides the conventional buyer/seller relationship between the utility and customers, in this network, the
customers can exchange energy/money with each other via the grid. The price of energy in the NETS must
be lower than the price of energy in the retail market. One important point which power utilities might find
interesting about the NETS is that selling energy is not the only source of income for utilities in future
distribution networks, but new services offer value streams for utilities to charge NETS participants for
their use of network infrastructure in terms of network charge tariff. It is assumed that customers can invest
in rooftop PV and battery systems. For a more detailed model, the effect of customer preference [205] is
regarded here.
The objective function of the proposed planning model is to minimise the total cost of electrification for
both the utility and customers. The total cost incurred to customers includes the cost/benefit of
purchasing/selling energy from/to the utility, cost of payments at network charge tariff, cost of PV and
battery systems installation, the cost associated with shifting load demand and cost of battery operation.
Similarly, the total cost incurred to the utility is the cost of purchased energy from the wholesale electricity
market, the cost of purchased energy from customers at feed-in tariff, the benefit gained by selling energy
to consumers and the benefit received at network charge tariff. the model is formulated as follows,
min 𝑇𝐸𝐶 = 𝐶𝑢 + ∑ 𝐶𝑐𝑖

(3.1)

𝑖∈𝐼

+
−
)𝑛𝑐𝑡 ]
𝐶𝑢 = ∑ [𝑃1𝑡 . ω𝑡 − ∑ 𝑅𝑡 𝑝𝑟𝑖𝑡 + ∑ 𝐹𝑡 𝑝𝑓𝑖𝑡 − ∑(𝑝𝑙𝑖𝑡
+ 𝑝𝑙𝑖𝑡
𝑡∈𝑇

𝑖∈𝐼

𝑖∈𝐼

(3.2)

𝑖∈𝐼

𝐶𝑐𝑖 = 𝐼𝑁𝑉𝑐𝑖 + 𝑂𝑃𝑅𝑐𝑖

(3.3)

+
−
+
−
𝑐
)𝑛𝑐𝑡 + 𝑑𝑖𝑡 𝑐𝑝𝑖𝑡 𝜏𝑖𝑡𝑑 + 𝑝𝑖𝑡
𝑂𝑃𝑅𝑐𝑖 = ∑[𝑅𝑡 𝑝𝑟𝑖𝑡 − 𝐹𝑡 𝑝𝑓𝑖𝑡 + 𝑝𝑙𝑖𝑡
𝐿𝑡 − 𝑝𝑙𝑖𝑡
𝐿𝑡 + (𝑝𝑙𝑖𝑡
+ 𝑝𝑙𝑖𝑡
𝑠𝑐𝑖 𝜏𝑖𝑡𝐵 ]

(3.4)

𝑡∈𝑇

𝑖𝑤
𝐼𝑁𝑉𝑐𝑖 = 𝐶𝑅𝐹 [ ∑ 𝐶𝑃𝑉𝑤 𝑥𝑃𝑉
+ ∑ 𝐶𝐵𝑘 𝑥𝐵𝑖𝑘 ]
𝑤∈𝑊

𝐶𝑅𝐹 =

(3.5)

𝑘∈𝐾

𝜄(1 + 𝜄)𝑛
(1 + 𝜄)𝑛 − 1

(3.6)

s.t.
𝑃1𝑡 = ∑(𝑝𝑟𝑖𝑡 − 𝑝𝑓𝑖𝑡 )

∀𝑡 ∈ 𝑇

𝑖∈𝐼
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(3.7)

+
−
′
𝑖𝑤
𝑝𝑟𝑖𝑡 − 𝑝𝑓𝑖𝑡 + 𝑝𝑙𝑖𝑡
− 𝑝𝑙𝑖𝑡
= 𝐷𝑖𝑡 + 𝑝𝑖𝑡𝑐 − 𝑝𝑖𝑡𝑑 − 𝑑𝑖𝑡 + 𝑑𝑖𝑡
− ∑ 𝐺𝑖𝑤𝑡 𝑥𝑃𝑉

∀𝑖

𝑤∈𝑊

(3.8)

∈ 𝐼, ∀𝑡 ∈ 𝑇
′
𝑑𝑖𝑡
=

∑

𝑑𝑖𝑡́

∀𝑡 ∈ 𝑇

𝑐
𝑝𝑖𝑡
́

∀𝑡 ∈ 𝑇

(3.9)

𝑡́ ∈𝑇
{́ 𝑑 }
𝑡 +𝜏𝑖𝑡́ =𝑡

𝑝𝑖𝑡𝑑 =

∑

(3.10)

𝑡́ ∈𝑇
{́ 𝐵 }
𝑡 +𝜏𝑖𝑡́ =𝑡
𝑖𝑤
𝑑𝑖𝑡 ≤ min {𝐷𝑖𝑡 − ∑ 𝐺𝑖𝑤𝑡 𝑥𝑃𝑉
, 0} ∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.11)

𝑤∈𝑊
𝑖𝑤
𝑝𝑖𝑡𝑐 ≤ min { ∑ (𝐺𝑖𝑤𝑡 − 𝐷𝑖𝑡 )𝑥𝑃𝑉
, 0}

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.12)

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.13)

𝑤∈𝑊
−
𝑃𝑉 𝑖𝑤
𝐵 𝑖𝑘
𝑝𝑓𝑖𝑡 + 𝑝𝑙𝑖𝑡
≤ ∑ 𝑆𝑖𝑤
𝑥𝑃𝑉 + ∑ 𝑆𝑖𝑘
𝑥𝐵
𝑤∈𝑊

𝑘∈𝐾

−
𝑖𝑤
𝑝𝑓𝑖𝑡 + 𝑝𝑙𝑖𝑡
≤ 𝑀 ∑ 𝑥𝑃𝑉

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.14)

𝑤∈𝑊
𝑖𝑤
𝑝𝑖𝑡𝑑 ≤ 𝑀 ∑ 𝑥𝑃𝑉

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.15)

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.16)

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.17)

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.18)

𝑤∈𝑊
𝐵 𝑖𝑘
𝑝𝑖𝑡𝑑 ≤ ∑ 𝑆𝑖𝑘
𝑥𝐵
𝑘∈𝐾
𝑖𝑤
𝑝𝑖𝑡𝑐 ≤ 𝑀 ∑ 𝑥𝑃𝑉
𝑤∈𝑊
𝐵 𝑖𝑘
𝑝𝑖𝑡𝑐 ≤ ∑ 𝑆𝑖𝑘
𝑥𝐵
𝑘∈𝐾
𝑡́
𝐵 𝑖𝑘
𝑝𝑖𝑡𝑐 ≤ ∑ 𝑆𝑖𝑘
𝑥𝐵

∑
𝐵 +1
𝑡=𝑡́ −𝜏𝑖𝑡

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.19)

𝑘∈𝐾

′
𝑖𝑤
−𝑧𝑖𝑡 . 𝑀 ≤ 𝐷𝑖𝑡 − ∑ 𝐺𝑖𝑤𝑡 𝑥𝑃𝑉
+ 𝑝𝑖𝑡𝑐 − 𝑑𝑖𝑡 + 𝑑𝑖𝑡
− 𝑝𝑖𝑡𝑑

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.20)

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.21)

𝑤∈𝑊
𝑐
′
𝑑
𝑖𝑤
𝐷𝑖𝑡 − ∑ 𝐺𝑖𝑤𝑡 𝑥𝑃𝑉
+ 𝑝𝑖𝑡
− 𝑑𝑖𝑡 + 𝑑𝑖𝑡
− 𝑝𝑖𝑡
≤ (1 − 𝑧𝑖𝑡 )𝑀
𝑤∈𝑊
+
𝑝𝑟𝑖𝑡 + 𝑝𝑙𝑖𝑡
+ 𝑑𝑖𝑡 + 𝑝𝑖𝑡𝑑 ≤ (1 − 𝑧𝑖𝑡 )𝑀
−
′
𝑐
𝑝𝑓𝑖𝑡 + 𝑝𝑙𝑖𝑡
+ 𝑑𝑖𝑡
+ 𝑝𝑖𝑡
≤ 𝑧𝑖𝑡 𝑀

𝑃1𝑡 + ∑ 𝑝𝑓𝑖𝑡 = ∑ 𝑝𝑟𝑖𝑡
𝑖∈𝐼

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼
∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

∀𝑡 ∈ 𝑇

𝑖∈𝐼
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(3.22)
(3.23)
(3.24)

+
−
∑ 𝑝𝑙𝑖𝑡
= ∑ 𝑝𝑙𝑖𝑡
𝑖∈𝐼

∀𝑡 ∈ 𝑇

(3.25)

𝑖∈𝐼

+
−
′
𝑑
𝑃1𝑡 , 𝑝𝑟𝑖𝑡 , 𝑝𝑓𝑖𝑡 , 𝑝𝑙𝑖𝑡
, 𝑝𝑙𝑖𝑡
, 𝑑𝑖𝑡 , 𝑝𝑖𝑡𝑐 , 𝑑𝑖𝑡
, 𝑝𝑖𝑡
≥0
𝑖𝑤
𝑥𝑃𝑉
, 𝑥𝐵𝑖𝑘 , 𝑧𝑖𝑡 ∈ {0, 1}

∀𝑖 ∈ 𝐼

∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝐼

(3.26)
(3.27)

+
−
′
𝑖𝑤
where the decision variables are 𝑃1𝑡 , 𝑝𝑟𝑖𝑡 , 𝑝𝑓𝑖𝑡 , 𝑝𝑙𝑖𝑡
, 𝑝𝑙𝑖𝑡
, 𝑑𝑖𝑡 , 𝑑𝑖𝑡
, 𝑥𝑃𝑉
, 𝑥𝐵𝑖𝑘 and 𝑧𝑖𝑡 . The total cost of

electrification in (3.1) is calculated as the total cost incurred to the utility and customers. In (3.2), the first
term presents the cost of purchased energy from the wholesale market, the second term presents the revenue
of selling energy to customers, the third term presents the cost of purchased energy from customers and the
last term represents the revenue of network charge. In (3.3), the total cost borne by customers includes
investment and operation costs. According to (3.4), the operation cost consists of the cost of energy
purchases from the utility, revenue of selling energy to the utility, cost of energy purchases in the NETS,
the revenue of selling energy in the NETS, cost of network charge payments, cost of demand shifting and
the cost of battery operation. In (3.5), the investment cost equals the annual projected cost of investments
in PV and battery systems, using the cost recovery factor, 𝐶𝑅𝐹, as formulated in (3.6). The total imported
energy is modelled in (3.7), neglecting the grid losses. This is a reasonable assumption for the small network
used in this study for the sake of proof of concept. An accurate convex and exact formulation is developed
and presented in Chapter 7 to be embedded in the distribution planning problems. The balance of energy
for each customer at each time interval is represented in equations (3.8)-(3.10). Each customer can postpone
his/her demand/generation only if there is a shortage/excess of energy during that time interval, as
formulated in (3.11) and (3.12). The possibility of generation, storage, selling energy is enabled only by
investment in PV and/or battery systems, as presented in (3.13)-(3.18). Equation (3.19) formulates the
capacity constraint of the battery. The constraints relating to the state of customers, namely energy generator
or consumer is represented in (3.20) and (3.21). Each customer can only buy or sell energy at any time
interval, as formulated in (3.22) and (3.23). The constraints regarding the balance of energy in the retail and
the NETS are presented in (3.24) and (3.25), respectively. Equation (3.26) limits the continuous decision
variables to take only positive values. Finally, the integrality constraint associated with the investment
𝑖𝑤
decision variables 𝑥𝑃𝑉
, 𝑥𝐵𝑖𝑘 and 𝑧𝑖𝑡 is characterised in (3.27). The optimisation model in (3.1)-(3.27) is a

mixed-integer linear programming (MILP) problem that can be readily solved using commercially available
solvers.
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3.4 Illustrative Example
This section presents an illustrative example to show the potential value that DER and NETS can offer
to both the utility and customers. The schematic configuration of the network is shown in Figure 3.1.
Customer A represents an energy buyer. Customer B has no consumption and has the alternative to invest
in PV and battery systems. Two time intervals each of half a day duration are considered here as off-peak
and peak time intervals, respectively, with specific load and generation profiles for each time interval. The
study duration is one year. The value of parameters is listed in Table 3.1. Two different cases are considered
in this section, namely Case I and Case II. In Case I, the NETS is not considered, while it is considered in
Case II.

Table 3.1. Input parameters

input parameters

off-peak

peak

𝐹𝑡

0.07

0.07

ω𝑡

0.07

0.25

𝑅𝑡

0.27

0.27

𝐿𝑡

0.18

0.18

𝑛𝑐𝑡

0.045

0.045

𝑠𝑐

0.03

0.03

𝑐𝑝

0.1

0.1

𝐷𝐴𝑡 /𝐷𝐵𝑡

5/0

10/0

𝐺𝐴,𝑡 /𝐺𝐵,𝑡

0/2

0/0

𝐼𝐶𝑃𝑉

4500

𝐼𝐶𝐵𝑡

2250

𝜄

0.04

𝑛

10

Customer
A
Utility
Customer
B
Figure 1. Schematic diagram of the network used in simulation
study
Figure
3.1. Schematic diagram of the illustrative example

The optimal investment plan for customer B, demand response contribution of customer A, optimal storage
schedule for customer B and operation of the system are calculated using MATLAB on an Intel CORE i5-
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2500 PC with a clock speed of 3.30 GHz and 8GB RAM. The optimisation is solved by using the intlinprog
solver. The optimal solution and cost of stakeholders for both cases are presented in Table 3.2. According
to Table 3.2, it can be seen that the costs incurred to all stakeholders including the utility, customer A and
customer B in Case II are lower than Case I. It can also be seen that it is not viable for customer B to invest
in PV/battery systems in Case I, while it is viable in Case II because the investment cost can be recovered
by selling energy in the NETS to customer A. This clearly shows the impact of the NETS on the investment
decisions of various stakeholders in the distribution network.
The flow of energy and money in both cases is shown in Figure 3.2 to Figure 3.5. According to Figure 3.2
and Figure 3.3, the amount of energy purchases from the wholesale market during peak hours in Case II is
smaller than in Case I. In Figure 3.4 and Figure 3.5, red lines represent the exported money from the set of
utility and customers in terms of the purchased power from the upstream grid, investment cost of PV/battery
systems and the operation cost of the battery. Those figures illustrate the point that the annual cost of energy
purchases from the wholesale market decreases from $12,483 to $10,293, and thus the resulting benefit is
divided between the utility and customers in terms of both cost reduction and benefits increase.

Table 3.2. Comparison of optimal solutions in Case I and Case II

decision variables

Case I

Case II

𝑃1

5

5

𝑝𝑟𝐴

5

5

𝑝𝑓𝐵

0

0

𝑝𝑙𝐴+

0

0

𝑃1

10

8

𝑝𝑟𝐴

10

8

𝑝𝑓𝐵

0

0

𝑝𝑙𝐴+

0

2

𝑖
𝑥𝑃𝑉

0

1

𝑥𝐵𝑖

0

1

annual cost of utility

-5256

-5869

annual cost of A

17739

17345

annual cost of B

0

-88

off-peak

peak

While the share of utility in energy selling decreases, the utility’s revenue increases due to the newly
introduced value, “network charge” which is paid by the NETS participants to the utility for their use of
network infrastructure. The utility is likely to have a sustainable flow of benefit via network charge in the
near future grid for which the utility must provide a reliable and secure network. It means the utility needs
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an optimal plan for investment in network infrastructure to enjoy a continuous stream of income in terms
of the network charge.

A
A
10MW
10MW

Utility
Utility

B
B

asdasdsd
Figure 3.2. The flow of power in Case I during peak hours

A
Utility

8 MW

2 MW

B
Figure 3. flow of power in Case II during peak hours

Figure 3.3. The flow of power in Case II during peak hours

$17739
A

-$5256
$12483

Utility

$0
B

Figure 4. flow of money in Case I

Figure 3.4. The flow of money in Case I

Network charge
Cost of energy
purchases from
wholesale market

$394

INV+OPR

$17345
Cost of energy purchases

Total cost

A

-$5869

$10293

$1577 Cost of energy trades

Utility
B

$394
Network charge

-$88
INV+OPR

$832

Investment cost
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Figure 3.5. The flow of money in Case II
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Cost incurred to Customer A ($)

Cost incurred to utility ($)

price in the NETS ( / Wh)
(b)

Total cost of electrification ($)

Cost incurred to Customer B ($)

price in the NETS ( / Wh)
(a)

price in the NETS ( / Wh)
(c)

price in the NETS ( / Wh)
(d)

Figure 3.6. Variation of the cost borne by stakeholders versus variation of the energy price in the NETS, a) cost faced
by the utility, b) cost faced by customer A, c) cost faced by customer B, d) total cost of electrification

Cost sensitivity analysis against the price of energy in the NETS
The impact of electricity price in the NETS on the total cost of electrification is studied in this section.
According to Figure 3.6, for a change of −6% and +11% in 𝐿𝑡 , the programming problem in Case II still
has an optimal solution resulting in lower costs compared to Case I. The total cost incurred to the utility
and the total electrification cost will remain unchanged when 𝐿𝑡 changes. This is because the only parameter
that changes is the exchanged money between customers A and B and thus has no influence on the total
cost incurred to the utility and the total electrification. For values of 𝐿𝑡 smaller than 17, the investment in
PV and battery systems is not viable. As a result, there is no difference between the results in Case I and
Case II. Furthermore, the total cost of electrification is not sensitive to the changes in 𝐿𝑡 .

Practical consideration
Multiple adjustments need to be taken into account for practical consideration. Besides the configuration
of the network, the details about the parameters of the network components (lines, transformers, capacitor
banks etc.) are required for consideration of the security constraints (i.e. thermal limits of the lines and
voltage deviations). The assigned load demand to customers should be load forecasts based on the real
recorded data. The network charge would be in accordance with the loading of the network. The estimation
of network charge by the optimisation procedure and its interactions with the loading level of the network
is presented in the next chapters.
Currently, numerous existing regulatory frameworks and communication systems enable us to establish
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NETS within the distribution network. In this study, it is assumed that the role of the NET operator is played
by the utility. However, one can easily employ the same model with some modifications. Investigation of
the required communication system is not in the scope of this study, but it is worthwhile to mention that
existing communication systems like power line communication (PLC), WLAN, ZigBee, and WiMAX to
a large extent address the concerns about communications between different players in the market.

3.5 Conclusion
This study has successfully shown how the inclusion of neighbourhood energy trading affects the
investment plan of different stakeholders in the distribution network. The problem is modelled as a mixedinteger linear programming (MILP) problem. An illustrative example was presented using a simple network
to show the impact of customers’ engagement on the cost of electrification in the distribution network. The
simulation study shows that a NET can result in reduced energy purchases during peak hours, which means
reduced substation and feeder loading, thus helping to avoid unnecessary investments. The ultimate goal of
this chapter was the proof of concept of the impacts of a NET on investment planning of all stakeholders
in the distribution network, most notably customers and a utility.
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Chapter 4 A Distribution Network Planning Model
Considering Neighbourhood Energy Trading1

4.1 Summary
The widespread adoption of small-scale distributed energy resources (DERs) amongst energy users has
drastically changed the operation of distribution networks. To date, there has not been a consolidated model
to incorporate the investment decisions of the end-users in the distribution network planning. The
contribution of this chapter is a distribution network planning model for the utility which considers the
neighbourhood energy trading (NET) as a platform for end-users to directly exchange energy between them.
The proposed mixed-integer second-order cone programming (MISOCP) problem provides the optimal
decisions for line and transformer upgrades, as well as for photovoltaic (PV) and battery in end-users’
premises. Moreover, it indicates a fair allocation of network charges among the participants to NET
schemes. The simulation results on the IEEE-33 bus test system confirm the effectiveness of the proposed
model in lowering the total cost of the planning and the operation. This platform can be used by
government-owned utilities as a guide to avoid sunk investments while motivating the increased installation
of renewable distributed generation and storage units by end-users. The planning model for private utilities
is discussed in Chapter 6.

Nomenclature
Indices
𝑡

index for time intervals

𝑠

index for cluster

𝑖 or 𝑗

indices for end-users, buses, or branches

𝜋

index of candidate choices for replacing a line

𝜉

index of candidate choices of transformers to be installed

𝑤

index of candidate choices of PV units to be installed

𝑘

index of candidate choices of battery units to be installed

ℎ

index of auxiliary variables for linearisation

Sets
𝑇

set of time intervals

1
J. M. Delarestaghi, A. Arefi, G. Ledwich, and A. Borghetti, "A distribution network planning model considering neighborhood
energy trading," Electr Pow Syst Res, vol. 191, p. 106894, 2021.
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𝑆

set of clusters

𝑁

set of end-users, buses, or branches

𝛱

set of candidate choices for replacing lines

𝛯

set of candidate choices for transformers to be installed

𝑊

set of candidate choices of PV units to be installed

𝐾

set of candidate choices of battery units to be installed

𝑥𝑢 ̅𝑐
̅̅̅/𝑥

set of investment decision variables for utility/end-users

𝑦𝑢 ̅𝑐
̅̅̅/𝑦

set of operational variables for utility/end-users

𝑦̅𝑠

set of power flow calculation variables

Parameters
𝐶𝐿𝑖𝜋

investment cost of candidate replacing line 𝜋 in branch 𝑖 ($)

𝐶𝑇𝜉

investment cost of candidate transformer 𝜉 ($)

𝑛

number of end-users/buses/branches

𝐶𝑃𝑉𝑤

investment cost of candidate PV unit 𝑤 ($)

𝐶𝐵𝑘

investment cost of candidate battery unit 𝑘 ($)

𝜌𝑠

probability of cluster 𝑠 in planning

𝜔𝑡𝑠

wholesale price in time interval 𝑡 and cluster 𝑠 ($/MWh)

𝑅𝑡𝑠

retail price in time interval 𝑡 and cluster 𝑠 ($/MWh)

𝐿𝑡𝑠

energy price for NET in cluster s and time interval t ($/MWh)

𝐷𝐹𝑖

disutility factor for user 𝑖 ($/MWh)

𝐶𝐶𝑖0

cost to end-user 𝑖 without NET ($)

𝐶𝐶𝑢0

minimum cost to utility without NET ($)

𝐴𝑖𝑗

𝑖𝑗-th element of bus injection to branch current (BIBC) matrix

𝑅𝑀𝑖𝑗

𝑖𝑗-th element of matrix 𝑅𝑀 whose value is equal to product of 𝐴𝑖𝑗 and the resistance of
𝑗-th branch (Ω)

𝑋𝑀𝑖𝑗

𝑖𝑗-th element of matrix 𝑋𝑀 whose value is equal to product of 𝐴𝑖𝑗 and the reactance of
𝑗-th branch (Ω)

𝑉0

substation voltage (p.u.)

𝑀𝑅𝑖𝑗

𝑖𝑗-th element of matrix 𝑀𝑅 whose value is equal to product of 𝐴𝑗𝑖 and the resistance of
𝑗-th branch (Ω)

𝑀𝑋𝑖𝑗

𝑖𝑗-th element of matrix 𝑀𝑋 whose value is equal to product of 𝐴𝑗𝑖 and the reactance of 𝑗th branch (Ω)

𝑀𝑍𝑖𝑗

𝑖𝑗-th element of matrix 𝑀𝑍 whose value is equal to product of 𝐴𝑗𝑖 and the square
impedance magnitude of 𝑗-th branch (Ω2 )

𝑞𝑖𝑡𝑠

reactive power drawn by end-user 𝑖 in time interval 𝑡 and cluster 𝑠 (MVAr)

𝑉/𝑉

maximum/minimum allowed voltage ( V)

𝜋/𝑖0

maximum allowed current of (candidate line 𝜋)/(branch 𝑖) ( A)

𝐼𝑚𝑎𝑥

𝜉/00

maximum allowed current of (candidate transformer 𝜉)/(substation transformer) ( A)

𝜂𝑐 /𝜂𝑑

charging/discharging efficiency of battery units

𝐼𝑚𝑎𝑥
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𝑆𝑜𝐶𝑘𝑚𝑎𝑥

maximum state of charge of candidate battery 𝑘 (MWh)

𝑆𝑜𝐶𝑘𝑚𝑖𝑛

minimum state of charge of candidate battery 𝑘 (MWh)

𝑀

large enough positive value to relax constraints (big-M method)

𝑝𝑐𝑘𝑚𝑎𝑥

maximum charging power of candidate battery 𝑘 (MWh)

𝑝𝑑𝑘𝑚𝑎𝑥

maximum discharging power of candidate battery 𝑘 (MWh)

𝐺𝑖𝑤𝑡𝑠

output of candidate PV unit 𝑤 at bus 𝑖 in time interval 𝑡 and cluster 𝑠 (MWh)

𝐵𝐷𝑖

degradation unit cost of battery at bus 𝑖 ($/cycle)

𝐷𝑖𝑡𝑠

demand at bus 𝑖 in time interval 𝑡 and cluster 𝑠 (MWh)

𝑚𝑎𝑥
𝑑𝑖𝑡𝑠

maximum allowable demand to be shifted by end-user 𝑖 from time interval 𝑡 in cluster 𝑠
(MWh)

𝑡𝑚𝑎𝑥

number of time intervals

𝑛ℎ

number of digits for 𝑛𝑐

Variables
𝑥𝑙𝑖𝜋
𝜉

binary variable which shows whether branch 𝑖 is replaced by a line of type 𝜋

𝑥𝑇𝑅

binary variable which shows whether the substation transformer is upgraded by a new
transformer of type 𝜉

𝑖𝑤
𝑥𝑃𝑉

binary variable which shows whether a PV of type 𝑗 is installed by end-user 𝑖

𝑥𝐵𝑖𝑘

binary variable which shows whether a battery of type 𝑘 is installed by end-user 𝑖

𝑃1𝑡𝑠

active power at the sending end of the first branch in time interval 𝑡 and cluster 𝑠 (MW)

𝑝𝑟𝑖𝑡𝑠

purchased energy from utility by end-user 𝑖 in time interval 𝑡 and cluster 𝑠 (MWh)

+
−
𝑝𝑙𝑖𝑡𝑠
/𝑝𝑙𝑖𝑡𝑠

purchased/sold energy in NET mechanism by end-user 𝑖 in time interval 𝑡 and cluster 𝑠
(MWh)

𝑛𝑐𝑡𝑠

network charge in time interval 𝑡 and cluster 𝑠 ($/MWh)

𝐵𝐷𝐶𝑖

degradation cost of the battery at bus 𝑖 ($⁄MWh)

𝑑𝑖𝑡𝑠

shiftable load of end-user 𝑖 from time interval 𝑡 in cluster 𝑠 (MWh)

𝑐
𝑝𝑖𝑡𝑠

nodal injection of battery charging energy by end-user i in time interval 𝑡 and cluster 𝑠
(MWh)

𝑑
𝑝𝑖𝑡𝑠

nodal injection of battery discharging energy by end-user i in time interval 𝑡 and cluster
𝑠 (MWh)

𝑃𝑖𝑡𝑠 /𝑄𝑖𝑡𝑠

active/reactive power at the sending end of branch 𝑖 in time interval 𝑡 and cluster 𝑠
(MW)

𝑢𝑖𝑡𝑠

square current magnitude in line 𝑖, time interval 𝑡 and cluster 𝑠 ( A2 )

𝑣𝑖𝑡𝑠

square voltage magnitude at bus 𝑖 in time interval 𝑡 and cluster 𝑠 ( V 2 )

𝑣𝑖𝑡𝑠

square voltage magnitude at sending end of branch 𝑖 in time interval 𝑡 and cluster 𝑠
( V2)

𝑆𝑜𝐶𝑖𝑡𝑠

battery state of charge of at bus 𝑖 in time interval 𝑡 and cluster 𝑠 (MWh)

𝑆𝑜𝐶𝑖,𝑚𝑎𝑥

maximum state of charge of battery at bus 𝑖 (MWh)

𝑆𝑜𝐶𝑖,𝑚𝑖𝑛

minimum state of charge of battery at bus 𝑖 (MWh)

𝛼𝑖𝑡𝑠

binary variable which determines the charging state of the battery at bus 𝑖, in time
interval 𝑡 and cluster 𝑠 (𝛼𝑖𝑡𝑠 = 1 means the battery is in charging state)
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𝛽𝑖𝑡𝑠

auxiliary variable which shows a change in charging state of the battery at bus 𝑖, in time
interval 𝑡 and cluster 𝑠

𝑐
𝑝𝑖,𝑚𝑎𝑥

maximum charging power of the battery at bus 𝑖 (MWh)

𝑑
𝑝𝑖,𝑚𝑎𝑥

maximum discharging power of the battery at bus 𝑖 (MWh)

𝐵𝑁𝐶𝑖𝐵

number of charging-discharging cycles of the battery at bus 𝑖

𝑧𝑖𝑡𝑠

binary variable which shows whether end-user 𝑖 consumes (0) or produces (1) energy in
time interval 𝑡

𝑛𝑐𝑡𝑠ℎ

auxiliary binary variable corresponding to network charge level in time interval 𝑡 and
cluster 𝑠 ($/MWh)

±
𝑒𝑖𝑡𝑠ℎ

auxiliary variable of network charge for end-user i in time interval 𝑡 and cluster 𝑠 ($)

Functions
𝑓

objective function

𝐼𝑁𝑉/𝑂𝑃𝑅

total investment/operating cost

𝐼𝑁𝑉𝑢 /𝐼𝑁𝑉𝑐

total investment cost incurred to the utility/end-users

𝐼𝑁𝑉𝑐𝑖 /𝑂𝑃𝑅𝑐𝑖

𝑖-th end-user’s investment/operating cost

𝑂𝑃𝑅𝑢

total operating cost incurred to the utility

𝑂𝑃𝑅𝑐

total operating cost incurred to end-users

̂
Ψ/Ψ

power flow and network operational constraints

̂
Υ/Υ

end-users’ operational constraints

4.2 Introduction
The distribution network (DN) planning investigates the investment decisions that the grid owner needs
to make in order to retain the technical criteria of the network at the minimum cost. The transition of endusers from passive energy consumers towards small-scale active prosumers with distributed energy
resources (DER), i.e. end-users that both consume and produce energy, provides new challenges for DN
planners. End-users with DER can form a local energy community (LEC) which could help in the operation
of the DN. In an LEC, there are various ways for end-users to supply their demand, i.e. buying from the
utility, using the DER in their own premises or buying the energy from other end-users in a neighbourhood
energy trading (NET) scheme.
The NET offers exceptional opportunities for end-users to make value from underutilised assets in the
grid and to exploit opportunities to install new renewable generation and storage units. For example, it may
be more convenient for some NET participants not to invest in DER because they can use the excess PV
generation or storage facilities of their neighbours. However, there might be cases in which more investment
in DER is profitable because of the significant demand level in the LEC. Besides, the utility may adopt
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congestion management schemes that include the utilisation of DER in end-users’ premises. However, it
would not be efficient if the utility does not consider the investment decisions of end-users in their own
energy-related decisions. This may lead to over/underinvestment and, consequently, higher network costs,
as already been experienced in, for example, Australia [206] and the European Union [7]. This chapter
presents a planning model for the utility that incorporates the prosumers’ engagement in NET schemes in
order to acquire the optimal investment plan.

Literature review
The application of modern optimisation procedures to power system planning is well documented in the
literature. Amjady et al. [207] have studied the application of mixed-integer nonlinear programming
(MINLP) to DN planning with the alternatives of investment in feeder upgrade, distributed generation
(DG), and wind turbines, using a robust algorithm to address the uncertainties and convexification to
guarantee the global optimality of the solution. Shen et al. [208] have proposed a co-optimisation model by
incorporating the investment decisions on DGs besides the conventional alternatives and operational costs
in active DNs (ADNs). A multi-year ADN planning model including both traditional and smart grid
technologies has been presented by Mohtashami et al. [209]. Gholizadeh-Roshanagh et al. [210] have
proposed a model for coordinated planning of MV and LV DNs considering DG penetration at the MV
level. Arefi et al. [9] have used a risk-managed planning model, developed using both network and nonnetwork solutions, to find the least cost investment plan for utilities. A two-stage planning method for
ADNs that optimises several planning alternatives as well as the active management of DGs was
investigated by Koutsoukis et al. [211].
The concept of joint investment planning for DNs is also a topic explored in the literature. The joint
planning of network infrastructure and private-owned DG installation has been analysed by a number of
authors [212-215] to find a suitable investment plan for the utility and other self-interested entities or
individuals. A similar approach has been adopted by Wang et al. [216] to model cooperative investment
planning of multi-microgrids and then to propose a cost-sharing scheme for a fair allocation of the capital
costs among the microgrids. The planning problem of the DN and the investments in the microgrid
development are addressed by Armendáriz et al. [217] using a coordinated approach to allow the further
adoption of PV units while maintaining the operational limits of the network. The influence of electricity
prices on the investment decisions for the planning of transmission networks under the market environment
has been discussed by a number of authors [218-220].

65

Based on a thorough review of the literature, to the best of this author’s knowledge, the impact of energy
trading among end-users on the investment planning of DNs has not yet been dealt with in the literature.
This is the original contribution of the present chapter.

Contribution
Building upon the analysis presented in Chapter 3 Maleki Delarestaghi et al. [221], this chapter considers
the proposal that NET schemes, if allowed, should be taken into account in utility’s decisions since the
impact is expected to be significant.
In this framework, the contributions of this chapter are:
1.

presentation of a model for the optimal planning of utility’s investments that incorporates the
expected end-users’ investments in DER;

2.

inclusion of the NET scheme in the DN planning (DNP);

3.

optimum design of the network charge (NC);

4.

demonstration of the computational features of the developed mixed-integer second-order cone
programming (MISOCP) model by using the IEEE 33-bus system as a test case.

This study outlines the optimal DN planning pathway considering the expected investment decisions of
end-users. With this in mind, any deviation in end-users’ investment decisions can be treated as a source of
uncertainty in the problem. This model is a useful tool for government-owned utilities that are seeking the
benefit of their societies (minimising the total cost of electrification). The expected outcome of end-users’
investment decisions can be negotiated with them either directly or via agreements through an aggregator.
The planning model for private utilities is discussed in Chapter 6.

4.3 Problem Description and Formulation
The investment of NET participants in DER is driven mainly by the specific NET rules and opportunities,
while the utility mainly considers the grid investment plan to tackle peak loads. These different aims are
aligned in the framework proposed in this chapter by considering both the utility and end-users’ costs and
benefits. Although the model is represented by a centralised decision-making unit for the utility, the results
can be a useful guide also to facilitate the implementation of NET schemes, since the proposed model
guarantees that all NET participants will benefit by cooperating with other stakeholders in the NET.
Due to the integrality characteristic of investment decisions and the nonconvexity of power flow
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equations, we need to deal with an MINLP model. It has been reported in several studies (e.g. [222]) that
relaxing some nonconvex constraints greatly facilitates finding global optima. To this end, an MISOCP
model is proposed which can be efficiently handled by available optimisers.
The following subsections 4.3.1, 4.3.2 and 4.3.3 discuss the considerations regarding the NC, the
objective function and the constraints of the proposed MISOCP model, respectively, whilst subsection 4.3.4
is devoted to the adopted solution approach. The results of the numerical tests are presented in Section 4.4.

Network charge
The NC for the end-users that do not participate in the NET is normally regulated by a state or the national
regulator who sets the tariff. However, the NET participants use the network for selling or buying energy,
and hence should be charged accordingly. The NC in this study is what the NET participants will pay to the
utility. In this study the utility sets the NC only to rationalise the appropriate use of network infrastructure,
not to maximise its profit. Since the utility is not treated as a profit-making entity here, the minimum NC is
obtained along with other investments with the objective to minimise the total cost of electrification. The
utility may reward some of the NET participants if they contribute to the reduction of network stress.
The simple and conventional NC is a constant fee during the day regardless of the actual requirements
for maintaining the network operational condition. This type of NC is not expected to efficiently influence
the electricity market and reflect the grid demand. This design is called a static NC (SNC). The utility can
better avert the risk of congestion or avoid network upgrades by introducing a more elaborate NC design,
called a dynamic NC (DNC). The DNC better reflects the costs borne by the utility. The proposed
framework in this study also includes the optimisation of a DNC scheme.

Objective function
For simplicity, we consider that the utility acts both as the DN operator and the energy provider to the
end-users. The local generation is provided only by PV units. Since we consider only one radial feeder
connected to the main substation, the total power request is the power at the sending end of the first line,
i.e. 𝑃1𝑡𝑠 . The duration of each time interval is 1 hour.
To model the uncertainties in the optimisation horizon 𝑇, the profiles of loads, PV generation and
electricity prices over the planning period are categorised into several representative day scenarios, denoted
as cluster 𝑠, each with probability 𝜌𝑠 , by employing the k-means method presented by Lloyd [223], as
illustrated in subsection 4.4.1.
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The objective function described in (4.1) is the total investment (𝐼𝑁𝑉) and operating costs (𝑂𝑃𝑅), as
described in the two sets of equations (4.2)-(4.5) and (4.6)-(4.9), respectively.
min 𝑓(𝑥
̅̅̅,
𝑦𝑢 𝑦̅𝑐 , 𝑦̅𝑠 ) = 𝐼𝑁𝑉(𝑥
̅̅̅,
̅̅̅,
̅𝑐 , 𝑦̅𝑠 )
𝑢 𝑥̅𝑐 , ̅̅̅,
𝑢 𝑥̅𝑐 ) + 𝑂𝑃𝑅(𝑦
𝑢 𝑦

(4.1)

where
𝐼𝑁𝑉(𝑥
̅̅̅,
𝑢 𝑥̅𝑐 ) = 𝐼𝑁𝑉𝑢 + 𝐼𝑁𝑉𝑐

(4.2)
𝜉

𝐼𝑁𝑉𝑢 = ∑ ∑ 𝐶𝐿𝑖𝜋 𝑥𝑙𝑖𝜋 + ∑ 𝐶𝑇𝜉 𝑥𝑇𝑅
𝜋∈𝛱 𝑖∈𝑁

(4.3)

𝜉∈Ξ

𝑛

𝐼𝑁𝑉𝑐 = ∑ 𝐼𝑁𝑉𝑐𝑖

(4.4)

𝑖=1
𝑖𝑤
𝐼𝑁𝑉𝑐𝑖 = ∑ 𝐶𝑃𝑉𝑤 𝑥𝑃𝑉
+ ∑ 𝐶𝐵𝑘 𝑥𝐵𝑖𝑘
𝑤∈𝑊

(4.5)

𝑘∈𝐾

𝑂𝑃𝑅(𝑦
̅̅̅,
̅𝑐 , 𝑦̅𝑠 ) = 𝑂𝑃𝑅𝑢 + 𝑂𝑃𝑅𝑐
𝑢 𝑦

(4.6)
𝑛

+
−
)𝑛𝑐𝑡𝑠 ]
𝑂𝑃𝑅𝑢 = ∑ 𝜌𝑠 [∑ ω𝑡𝑠 𝑃1𝑡𝑠 − ∑ ∑ 𝑅𝑡𝑠 𝑝𝑟𝑖𝑡𝑠 − ∑ ∑(𝑝𝑙𝑖𝑡𝑠
+ 𝑝𝑙𝑖𝑡𝑠
𝑠∈𝑆

𝑡∈𝑇

𝑡∈𝑇 𝑖=1

(4.7)

𝑡∈𝑇 𝑖∈𝑁

𝑂𝑃𝑅𝑐 = ∑ 𝑂𝑃𝑅𝑐𝑖

(4.8)

𝑖∈𝑁

+
−
𝑂𝑃𝑅𝑐𝑖 = ∑ 𝜌𝑠 [∑ 𝑅𝑡𝑠 𝑝𝑟𝑖𝑡𝑠 + ∑(𝑛𝑐𝑡𝑠 + 𝐿𝑡𝑠 )𝑝𝑙𝑖𝑡𝑠
+ ∑(𝑛𝑐𝑡𝑠 − 𝐿𝑡𝑠 )𝑝𝑙𝑖𝑡𝑠
+ 𝐵𝐷𝐶𝑖
𝑠∈𝑆

𝑡∈𝑇

𝑡∈𝑇

𝑡∈𝑇

(4.9)

+ 𝐷𝐹𝑖 ∑ 𝑑𝑖𝑡𝑠 ]
𝑡∈𝑇

As shown in (4.3) and (4.6), line and transformer reinforcement for the utility as well as the PV and
𝜉

battery installation for prosumers are considered as investment alternatives and are denoted by 𝑥𝑙𝑖𝜋 , 𝑥𝑇𝑅 ,
𝑖𝑤
𝑥𝑃𝑉
, and 𝑥𝐵𝑖𝑘 , respectively. The utility’s operating cost includes the cost of energy purchases from the

wholesale market, revenue (negative cost) of selling energy to consumers, and the revenue of network
charge, as detailed in (4.7). It is worth to note that even though the model only includes replacement of the
existing lines and transformers, it can be extended to cover the addition of new lines, new transformers,
change of topology and bifurcation (ramification) on a feeder.
The prosumers’ operating cost in (4.9) includes, for each time interval 𝑡 and cluster 𝑠, the cost of energy
+
purchases from the utility (𝑅𝑡𝑠 𝑝𝑟𝑖𝑡𝑠 ), the cost of energy purchases from the NET scheme (𝐿𝑡𝑠 𝑝𝑙𝑖𝑡𝑠
), the
−
revenue of energy sold in the NET scheme (−𝐿𝑡𝑠 𝑝𝑙𝑖𝑡𝑠
), the cost of battery depreciation (𝐵𝐷𝐶𝑖 ), and the

disutility cost of prosumers due to the application of DR that requires changes in their scheduled demand
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(𝐷𝐹𝑖 𝑑𝑖𝑡𝑠 ). The price in NET schemes depends on quantities available and therefore is a function of
circumstances, but, for the sake of simplicity, it is considered static here, equal to the average values forecast
by the utility for the different time periods.
The network charge during time interval 𝑡 is modelled as 𝑛𝑐, which can be SNC or DNC: The SNC
corresponds to a constant value of 𝑛𝑐𝑡𝑠 during the optimisation horizon, while the DNC corresponds to a
scheme in which the value of 𝑛𝑐𝑡𝑠 may vary in different time intervals.
The variables are divided into 5 groups based on their type (investment, operational, or power flow
variables) and side (utility or prosumers):
𝑖𝑤
𝑥̅𝑐 = {𝑥𝑃𝑉
, 𝑥𝐵𝑖𝑘 |∀𝑖 ∈ 𝑁, ∀𝑤 ∈ 𝑊, ∀𝑘 ∈ 𝐾}

(4.10)

𝜉

𝑥𝑢 = {𝑥𝑙𝑖𝜋 , 𝑥𝑇𝑅 |∀𝜋 ∈ 𝛱, ∀𝜉 ∈ Ξ, ∀𝑖 ∈ 𝑁}
̅̅̅

(4.11)

±
𝑐
𝑑
𝑦̅𝑐 = {𝑝𝑟𝑖𝑡𝑠 , 𝑝𝑙𝑖𝑡𝑠
, 𝑑𝑖𝑡𝑠 , 𝑝𝑖𝑡𝑠
, 𝑝𝑖𝑡𝑠
|∀𝑖 ∈ 𝑁, ∀𝑡 ∈ 𝑇, ∀𝑠 ∈ 𝑆}

(4.12)

𝑦𝑢 = {𝑛𝑐𝑡𝑠 , 𝑃1𝑡𝑠 | ∀𝑡 ∈ 𝑇, ∀𝑠 ∈ 𝑆}
̅̅̅

(4.13)

𝑦̅𝑠 = {𝑃𝑖𝑡𝑠 , 𝑄𝑖𝑡𝑠 , 𝑢𝑖𝑡𝑠 , 𝑣𝑖𝑡𝑠 |∀𝑖 ∈ 𝑁, ∀𝑡 ∈ 𝑇, ∀𝑠 ∈ 𝑆}

(4.14)

𝑖𝑤
The sets of decision variables of end-users (𝑥̅𝑐 ) and the utility (𝑥
̅̅̅)
𝑢 contain the investment in PV (𝑥𝑃𝑉 ),
𝜉

battery (𝑥𝐵𝑖𝑘 ), new line (𝑥𝑙𝑖𝜋 ) and new transformer (𝑥𝑇𝑅 ). The sets of operational variables of end-users (𝑦̅𝑐 ),
of the utility (𝑦
̅̅̅),
̅𝑠 ) include the amount of energy purchased
𝑢 and of those of the power flow equations (𝑦
±
from the utility by each end-user (𝑝𝑟𝑖𝑡𝑠 ), the amount of energy sold or purchased in NET (𝑝𝑙𝑖𝑡𝑠
), the amount
𝑐
𝑑
of battery charging and discharging (𝑝𝑖𝑡𝑠
, 𝑝𝑖𝑡𝑠
), DR decisions (𝑑𝑖𝑡𝑠 ), the network charge level for the

participants in NET schemes (𝑛𝑐𝑡𝑠 ), the amount of energy purchased from the wholesale market (𝑃1𝑡𝑠 ), the
power flows in lines (𝑃𝑖𝑡𝑠 , 𝑄𝑖𝑡𝑠 ), the square magnitude of line currents (𝑢𝑖𝑡𝑠 ) and the square magnitude of
bus voltages (𝑣𝑖𝑡𝑠 ).
Although the model is developed for utilities that act as the network owner and energy provider at the
same time, the formulations in (4.1)-(4.14) can be modified for cases that the planning is for network owners
and not energy providers, by reformulating the objective function as given in (4.1b).
𝑛

min 𝐼𝑁𝑉𝑢 + 𝐼𝑁𝑉𝑐 + 𝑂𝑃𝑅𝑐 + ∑ 𝜌𝑠 [∑ ω𝑡𝑠 (𝑃1𝑡𝑠 − ∑ 𝑝𝑟𝑖𝑡𝑠 )]
𝑠∈𝑆

𝑡∈𝑇

𝑖=1

Constraints
The model includes the following sets of equality and inequality constraints.
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(4.1b)

Ψ(𝑥
̅̅̅,
̅𝑐 , 𝑦̅𝑠 ) ≥ 0,
𝑢 𝑦

̂ (𝑥
Ψ
̅̅̅,
̅𝑐 , 𝑦̅𝑠 ) = 0
𝑢 𝑦

(4.15)

Υ(𝑥̅𝑐 , ̅̅̅,
𝑦𝑢 𝑦̅𝑐 ) ≥ 0,

̂(𝑥̅𝑐 , ̅̅̅,
Υ
𝑦𝑢 𝑦̅𝑐 ) = 0

(4.16)

𝐼𝑁𝑉𝑐𝑖 + 𝑂𝑃𝑅𝑐𝑖 ≤ 𝐶𝐶𝑖0 ∀𝑖 ∈ 𝑁,

𝐼𝑁𝑉𝑢 + 𝑂𝑃𝑅𝑢 ≤ 𝐶𝐶𝑢0

(4.17)

The constraints associated with the power flow equations and network operational constraints are
included in (4.15). The users’ operational constraints are represented in (4.16). The constraints in (4.17)
ensure that the utility and the end-users will participate in the NET market only if it is beneficial to them,
with 𝐶𝐶𝑖0 and 𝐶𝐶𝑢0 calculated by the optimisation model forbidding NETs.
The detailed description of each set of constraints is provided below by omitting, for the sake of brevity,
their validity for ∀𝑖 ∈ 𝑁, ∀𝑡 ∈ 𝑇, and ∀𝑠 ∈ 𝑆.
The power flow and network operational constraints in (4.15) are detailed in (4.18)-(4.23), based on the
convex model presented by Farivar and Low [224] for networks with radial configuration. Without
considering the bus at the substation, the number of buses is equal to the number of branches (i.e., n). Each
bus at the receiving end of a branch and the branch itself are indicated with the same label.
𝑛
+
−
𝑃𝑖𝑡𝑠 = ∑(𝐴𝑖𝑗 (𝑝𝑟𝑗𝑡𝑠 + 𝑝𝑙𝑗𝑡𝑠
− 𝑝𝑙𝑗𝑡𝑠
) + 𝑅𝑀𝑖𝑗 𝑢𝑗𝑡𝑠 )

(4.18)

𝑗=1
𝑛

𝑄𝑖𝑡𝑠 = ∑(𝐴𝑖𝑗 𝑞𝑗𝑡𝑠 + 𝑋𝑀𝑖𝑗 𝑢𝑗𝑡𝑠 )

(4.19)

𝑗=1
𝑛

𝑣𝑖𝑡𝑠 = 𝑉0 2 − 2 ∑(𝑀𝑅𝑖𝑗 𝑃𝑗𝑡𝑠 + 𝑀𝑋𝑖𝑗 𝑄𝑗𝑡𝑠 − 0.5𝑀𝑍𝑖𝑗 𝑢𝑗𝑡𝑠 )

(4.20)

𝑗=1

(𝑃𝑖𝑡𝑠 )2 + (𝑄𝑖𝑡𝑠 )2 − 𝑢𝑖𝑡𝑠 𝑣𝑖𝑡𝑠 ≤ 0

(4.21)

2

2

(4.22)

(𝑉) ≤ 𝑣𝑖𝑡𝑠 ≤ (𝑉)

{

𝜋 )2
𝑖0 )2 )
𝑖0 )2
𝑢𝑖𝑡𝑠 ≤ 𝑥𝑙𝑖𝜋 ((𝐼𝑚𝑎𝑥
− (𝐼𝑚𝑎𝑥
+ (𝐼𝑚𝑎𝑥
𝜉

𝜉

(4.23)

2

00 )2
00 )2
𝑢0𝑡𝑠 ≤ 𝑥𝑇𝑅 ((𝐼𝑚𝑎𝑥 ) − (𝐼𝑚𝑎𝑥
) + (𝐼𝑚𝑎𝑥

where 𝑃𝑖𝑡𝑠 , 𝑄𝑖𝑡𝑠 , and 𝑢𝑖𝑡𝑠 are the active and reactive powers at the sending end, and the current square
magnitude of branch 𝑖, respectively; 𝑣𝑖𝑡𝑠 is the squared of voltage magnitude at sending end of branch 𝑖, all
in time interval 𝑡 in cluster 𝑠; 𝐴𝑖𝑗 , 𝑅𝑀𝑖𝑗 , 𝑋𝑀𝑖𝑗 , 𝑀𝑅𝑖𝑗 , 𝑀𝑋𝑖𝑗 , and 𝑀𝑍𝑖𝑗 are the 𝑖𝑗-th elements of their
corresponding square matrices and they are equal to 𝑖𝑗-th element of the BIBC matrix of the network, the
product of 𝐴𝑖𝑗 and the resistance rj of the branch 𝑗, the product of 𝐴𝑖𝑗 and the reactance xj of the branch 𝑗,
the product of 𝐴𝑗𝑖 and the resistance of the branch 𝑗, the product of 𝐴𝑗𝑖 and the reactance of the branch 𝑗,
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and finally, the product of 𝐴𝑖𝑗 and the square impedance magnitude of the branch 𝑗, i.e. 𝑟𝑗 2 + 𝑥𝑗 2 ,
respectively.
Constraint (4.18) states that the active power at the sending end of branch 𝑖 is equal to the sum of the
loads supplied by branch 𝑖 plus the sum of the losses in all downward branches connected to branch 𝑖.
Analogously, (4.19) is written for reactive power. Constraint (4.21) is the relaxed version of the link
between the square of the apparent power and the square of the product of voltage and current. Constraint
(4.22) enforces the voltage bounds. Constraint (4.23) applies the current limits. Constraint (4.20) is the
matrix form of the DistFlow equation [225] of the following constraint,
𝑣𝑢𝑝(𝑖)𝑡𝑠 − 𝑣𝑖𝑡𝑠 = −2(𝑟𝑖 𝑃𝑖𝑡𝑠 + 𝑥𝑖 𝑄𝑖𝑡𝑠 ) + (𝑟𝑖 2 + 𝑥𝑖 2 )𝑢𝑖𝑡𝑠

(4.24)

where 𝑢𝑝(𝑖) and 𝑖 are the labels of the sending and receiving ends of branch 𝑖.
The set of constraints in (4.16) comprises the model of the battery operation (4.25)-(4.43), the model of
the state of each prosumer (4.44)-(4.48) that avoids a prosumer from acting as a consumer and producer in
the same time interval, the energy balance in NET (4.49), the energy balance for each end-user (4.50), and
the limit on DR (4.51).
𝑐
𝑆𝑜𝐶𝑖𝑡𝑠 = 𝑆𝑜𝐶𝑖(𝑡−1)𝑠 + 𝜂𝑐 𝑝𝑖𝑡𝑠
−

𝑑
𝑝𝑖𝑡𝑠
𝜂𝑑

(4.25)

(4.26)

𝑆𝑜𝐶𝑖,𝑚𝑎𝑥 = ∑ 𝑆𝑜𝐶𝑘𝑚𝑎𝑥 𝑥𝐵𝑖𝑘
𝑘∈𝐾

(4.27)

𝑆𝑜𝐶𝑖,𝑚𝑖𝑛 = ∑ 𝑆𝑜𝐶𝑘𝑚𝑖𝑛 𝑥𝐵𝑖𝑘
𝑘∈𝐾

𝑆𝑜𝐶𝑖𝑡𝑠 ≤ 𝑆𝑜𝐶𝑖,𝑚𝑎𝑥

(4.28)

𝑆𝑜𝐶𝑖𝑡𝑠 ≥ 𝑆𝑜𝐶𝑖,𝑚𝑖𝑛

(4.29)

𝑐
𝑝𝑖𝑡𝑠
≤ 𝛼𝑖𝑡𝑠 𝑀

(4.30)

𝑑
𝑝𝑖𝑡𝑠
≤ (1 − 𝛼𝑖𝑡𝑠 )𝑀

(4.31)

𝛽𝑖𝑡𝑠 ≥ 𝛼𝑖(𝑡+1)𝑠 − 𝛼𝑖𝑡𝑠

∀𝑡 ∈ 𝑇 − {𝑡𝑚𝑎𝑥 }

(4.32)

𝛽𝑖𝑡𝑚𝑎𝑥𝑠 ≥ 𝛼𝑖1𝑠 − 𝛼𝑖𝑡𝑚𝑎𝑥𝑠
𝛽𝑖𝑡𝑠 ≥ 𝛼𝑖(𝑡+1)𝑠 − 𝛼𝑖𝑡𝑠

(4.33)
∀𝑡 ∈ 𝑇 − {𝑡𝑚𝑎𝑥 }

(4.34)

𝛽𝑖𝑡𝑚𝑎𝑥𝑠 ≥ 𝛼𝑖1𝑠 − 𝛼𝑖𝑡𝑚𝑎𝑥𝑠

(4.35)

𝑐
𝑝𝑖,𝑚𝑎𝑥
= ∑ 𝑝𝑐𝑘𝑚𝑎𝑥 𝑥𝐵𝑖𝑘

(4.36)

𝑘∈𝐾
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(4.37)

𝑑
𝑝𝑖,𝑚𝑎𝑥
= ∑ 𝑝𝑑𝑘𝑚𝑎𝑥 𝑥𝐵𝑖𝑘
𝑘∈𝐾
𝑐
𝑐
𝑝𝑖𝑡𝑠
≤ 𝑝𝑖,𝑚𝑎𝑥

(4.38)

𝑑
𝑑
𝑝𝑖𝑡𝑠
≤ 𝑝𝑖,𝑚𝑎𝑥

(4.39)

𝑐
𝑑
𝜂𝑐 𝜂𝑑 ∑ 𝑝𝑖𝑡𝑠
= ∑ 𝑝𝑖𝑡𝑠

(4.40)

𝑡∈𝑇

𝑡∈𝑇

𝑐
𝑖𝑤
𝑝𝑖𝑡𝑠
≤ 𝐺𝑖𝑤𝑡𝑠 𝑥𝑃𝑉

(4.41)
(4.42)

𝐵𝑁𝐶𝑖 = 0.5 ∑ 𝛽𝑖𝑡𝑠
𝑡∈𝑇

𝐵𝐷𝐶𝑖 = 𝐵𝐷𝑖 𝐵𝑁𝐶𝑖

(4.43)

−
𝑝𝑙𝑖𝑡𝑠
≤ 𝑀 𝑧𝑖𝑡𝑠

(4.44)

+
𝑝𝑙𝑖𝑡𝑠
≤ 𝑀 (1 − 𝑧𝑖𝑡𝑠 )

(4.45)

𝑝𝑟𝑖𝑡𝑠 ≤ 𝑀 (1 − 𝑧𝑖𝑡𝑠 )

(4.46)

𝑐
𝑑
𝑖𝑤
𝐷𝑖𝑡𝑠 + 𝑝𝑖𝑡𝑠
− 𝑝𝑖𝑡𝑠
+ 𝑑𝑖𝑡𝑠 − ∑ 𝐺𝑖𝑤𝑡𝑠 𝑥𝑃𝑉
≤ 𝑀(1 − 𝑧𝑖𝑡𝑠 )

(4.47)

𝑤∈𝑊
𝑐
𝑑
𝑖𝑤
𝐷𝑖𝑡𝑠 + 𝑝𝑖𝑡𝑠
− 𝑝𝑖𝑡𝑠
+ 𝑑𝑖𝑡𝑠 − ∑ 𝐺𝑖𝑤𝑡𝑠 𝑥𝑃𝑉
≥ −𝑀𝑧𝑖𝑡𝑠

(4.48)

𝑤∈𝑊

∑
𝑖∈𝑁

(4.49)

+
−
(𝑝𝑙𝑖𝑡𝑠
)=0
− 𝑝𝑙𝑖𝑡𝑠

+
−
𝑐
𝑑
𝑖𝑤
𝑝𝑖𝑡𝑠 + 𝑝𝑙𝑖𝑡𝑠
− 𝑝𝑙𝑖𝑡𝑠
= 𝐷𝑖𝑡𝑠 + 𝑝𝑖𝑡𝑠
− 𝑝𝑖𝑡𝑠
+ 𝑑𝑖𝑡𝑠 − ∑ 𝐺𝑖𝑤𝑡𝑠 𝑥𝑃𝑉

(4.50)

𝑤∈𝑊
𝑚𝑎𝑥
𝑑𝑖𝑡𝑠 ≤ 𝑑𝑖𝑡𝑠

(4.51)

The state of charge (SoC) of the battery in each time interval is calculated in (4.25). The maximum and
minimum limits for battery SoC are calculated in (4.26) and (4.27), respectively. Equations (4.28) and
(4.29) apply the limits on the SoC of the battery. The state of battery operation (i.e. charging or discharging)
is found in (4.30) and (4.31). The transition from one operating state to another one is detected in (4.32)(4.35). The charging and discharging powers are limited in (4.36)-(4.39). Constraint (4.40) ensures that the
net energy stored in the battery in a day is zero. As the retail price is considered to be a flat-rate, constraint
(4.41) is added to ensure that the prosumers only store the excess generation of their PVs, not the energy
purchases from the utility, which would clearly deteriorate their own benefits. The number of cycles of the
battery is represented in (4.42). In (4.43), the depreciation cost of the battery is calculated.
Constraint (4.49) imposes the equality of energy purchases and sales through the NET. The constraint
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(4.50) states the balance of energy for prosumers. Finally, the amount of shifted power to/from a time
interval is limited by (4.51).
+
−
The quadratic term (𝑝𝑙𝑖𝑡𝑠
+ 𝑝𝑙𝑖𝑡𝑠
)𝑛𝑐𝑡𝑠 in (4.9) would make the constraint matrix of the model a non-

positive semi-definite matrix which is not accepted by off-the-shelf optimisers (e.g. Gurobi [226]). In order
to overcome this issue, we assume that 𝑛𝑐𝑡𝑠 is an integer number, so its equivalent binary expression is
𝑛

𝑛

±
ℎ
ℎ
∑ℎ=1
2ℎ−1 𝑛𝑐𝑡𝑠ℎ − ∑ℎ=1
2ℎ−2 where 𝑛𝑐𝑡𝑠ℎ ∈ {0,1}. Following [227], a new variable, 𝑒𝑖𝑡𝑠ℎ
, is defined and

(4.9) is replaced by (4.52)-(4.56), as follows:
(4.52)

𝑛ℎ

𝑂𝑃𝑅𝑐𝑖

=∑
𝑠∈𝑆

[𝐵𝐷𝐶𝑖 + ∑ (𝑅𝑖𝑡𝑠 𝑝𝑟𝑖𝑡𝑠 + 𝐷𝐹𝑖 𝑑𝑖𝑡𝑠 + ∑ 2
𝑡∈𝑇

ℎ−1

+
(𝑒𝑖𝑡𝑠ℎ

+

−
))]
𝑒𝑖𝑡𝑠ℎ

ℎ=1

and the following linear constraints are added:
±
±
𝑒𝑖𝑡𝑠ℎ
≤ 𝑝𝑙𝑖𝑡𝑠

(4.53)

±
𝑒𝑖𝑡𝑠ℎ
≤ 𝑀𝑛𝑐𝑡𝑠ℎ

(4.54)

±
±
𝑒𝑖𝑡𝑠ℎ
≥ 𝑝𝑙𝑖𝑡𝑠
− 𝑀(1 − 𝑛𝑐𝑡𝑠ℎ )

(4.55)

±
𝑒𝑖𝑡𝑠ℎ
≥0

(4.56)

Solution approach
The algorithm to solve the proposed planning model is illuminated in Figure 4.1. At first, the data of the
network under study (i.e. the topology and specification of the existing and candidate replacing equipment,
the load demand and PV generation data, wholesale price, retail price, the maximum available demand
response of each prosumer and the interest rate) are collected. Then multiple scenarios for load demand,
PV generation profile, and wholesale price are generated by clustering the collected data. Finally, the input
matrices of the proposed model are built to be provided to the optimisation solver.
To obtain the optimal solution, the procedure has been implemented in Matlab and the Gurobi 8.0.0
solver has been adopted. The calculations have been carried out by using an Intel CORE i5-2500 PC with
a clock speed of 3.30 GHz and 8GB RAM.
Gurobi solver implements a combination of two methods, branch-and-bound (BB) and barrier, to address
the integrality and solving the relaxed SOCP model, respectively. In this regard, the MISOCP model is
relaxed to an SOCP model by assuming the integer variables to be continuous. The SOCP is solved by the
barrier method and the optimal solution is checked to see if the integrality constraints are maintained. The
solution of the relaxed model is a lower bound (LB) for the original problem. The BB method continues
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the solution by branching on the integer variables that do not satisfy the integrality constraints. Any optimal
solution of the generated sub-problems that satisfies the optimality constraints is an upper bound (UB) of
the original MISOCP problem. The algorithm stops branching if the gap between UB and LB falls below
the threshold or the maximum allowed iteration number is reached.
Collect the data of demands, PV profile, wholesale price
Run k-means clustering to find representative day scenarios
Input the parameters: network configuration, specification of
equipment, retail price, network charge, feed-in tariff, candidate PV
and battery specifications, available demand response

Initiate solving the planning model in Gurobi using the branch and
bound and barrier techniques
Set S=original planning problem with relaxed integrality constraints,
𝐵 = ∅, 𝐿𝐵 = −∞, 𝑈𝐵 = +∞, 𝑂𝑆 = Ø
1- for 𝑠 in 𝑆
2- perform the optimization of 𝑠
3- if feasible then
4- denote the optimal solution as 𝛼 ∗ and best objective as 𝑠 ∗
5- update 𝐿𝐵 = min{𝐿𝐵, 𝑠 ∗ }
6- if 𝛼 ∗ satisfies all integrality constraints then
7- if 𝑈𝐵 ≥ 𝑠 ∗ then
8- update 𝑈𝐵 = 𝑠 ∗ and 𝑂𝑆 = 𝛼 ∗
9- else then
10- update 𝐵 = 𝐵 ∪ {𝑠}
11- else then 𝑠 = 𝑆. Next and return to 1
12- set 𝑆 = Ø
13- branch on branching variables for ∀𝑏 ∊ 𝐵 and add the produced
subproblems to 𝑆
14- if (𝑆 ≠ Ø and |𝑈𝐵 − 𝐿𝐵| ≥ 𝜀) then return to 1, else then print 𝑂𝑆
as the optimal solution and 𝑈𝐵 as the best objective

Figure 4.1. Flowchart of the proposed method

4.4 Case Studies and Analysis of Results
The considered case studies are based on the IEEE 33-bus radial test system with data provided in Table
4.1 of Baran and Wu [228]. In Figure 4.2, the candidate locations for PV and battery installations are
represented by the PV and battery icon. The input parameters are listed in Table 4.1, where the rates and
costs are obtained from [6, 229]. The electricity price in NET is assumed to be constant at 15 cents per
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kWh, a value between the retail price and the feed-in tariff offered by the utility. Due to the constant retail
price, end-users are not interested to store the energy purchased from the utility and use it later. Thus, the
battery is only used to store the excess energy generated by the PV. For the sake of simplicity, the efficiency
of battery charging/discharging is assumed to be 100%.

Table 4.1. The value of parameters in the proposed model

parameter

value

retail price ($/MWh)

240

feed-in-tariff ($/MWh)

60

local price ($/MWh)

150

static network charge ($/MWh)

50

7kW PV unit investment cost ($)

8,500

7kWh-3kW battery unit investment cost ($)

4,000

new line fixed investment cost ( $)

75

new line per km investment cost ( $/ m)

75

new 5 MVA transformer investment cost ( $)

350

operating voltage ( V)

20

expected lifetime of PV and battery (year)

10

expected lifetime of new lines (year)

40

O&M cost of battery ($/MWh)

20

disutility factor for consumers’ DR ($/MWh)

40

interest rate (%)

4

25
24
Transformer
26 27 28 29 30 32 31 33
23
20 kV
L1 L2 L3 L4 L5 L6

1

2

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
19
20 All customers at each
: candidate location
21 node have the capability for PV or battery
22 of P2P trading
installation
Figure 4.2. IEEE 33-bus test network

Two schemes of NC are examined, namely, SNC and DNC, represented as described in subsection 4.3.1.
Due to the intrinsic incentive of the NET (cheaper energy compared to the retail market), the prosumers are
expected to shift their load demand to the time intervals when the NET market is more active (i.e., to the
hours of significant PV generation). Therefore, we consider that the end-users can shift their load from peak
hours in the evening to daytime, namely the load shift is allowed from (18:00 – 03:00) to (08:00 – 17:00),
but the reverse is not allowed.
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Clustering output
By applying the k-means data clustering over one year, 3 representative days (denoted as clusters) are
determined for the load demand, PV generation, and the wholesale electricity price. The data of load
demand and wholesale price are collected from AEMO [230], and the PV generation profiles are obtained
based on weather forecast data from M. Bureau Meteorology [231], for one year starting from 1st Dec 2017.
Each cluster represents the daily per unit profiles of load demand, PV generation, and the wholesale market
price, as seen in Figure 4.3. The probability of each cluster is shown in Table 4.2, in which cluster 3 would
represent 52% of a year.

cluster 1

load/generation
(pu)

1

0

load/generation
(pu)

1

0

4 8 12 16 20
time interval
cluster 3

4 8 12 16 20
time interval

cluster 2

cluster 3

31

17

52

wholesale price ($/MWh) wholesale price ($/MWh)
load/generation
(pu)

probability (%)

cluster 1

1

0

cluster 2

4 8 12 16 20
time interval

wholesale price ($/MWh)

Table 4.2. Probability of clusters

load demand
PV generation
wholesale price

Figure 4.3. Three clusters representing one year

The wholesale price reasonably tracks the load demand in all clusters. The electricity price drops in the
middle of the day with high PV generation in clusters 1 and 3. The peak of the wholesale electricity price
occurs at 17:00, 16:00, and 18:00 in clusters 1, 2, and 3, respectively.
Considering the terms in (4.1)-(4.9), the objective function can be classified into 4 groups. These cost
terms and the parameters that affect them are listed in Table 4.3. The critical decisions, which are centrally
optimised, and the corresponding effective parameters are also shown in Table 4.3. The obtained clusters
effectively represent the parameters mentioned in Table 4.3. For example, cluster 3 contains the peak price,
the peak PV generation, and the maximum PV generation duration, whilst cluster 2 exhibits the peak load.
Therefore, these clusters can be considered proper for planning optimisation.
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Table 4.3. Key parameters in clustering

Cost term

Effective parameters

utility investment

peak load

prosumer investment

PV generation, electricity price, load level
wholesale purchase electricity price

utility operations
network power lossload level
prosumer operations

electricity price, load level, PV generation

max power traded in NET

peak PV generation

max daily energy traded in NET

duration of PV generation

max DR

peak load

max battery usage

peak load and peak price

Cases
The planning procedure is applied to 7 different cases, as shown in Table 4.4. The effect of the presence
of the NET with both the SNC and DNC designs, as well as the impact of considering the cost for only
either utility or end-users to the planning results is analysed.
Table 4.4. Description of simulation cases ( function present, not present)

Objective function
NET

Dynamic network charge
(DNC)

case 1



case 2

utility cost:
(3)+(6)

customers cost:
(4)+(8)















case 3









case 4









case 5









case 6









case 7









Optimisation results for the total installed capacity of PV and battery and the total number of upgraded
line sections are listed in Table 4.5. The utility’s cost, total end-users’ cost and total cost of electrification
are illustrated in Figure 4.4. The results are discussed in the following subsections.

Table 4.5. Results of investment decisions

Case #

1

2

3

77

4

5

6

7

Total PV (kW)

952

1,029

3,108

3,108

826

1,099

1,113

Total battery (kWh)

0

70

434

434

266

35

0

New line sections

2

1

0

0

1

1

1

utility's revenue
electrification cost customers' cost
case 7
case 7
case 7
case 6
case 6
case 6
case 5
case 5
case 5
case 4
case 4
case 4
case 3
case 3
case 3
case 2
case 2
case 2
case 1
case 1
case 1
8
-16
24
M$
M$ 9
M$
26 -17
Figure 4.4. Optimisation results

The impact of NET
Case 1 in which NET is not allowed is compared with the corresponding cases that enable NET: Case 4
(with DNC) and Case 7 (with SNC). As shown in Figure 4.4, the total cost of electrification decreases by
enabling the NET. End-users’ cost in Case 4 and 7 is lower than case 1 because they can buy or sell in
NETs at a more convenient price. The utility’s revenue is not reduced by NETs, since two-line sections
must be upgraded in case 1, while there is no line upgrade in case 4, and only one line section is replaced
in Case 7.
The end-users’ investments in batteries are triggered in all cases with NET, while in Case 1 no battery is
installed. Moreover, the end-users are more willing to invest in PV units in Case 4 and Case 7 when
compared to case 1. Particularly in Case 4, a considerable capacity of PV (3.26 times more than in case 1)
is installed by end-users. It shows that the NET is a proper incentive for the end-users to increase the use
of renewables.

The impact of including the end-users’ costs
The total cost in Case 4 is lower than in Case 2, which considers only the utility’s costs in the objective
function, and is equal to that of Case 3, which minimises only the end-users’ costs. Also, the size of PV and
battery units calculated by the optimisation procedure in Case 4 matches that of Case 3. While the total
installed capacity of PV and battery units in Case 4 is 3 times higher than Case 2, the end-users’ cost in
Case 4 is lower than in Case 2. With SNC, analogous considerations are obtained by comparing the results
of Case 7 with those of Case 5 and Case 6. The total electrification cost and the total end-users’ cost in Case
7 are lower than in Case 5, while the total installed capacity of PV systems in Case 7 is 35% higher than in
Case 5.
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Figure 4.5. Daily current flows through L1 and L2 in all clusters in Case 1.

Figure 4.5 shows the current magnitude in branches L1 and L2 in Case 1. The currents exceed the
maximum limit from 9:00 to 22:00 and 17:00 to 20:00, in L1 and L2, respectively. To find out how it is
avoided in Case 4, a detailed illustration of the energy consumption and production is presented in Figure
4.6 in all clusters.
pu

cluster 1

cluster 2

pu

3

3

3

2

2

2

1

1

1

0

1

6 11 16 21
time interval (hr)

0

1

6 11 16 21
time interval (hr)

0

pu
2

pu
2

pu
2

1

1

1

0

0
1

6 11 16 21

cluster 3

pu

1

6 11 16 21
time interval (hr)

0
1

6 11 16 21

1

6 11 16 21

5supplied
by battery
4supplied
by PV
3supplied
by utility
1Load
2Modified
load
3Battery
charge
2Battery
discharge
4Selfconsumption
Locally
av1
ailable energy

Figure 4.6. Daily operation in Case 4

The mitigation of congestion in lines is addressed in two ways: an increase in production by prosumers
; and the activation of DR. The former one happens over the day and has a peak during midday when 99%
of load demand is supplied locally at 12:00 and 13:00 in cluster 3. The latter one has a significant impact
on investment deferral, as the peak load which determines the need for poles and wires upgrade occurs in
time intervals when the PV generation is zero. As shown in Figure 4.6 the NET motivates the end-users to
shift their load demand in all clusters so as to alleviate the congestion in L1 and L2. The difference between
the load and the modified load in Figure 4.6 shows the amount of load shifted by end-users. End-users shift
their load from 19:00-21:00 to 9:00-11:00 in clusters 1 and 3 and from 18:00-23:00 to 8:00-13:00 in cluster
2 (i.e., from when the sun goes down and the production of PV is around zero to the morning and early in
the afternoon where cheap energy is available in the NET). The active cooperation of end-users and the
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utility in Case 4 benefits both prosumers and the utility to handle the grid congestions and avoid any grid
upgrade.

Figure 4.7. Energy flows at 12 PM in cluster 3 and Case 4

The energy flow at 12:00 in cluster 3 and Case 4 is illustrated in Figure 4.7. In this case, the load demand
balances the local production to a great extent (99%). The small amount of power imported by the utility is
mostly due to grid losses.

The impact of DNC
Comparing Case 2 with Case 5, Case 3 with Case 6, and Case 4 with Case 7, the total electrification cost
decreases by employing DNC, as shown in Figure 4.8. This improvement is expected as the search space
(the feasible region) of the optimisation problem is expanded in cases with DNC compared with those that
adopt SNC.
The resulting DNC level for Case 4 is shown in Figure 4.8 for all clusters. The level of NC is at its highest
value, $75 per MWh, and on some occasions, it drops to lower values. For example, the load and wholesale
price are at their peak during 18:00-19:00 in clusters 1 and 3, thus the utility offers a negative NC that is an
incentive to the end-users to participate in the NET in order to avoid line upgrades and to avoid importing
power from the upstream grid at high wholesale prices. Moreover, the utility offers a negative NC at 17:0020:00 in cluster 2 mainly to avoid L1 and L2 upgrade due to peak load.

Figure 4.8. Network charge in Case 4
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For Case 4 the impact of DNC on battery installation and battery operation is shown in Figure 4.6:
batteries are discharged at 18:00 in cluster 1, at 17:00 and 19:00 in cluster 2, and at 18:00 and 19:00 in
cluster 3, when all have a negative NC rate. In other words, the utility encourages the prosumers to discharge
the energy stored in their batteries by placing a negative NC tariff. Normally, the utility prefers the batteries
to discharge during the peak demand and charge during off-peak periods [232], which is satisfied with
DNC.

Details of end-users’ investment
The total end-user’s cost is listed in Table 4.6 and the size and location of investments in PV and battery
units by end-users are shown in Table 4.7. There is a strong relationship between the capacity of installed
PV/battery units by an end-user and the load level around its location. In Case 4, the capacity of installed
PV/battery units is significantly higher at buses 5, 6, 28, and 33 which are close to buses with a high level
of load demand, compared to other candidate locations.
The cost incurred to the end-user at bus 6 drops by 35% in Case 4 as compared to Case 1 due to the 389%
increase in PV installation and participating in the NET. When comparing Case 4 to Case 1 for the enduser located at bus 27, the overall prosumers’ cost decreases by 2% while the installed PV capacity drops
by 56%. This highlights the function of NET in preventing the end-users from both under and
overinvestments.

Table 4.6. Detailed customers cost in Case 1 and Case 4

bus #

2

3

4

5

6

7

8

9

10

11

12

Case 1

829

746

995

118

118

1658

1658

118

118

29

118

Case 4

821

723

973

98

76

1636

1640

100

116

29

116

bus #

13

14

15

16

17

18

19

20

21

22

23

Case 1

118

995

118

118

118

746

746

746

746

746

Case 4

116

970

118

117

118

739

740

732

742

729

733

bus #

24

25

26

27

28

29

30

31

32

33

Case 1

3481

3481

118

118

118

995

1658

1243

1741

353

Case 4

3425

3432

116

115

90

981

1633

1212

1709

353

746

Table 4.7. Investment decisions

Case
#

End-users’ investment
PV: busbar#(kW)

Battery: busbar#(kWh)
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Utility’s
investment

1

5(63), 6(63), 9(63), 10(63), 11(14), 12(63), 13(63),
15(63), 16(63), 17(63), 26(63), 27(63), 28(63),
33(182)

2

5(35), 6(35), 9(35), 10(28), 11(7), 12(35), 13(42),
15(56), 16(35), 17(483), 26(35), 27(42), 28(35),
33(126)

3

5(294), 6(553), 9(238), 10(28), 11(7), 12(28), 13(175), 6(49), 10(14), 12(7), 13(49),
none
15(133), 16(35), 17(189), 26(28), 27(28), 28(672),
15(35), 16(14), 17(35), 33(231)
33(700)

4

5(308), 6(630), 9(210), 10(28), 11(21), 12(28),
13(133), 15(154), 16(28), 17(231), 26(28), 27(28),
28(581), 33(700)

5

5(35), 6(35), 9(42), 10(42), 11(189), 12(42), 13(49), 9(7), 10(14), 11(98), 12(7),
15(49), 16(35), 17(56), 26(35), 27(42), 28(35),
13(14), 15(28), 16(7), 17(21),
33(140)
27(7), 28(7), 33(56)
5(35), 6(35), 9(35), 10(35), 11(14), 12(35), 13(35),
15(56), 16(49), 17(105), 26(35), 27(35), 28(56),
33(539)

15(7), 17(28)

L1

6

5(35), 6(35), 9(35), 10(35), 11(455), 12(35), 13(35),
15(35), 16(35), 17(35), 26(35), 27(35), 28(35),
33(238)

none

L1

7

none

L1, L2

17(70)

L1

5(7), 11(7), 13(35), 15(49),
none
16(7), 17(70), 28(42), 33(217)
L1

Probabilistic analysis of voltage and loss
Probabilistic voltage profile and power losses are shown in Figure 4.9 for Case 4. As seen, the 95%
confidence interval for voltage magnitudes lies within the ±5% of the nominal voltage. As expected, the
buses far from the substation experience more variation and deviation from the nominal voltage. The jump
in voltage profile from bus 18 to 19 is due to the network configuration shown in Figure 4.2.

1

grid losses (pu)

voltage mag. (pu)

10−2

0.99

0.98
2

7

12 17 22 27 32
bus number

3
2
1

0
1

5

9 13 17 21
time interval (hr)

Figure 4.9. Voltage magnitude with a 95% confidence interval for one year and the grid loss during a typical day in
Case 4

The profile of the average grid losses is reminiscent of the so-called “duck-curve” demand profile which
highlights the strong correlation between the level of loading and the grid losses. The average grid losses
are always lower than 0.035 per unit with a base value of 100MVA.

Computational performance
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As expected, the required time for convergence of this programming problem depends on the size of the
problem (number of variables and number of constraints) and the value of the input parameters. For the
network considered in this chapter with 31,344 variables for Case 4, the computation time is 51 min with
the maximum gap threshold between LB and UB equal to 0.05%. The computation time is 12 min and 14
seconds for Case 7 with 21,984 variables and for Case 1 with 19,680 variables, respectively. These
computation time values are considered reasonable for planning studies.

Extension to multi-year planning
As mentioned, the results shown in this chapter refers to a one-year planning horizon, represented by 3
clusters. The planning framework can be extended to a multi-year period using the forward-backward
method presented by Arefi et al. [9]. This method finds an optimal solution for the multi-year planning
problem by efficiently decomposing it into a sequence of one-year planning problems in a combined form
of forward and backward planning.

4.5 Conclusion
An investment plan for the utility that considers the decisions of energy users in the distribution network,
specifically regarding neighbourhood energy trades (NET) is presented in this chapter. Other than the
investment of the utility in grid reinforcement, the proposed model also incorporates the calculation of the
optimal investment in PV and battery units in order to provide a guide for the utility to motivate the
increased installation of these units by end-users. The model also considers a dynamic network charge
(DNC) mechanism, considering the uncertainties associated with load demand, wholesale price, and PV
generation.
The model is adapted to a convex MISOCP problem that can be efficiently handled by the available
optimisation solvers. The results obtained for different case studies based on the IEEE 33-bus test system
verifies the efficiency and applicability of the proposed approach. The results show that a NET prevents
the prosumers and the utility from over/underinvestment by offering a platform that provides energy at
more convenient prices for both the buyers and the sellers. Moreover, the utility can defer the upgrade of
poles and wires by guiding the NET via designing a proper DNC. Further work needs to focus on the
inclusion of reliability of the system [233], the risk of present uncertainties, and the application of the
proposed model in the establishment of virtual power plants [234].
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Chapter 5 A Computational Platform for Joint Planning for
Power Utility and End-Users1

5.1 Summary
The transition towards renewables has changed the way that the distribution network is operated.
Nowadays, grid owners need to invest a lot in poles and wires in order to keep the network reliable. On the
other hand, many energy customers have installed rooftop-mounted photovoltaic (PV) units to take more
control over their energy consumption and to lower their electricity bills, but they see the retail price is
going up. This implies that the transition has to be managed at the lowest cost. Hence, the work reported in
this chapter provides a novel platform for joint investment planning for utility and energy customers in the
distribution network to utilise the potential values of customers in lowering the cost of this transition. A
mixed-integer second-order cone programming (MISOCP) model is developed in this study for the
proposed planning problem. A novel approach is proposed to solve the MISOCP based on the branch-andbound (BB) algorithm and barrier method, using a distributed (multi-machine) optimisation approach to
improve the computational efficiency of the model. The numerical studies show that the utility can avoid
investing in stranded assets by using the opportunities on the customers’ side, which lowers the total
electrification cost. Also, the performance of the proposed platform in terms of computational efficiency is
examined and discussed.

Nomenclature
Parameters
ρs

probability of scenario s

R ts

retail market price during period t in scenario s

Fts

feed-in tariff during period t in scenario s

DFi

disutility factor of i-th customer

CPVe
CBk

e-th candidate PV capital cost
-th candidate battery capital cost

Dits

i-th customer’s initial energy demand during period t in scenario s

Gets

e-th candidate PV generation during period t in scenario s

1
This chapter is based on the work presented in J. M. Delarestaghi, A. Arefi, G. Ledwich, A. Azizivahed, M. Shafie-khah, J. P. S.
Catalão . "Multi-Machine Optimization Platform of Joint Investment Planning for Utility and Customers in a Distribution Network."
under review in IEEE Transactions on Sustainable Energy
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CLiπ

annualised replacement cost of branch i with π-th candidate line

ωts

wholesale price during period t in scenario s

𝑞jts

reactive power drawn from grid at bus j during period t in scenario s

n

number of buses/lines

𝑣0

square of voltage magnitude at slack bus

Vmin

minimum acceptable voltage

Vmax

maximum acceptable voltage

i0
Imax

Initial maximum acceptable current in branch 𝑖

π
Imax

maximum acceptable current of π-th candidate line

Functions
𝐽𝑢

utility's cost function

𝐽𝑐i

i-th customer’s cost function

𝐵𝐷𝐶i

battery degradation cost for i-th customer

𝐼𝑁𝑉𝑢

investment cost incurred to utility

𝑂𝑃𝑅𝑢s

operating cost incurred to utility in scenario s

𝐼𝑁𝑉𝑐i

investment cost incurred to i-th customer

𝑂𝑃𝑅𝑐is

operating cost incurred to i-th customer in scenario s

Indices
t
i/j
𝑢𝑝(i)

index of time slots
index of customers or buses or branches
label for the upstream bus of bus i

π

index of candidate lines

ξ

index of candidate transformers

s

index of scenarios

e

index of candidate PV units
index of candidate battery storage units

𝑐

index of variables associated with customers

𝑢

index of variables associated with utility

Sets
T

set of time slots

E

set of candidate PV systems

K

set of candidate battery systems

S

set of scenarios

Π

set of candidate lines

Ξ

set of candidate transformers

Variables
𝑝𝑟its

energy drawn from grid by i-th customer during period t in scenario s

𝑝𝑓its

energy injected to grid by i-th customer during period t in scenario s
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𝑑its

shifted demand of i-th customer from period t in scenario s

ie
𝑥𝑃𝑉

binary variable associated with e-th candidate PV investment state at bus i

𝑥𝐵ik

binary variable associated with -th candidate battery investment state at bus i

𝑝𝑐its

charging energy into battery of i-th customer during period t in scenario s

𝑝𝑑its

discharging energy from battery of i-th customer during period t in scenario s

𝑥𝐿iπ

binary variable associated with π-th candidate line investment state in branch i

𝑥𝑇𝑅

binary variable associated with investment state of ξ-th candidate transformer

𝑃0ts

imported energy from the upstream grid by utility during period t in scenario s

𝑃its

active power at sending end of branch i during period t in scenario s

𝑢its

square current in branch i during period t in scenario s

𝑄its

reactive power at sending end of branch i during period t in scenario s

𝑣its

square of voltage magnitude at i-th bus during period t in scenario s

ξ

5.2 Introduction
The distribution network that was initially designed to deliver electricity reliably to consumers is
experiencing an unprecedented growth of small-scale distributed energy resources (DERs). Recent
advances in renewables technology, as well as the government subsidies cut into the cost of rooftop
photovoltaic (PV) and battery units that have in turn, led to higher renewables capacity among energy users.
The continued increase in renewable resources adoption by customers has incurred significant costs to
utilities to reinforce the grid. Several reports reveal that inefficient investments in the network contribute
to around 40% of the electricity prices increase in Australia [235]. This suggests that unnecessary
investments have been taken place mainly because of inaccurate demand forecasting. The case has been
worsened with the increasing integration of roof-top PV systems. As the forecasts for the future needs of
the network are highly uncertain, it is very important to consider the investments of other participants in
the distribution network planning.
Joint planning will help the grid owners to avoid sunk investments and to secure a more reliable grid.
This will provide a long-term efficient and reliable service for customers. The utility and the customers are
dependent on each other to achieve their respective objectives. The utility needs the customers to sell energy
and to service their demand. Energy customers need the utility to access the grid and to buy during a period
of shortage or sell during a period when they have excess energy. The utility and the customers have
typically different incentives for investment but within a framework of joint planning, the grid planners will
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obtain a more sophisticated investment plan by considering the future investments of the customers. This
will, in turn, benefit both the utility and the customers.
Mathematically, a joint planning problem can be interpreted as a programming problem with a fitness
function that considers the objectives of both sides while searching for the optimal solution in a wider
feasible region. In other words, the optimal solution for the joint investment planning problem offers better
investment decisions than the individual planning model.
In terms of computation, the higher the size of the problem, the more the computational burden is.
Specifically, for a real distribution network with hundreds of customers, the size of the planning problem
would be so high that is almost intractable. Moreover, planning problems are non-linear and non-convex.
This means it is very complex to find a globally optimal solution. Several studies report that mixed-integer
non-convex programming problems face difficulties in convergence [236].
To that end, the original planning problem is convexified and linearised to be computationally tractable.
Also, the branch-and-bound (BB) algorithm is utilised here to overcome the challenges of mixed-integer
programming problems. The model is programmed in Gurobi which has built-in modules for BB.
Additionally, this planning problem offers a great opportunity for a distributed optimisation technique due
to the high number of integers. Therefore, a distributed (multi-machine) optimisation is implemented with
19 machines.
The concept of joint planning has been widely investigated in power systems. A recently published report
of cooperation of generation and transmission investment written by AEMC recommends the coordination
of the investment in transmission networks and renewable resources [237]. Also, joint investment planning
of distribution networks and distributed generators (DG) is studied in [212]. The cooperative planning of
DGs and inter-connected microgrids is investigated in [216]. The problem of the joint distribution network
and renewables expansion planning is modelled in [21] considering demand response programmes. The
proposed bi-level model is reformulated as a mixed-integer linear programming (MILP) problem and solved
by branch-and-cut technique. The distribution network expansion planning to find the optimal investments
in feeders, transformers, and DGs is modelled as an MILP in [238]. Reference [239] considers the different
objectives of distribution network owner and the gridable parking lot owners in the distribution network
expansion planning. The integration of new technologies in the distribution network planning and the
uncertainties pertaining to them is modelled in [240].
A relaxed convex second-order power flow equations are presented in [224]. Another convex formulation
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for the power flow equations is proposed in [241] and is exploited in [72] to plan the energy storage systems
in the distribution network. It has been shown that under some mild conditions, these relaxations are exact.
The advantage of second-order cone programming (SOCP) over other nonlinear convex programming
problems is that the available optimisers have already been developed to solve them. For example, Gurobi
is capable to solve SOCP problems in a time-efficient manner [226]. A mixed-integer SOCP (MISOCP)
model is proposed in [242] for distribution network expansion planning. The joint planning and operation
of distributed energy storage devices are modelled as an MISOCP in [9]. Mixed-integer programming
problems can be solved using the BB algorithm, by relaxing the integrality constraints and then branching
the original problem according to the optimal solution of the relaxed problem. In this regard, the problem
is successively branched on branching variables, i.e. the ones in the optimal solution that does not satisfy
the integrality constraints, until the stopping criteria are met. BB has been widely used in the planning of
transmission [243] and distribution systems [244].
In this study, the planning of the distribution network is extended to include the joint investment planning
of the utility and customers while the energy trading among the customers is enabled. Replacing existing
branches and the substation transformer are considered as investment options for the utility, while
customers can invest in rooftop PV and battery. A convex second-order power flow formulation is
introduced. A solution strategy is proposed to solve the proposed MISOCP model. The simulation studies
are carried out using Gurobi as the optimisation package and Matlab interface. Moreover, the optimisation
is performed in a distributed manner using the multi-machine optimisation feature of Gurobi which
enhances the computation efficiency.
The contributions of this study are as follows:
•

Presenting a joint investment planning platform for the utility and energy customers

•

Proposing an MISOCP problem and a sufficient condition to guarantee the exactness of the relaxed
model

•

Developing a multi-machine distributed optimisation platform to improve the computation
efficiency

The joint investment planning problem is modelled in Section 5.3. The strategy to solve the proposed
model is presented in Section 5.4. Numerical results are discussed in Section 5.5. Finally, the conclusions
are provided in Section 5.7.
This model developed in this chapter provides the optimal pathway of investment in DNs considering
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the expected investment decisions of end-users. With this in mind, any deviation in end-users’ investment
decisions can be treated as a source of uncertainty in the problem. This model is a useful tool for
government-owned utilities that are seeking the benefit of their societies (minimising the total cost of
electrification). The expected outcome of end-users’ investment decisions can be negotiated with them
either directly or via agreements through an aggregator. The planning model for private utilities is discussed
in Chapter 6. In addition, relatively mature techniques for uncertainty tackling exist, hence, it is not
considered as a contribution in this chapter. However, these uncertainty tackling techniques such as
scenario-based and robust optimisation methods can be added to the developed model in this chapter.

5.3 Formulation
Distribution network planning
The distribution network planning concerns making investment decisions about replacing old equipment
in the network such as lines and transformers with the new ones in a long term perspective, i.e. usually less
than 5 years because of the high level of uncertainties in the system. The distribution network planner aims
to deliver energy reliably at the lowest possible cost. The equipment in the network should operate under
their respective constraints. The objective is to minimise the overall cost of the distribution network
investment and operation. Therefore, it is formulated as follows,
min 𝐽𝑢

(5.1)

𝐽𝑢 = 𝐼𝑁𝑉𝑢 + ∑

s∈S

(5.2)

ρs 𝑂𝑃𝑅𝑢s

n

(5.3)

ξ

𝐼𝑁𝑉𝑢 = ∑ ∑ CLiπ 𝑥𝐿iπ + ∑ CTξ 𝑥𝑇𝑅
π∈Π i=1

ξ∈Ξ
n

n

𝑂𝑃𝑅𝑢s = ∑ ωts 𝑃0ts − ∑ ∑ R its 𝑝𝑟its − ∑ ∑ Fits 𝑝𝑓its
t∈T

t∈T i=1

(5.4)

t∈T i=1

where 𝑥𝐿 , 𝑥𝑇𝑅 , 𝑃0 , 𝑝𝑟, and 𝑝𝑓 are the variables of branch investment state, substation transformer
investment state, total purchased energy from the wholesale market, energy drawn from the grid by
customers and energy injected into the grid by customers, respectively. Also, i, t, s, and π are indices of
customers, time slots, scenarios, and candidate lines, respectively. Moreover, CL, ω, R, F, ρs , and n are
investment cost of replacing lines, wholesale price, retail price, feed-in tariff, the probability of scenario s,
and the total number of customers/buses/branches, respectively. The objective function in (5.1) includes
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the investment cost and the operating cost, as presented in (5.2). The investment cost is the investment cost
of new lines and the transformer, as described in (5.3). According to (5.4), the operating cost consists of
the cost of buying energy from the wholesale market, the negative cost of selling energy to the customers,
and the cost of buying energy from the customers in feed-in tariff programmes. Reliability cost and N-1
criteria are not considered in the model.
The voltage and current limits are modelled as (5.5) and (5.6),
(Vmin )2 ≤ 𝑣its ≤ (Vmax )2

(5.5)

π )2
i0 )2 )
i0 )2
𝑢its ≤ 𝑥𝐿iπ ((Imax
− (Imax
+ (Imax
,

(5.6)

ξ

2

ξ

00 )2
00 )2
𝑢0ts ≤ 𝑥𝑇𝑅 ((Imax ) − (Imax
) + (Imax

where 𝑣its and 𝑢its are the square magnitude of the voltage at busbar i and the square current of branch i
i0
π
at time slot t in scenario s. Also, Vmax , Vmin , Imax
, and Imax
are the maximum and minimum acceptable

voltage, current rating of existing line 𝑖 and candidate replacing line 𝑖, respectively. The square current in
00
the transformer 𝑢0ts , the initial current rating of the transformer Imax
, the current rating of ξ-th candidate
ξ

transformer Imax are used in (5.6) to represent the thermal limit of the transformer. To find the voltages and
currents, power flow equations are added to the model. Normally, power flow equations are nonlinear and
non-convex which makes the programming problem computationally intractable. But, a convex
approximation of power flow equations [224] is used here and is proven to be exact under a sufficient
condition.

Planning for end-users’ investment in DER
Recent advances in renewables technology and continuing fall in PV and battery storage units price has
encouraged many conventional energy customers to adopt renewables and change their energy consumption
practices. In this subsection, the investment of end-users on rooftop PV and battery units is formulated, as
below,
min 𝐽𝑐i

(5.7)

𝐽𝑐i = 𝐼𝑁𝑉𝑐i + ∑

(5.8)

ρs 𝑂𝑃𝑅𝑐is

s∈S

(5.9)

ie
𝐼𝑁𝑉𝑐i = ∑ CPVe 𝑥𝑃𝑉
+ ∑ CBk 𝑥𝐵ik
e∈E

k∈K
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𝑂𝑃𝑅𝑐is = ∑ R its 𝑝𝑟its − ∑ Fits 𝑝𝑓its + 𝐵𝐷𝐶i + ∑ DFi 𝑑its
t∈T

t∈T

(5.10)

t∈T

where 𝑥𝑃𝑉 , 𝑥𝐵 , 𝐵𝐷𝐶, and 𝑑 are the variables of PV investment state, battery investment state, battery
depreciation cost, and the demand shifted from a time slot to another one, respectively. Also, j, J, , and K
are the indices of candidate PV units to be installed, the set of candidate PV units to be installed, candidate
battery storage unit to be installed and the set of candidate battery units to be installed, respectively.
The constraints of this programming problem are operational constraints of the equipment and energy
balance. The operational constraints are the ones that the battery has to operate under and the constraints
that correspond to demand response. The energy balance constraint is given below,
ie
Dits − ∑ Gets 𝑥𝑃𝑉
+ 𝑝𝑐its − 𝑝𝑑its + 𝑑its = 𝑝𝑟its − 𝑝𝑓its

(5.11)

e∈E

where D and G are the load demand and PV generation, respectively. Also, 𝑝𝑐 and 𝑝𝑑 are the battery
charging and discharging energy, respectively. Note that constraint (5.11) ensures that the modified load
demand (initially scheduled demand modified by demand response) is supplied.

Joint planning
The abundance of prosumers, i.e. consumers with DERs that can generate energy, offers an opportunity
for all stakeholders to move towards an efficient, reliable, and sustainable grid. However, it is crucial to
managing the investments at both the utility and customer side, as otherwise many issues will arise if the
investment decisions are made individually. To that end, the joint investment planning problem for the
utility and customers is provided in this subsection to consider the impact of customers’ investments in the
utility’s decision-making processes, as shown in Figure 5.1.
Changes in electricity demand
due to energy efficiency,
demand response, price signals

Distribution
network planning

Technological changes, i.e. PV and
battery storage technologies

Changes in generation at
customers’ side
Planning for Customers
Figure 5.1. Illustration of how the planning for the customers affect the distribution network planning

92

Therefore, joint planning is modelled as below,
n

(5.12)

min 𝐽𝑢 + ∑ 𝐽𝑐i
i=1

subject to all the constraints of the individual distribution network and customers
planning

(5.13)

The objective function given in (5.12), is the total cost of electrification in the distribution network, i.e.
the total investment and operating cost for the utility and the customers. This formulation offers a joint
planning framework for the utility and customers to decrease the overall cost of electrification.

Modifications on power flow equations
The model described in (5.1)-(5.13) is nonlinear, thus no commercial optimiser guarantees the optimality
of the solution. It is the non-linear and non-convex DistFlow equations [225] that make our proposed model
non-convex, as given below [43],
n

(5.14)

𝑃its = ∑(Aij (𝑝𝑟jts − 𝑝𝑓jts ) + RMij 𝑢jts )
j=1
n

(5.15)

𝑄its = ∑(Aij 𝑞jts + XMij 𝑢jts )
j=1
n

(5.16)

𝑣its = 𝑣0 − 2 ∑(MR ij 𝑃jts + MXij 𝑄jts − 0.5MZij 𝑢jts )
j=1

(𝑃its )2 + (𝑄its )2 − 𝑢its 𝑣𝑢𝑝(i)ts = 0

(5.17)

where 𝑃i , 𝑄i , and 𝑣𝑢𝑝(i) are the active and reactive power of branch i and the square of voltage magnitude
at node 𝑢𝑝(i) which is located upstream of bus i, as illustrated in Figure 5.2. Also, Aij , RMij , XMij , MR ij ,
MXij , and MZij are the ij-th element of the bus-injection to branch-current matrix (BIBC) of the network
[245], the product of A ij and the resistance of the branch j, the product of Aij and the reactance of the branch
j, the product of Aji and the resistance of the branch j, the product of Aji and the reactance of the branch j,
and finally, the product of Aij and the square impedance magnitude of the branch j, respectively.
𝒗𝒖𝒑(𝐢)

𝒗𝐢

𝑷𝐢 + 𝐣𝑸𝐢
𝒖𝐢

𝐥𝐢𝐧𝐞 𝐢

𝒑𝒓𝐢 + 𝐣𝒒𝐢
𝒑𝒇𝐢

Figure 5.2. Illustration of variables in power flow equations
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The power flow formulation given in (5.14)-(5.17) is non-convex only because of equality in (5.17). This
constraint can be relaxed as below,
(𝑃its )2 + (𝑄its )2 − 𝑢its 𝑣𝑢𝑝(i)ts ≤ 0

(5.18)

which makes it a convex approximation of power flow. In the following, we show that this is an exact
relaxation for our planning problem if the bus voltages in the optimal solution vector of the original problem
do not exceed the upper bound.
Theorem: The power flow equations in (5.14)-(5.16) and (5.18) is an exact relaxation version of (5.14)(5.17) for the planning problem described in (5.12) and (5.13), assuming that no overvoltage occurs in the
grid.
Proof: we will show this with proof by contradiction, such that we assume the optimal solution of (12)(13) in the form of (𝑃∗ , 𝑄 ∗ , 𝑣 ∗ , 𝑢∗ ) has strict inequality in (18) for ∃(i, t, s) ∈ I
∗
∗ 2
∗ 2
∗
(𝑃its
) + (𝑄its
) < 𝑢its
𝑣𝑢𝑝(i)ts

T

S, as follows,
(5.19)

Now, one can write,
∗
∗ 2
∗ 2
∗
(𝑃its
) + (𝑄its
) = (𝑢its
− 𝜀)𝑣𝑢𝑝(i)ts

(5.20)

′
∗
′
∗
considering 𝑢its
= 𝑢its
− 𝜀 and for 𝑢−its
= 𝑢−its
where negative index means the excluding element from

a vector, one can define a candidate solution as below,
′
∗
𝑃jts
= 𝑃jts
− RMji 𝜀

∀j ∈ I

(5.21)

′
∗
𝑄jts
= 𝑄jts
− XMji 𝜀

∀j ∈ I

(5.22)

′
∗
𝑣jts
= 𝑣jts
+ 2𝜀(rj RMji + xj XMji )
′
∗
𝑣jts = 𝑣jts
+ 𝜀(rj 2 + xj 2 ) j = i

(5.23)

j≠i

Now, comparing this candidate solution with the optimal solution, we have,
′
∗
′
∗
′
∗
𝑃jts
≤ 𝑃jts
, 𝑄jts
≤ 𝑄jts
, 𝑣jts
≥ 𝑣jts

∀j ∈ I

(5.24)

considering Eq. (20), it is concluded that,
′
′ 2
′ 2
′
(𝑃its
) + (𝑄its
) ≤ 𝑢its
𝑣𝑢𝑝(i)ts

(5.25)

The candidate solution is a feasible solution for the problem described in (5.12) and (5.13). Also,
′
assuming the voltages do not exceed the upper bound, there is no concern regarding the feasibility of 𝑣jts
.

It can be readily verified from equation (5.23) that (𝑃′ , 𝑄′ , 𝑣 ′ , 𝑢′ ) entails a lower imported power from the
wholesale market thus improves the objective function as compared to (𝑃 ∗ , 𝑄∗ , 𝑣 ∗ , 𝑢∗ ). This contradicts the
optimality of (𝑃 ∗ , 𝑄∗ , 𝑣 ∗ , 𝑢∗ ) and will prove the theorem.
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5.4 Solution Strategy
The proposed MISOCP model is solved using a combination of the BB and the barrier methods. Heuristic
optimisation methods have been used widely in planning studies [9]. However, convergence issues arise
when the number of integer variables is high. Therefore, a mathematical-based approach is proposed in this
study to solve the proposed model in a time-efficient manner.
We will use the built-in BB module in Gurobi, which is a software that recently has been developed for
mathematical optimisation. The reason that Gurobi is chosen for this study is its strength in solving MIPs.
It is reported that Gurobi outperforms other commercial optimisers in the market [246]. Also, Gurobi
enables the users to deploy distributed optimisation which considerably improves the computational speed.
We have used both the internal BB module and distributed optimisation features of the Gurobi, as explained
in the following. BB is a well-established method to solve MIP problems [247]. Briefly, the BB method
divides the MIP problems into multiple sub-problems based on the integrality constraints.
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Start

Collecting the data of demands, PV profile, wholesale price

Run k-means clustering method to obtain representative
clusters with respected probabilities

Input the parameters: network configuration, specification
of infrastructure, retail price, network charge, feed-in
tariff, candidate PV and battery specifications, available
demand response

Plugging the input data into the model to calculate the
required matrices for the optimization

Set S=original planning problem with relaxed integrality
constraints, 𝐵 = ∅, 𝐿𝐵 = −∞, 𝑈𝐵 = +∞, 𝑂𝑆 = Ø

1- for 𝑠 in 𝑆
2- perform the optimisation of 𝑠
3- if feasible then
4- denote the optimal solution as 𝛼 ∗ and best
objective as 𝑠 ∗
5- update 𝐿𝐵 = min{𝐿𝐵, 𝑠 ∗ }
6- if 𝛼 ∗ satisfies all integrality constraints then
7- if 𝑈𝐵 ≥ 𝑠 ∗ then
8- update 𝑈𝐵 = 𝑠 ∗ and 𝑂𝑆 = 𝛼 ∗
9- else then
10- update 𝐵 = 𝐵 ∪ {𝑠}
9- else then 𝑠 = 𝑆. Next and return to 1
10- set 𝑆 = Ø
11- branch on branching variables for ∀𝑏 ∊ 𝐵 and add the
produced subproblems to 𝑆
12- if (𝑆 ≠ Ø and |𝑈𝐵 − 𝐿𝐵| ≥ 𝜀) then return to 1
13- else then print 𝑂𝑆 as the optimal solution and 𝑈𝐵 as
the best objective
Figure 5.3. The proposed solution strategy

The solution strategy is detailed in Figure 5.3. Different sub-problems are produced by branching on
integrality constraints. Each sub-problem has the same objective function as the original MIP but with
relaxed integrality constraints. This means the feasible region of sub-problems lies outside of the original
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MIP. Therefore, the optimal solution of each sub-problem is a potential lower bound for the original MIP.
Similarly, any optimal solution for sub-problems that satisfies the integrality constraints, is a feasible
solution and an upper bound for the original MIP. The bounds are modified at every iteration until the
expected accuracy is obtained.
The distributed optimisation solves the independent sub-problems in a parallel manner such that the
manager machine assigns and sends a sub-problem to each worker machine, thus a remarkable amount of
time can be saved via parallel optimisation of sub-problems. It is worth to point out that the distributed
optimisation is suitable for problems with large search trees (a large number of integer variables) [226]. At
each iteration of the BB, sub-problems are assigned to worker machines, one per machine, to speed up the
optimisation, as shown in Figure 5.4. Essentially, distributed optimisation works well with problems that
contain many integer variables, i.e. with large search trees. This feature improves the optimisation process
to become multiple times faster than single-machine optimisation. For example, it is demonstrated that
distributed MIP with 32 machines offers about a 15x speed-up [226]. The user submits a job to the worker
manager, and then the worker manager will ask the cluster of machines (also known as the worker pool) to
solve the model. The worker manager can also work as the worker itself and handle optimising tasks, but
it is recommended to not use the worker manager as a worker node. Also, the performance of the distributed
optimisation will improve when identical worker machines are used in the worker pool.

PC0
Worker Manager

.
..
PCn
Worker

PC2
Worker

PC1
Worker

Figure 5.4. Illustration of multi-machine optimisation

5.5 Numerical Results
The proposed planning framework was examined on IEEE 33-bus radial distribution network [225]. The
studied MV distribution network operates at 20kV. The nominal capacity of the substation transformer is
5MVA. Bus 1 is considered as the slack bus to which no customer is connected. Customers are connected
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to buses 2-33, one customer per bus, among whom are located at buses 5, 6, 9-13, 15-17, and 26-28 are
allowed to install PV and battery. The number of PV and battery storage units was limited to 100 units per
bus as it was considered that each customer represents 100 end-users of whom each can install a maximum
of one PV or battery storage unit. The proposed algorithm described in Figure 5.3 is programmed in Matlab
and implemented by Gurobi solver as described in Section 5.4.
The load demand and wholesale prices are collected for a one-year period starting from 1 Dec 2017
[230], and PV generation profiles are obtained based on weather forecast data [231]. The collected data are
clustered by the k-means method [223] into three scenarios. Customers have similar load variation patterns
with different peak demands, as listed in Table 5.1. A fixed power factor similar to customers’ peak load
was assigned to them. Each scenario has 24 time slots of 1-hour duration. The characteristics of the
candidate PV and battery storage units are described in Table 5.2 and Table 5.3, respectively.

Table 5.1. Peak loads of customers

Bus#

2

3

4

5

6

7-8

9

10

11

12-13

14

15

kW

100

90

120

60

60

200

60

60

45

60

120

60

kVAr

60

40

80

30

20

100

20

20

30

35

80

10

Bus#

16-17

18-22

23

24-25

26-27

28

29

30

31

32

33

kW

60

90

90

420

60

60

120

200

150

210

60

kVAr

20

40

50

200

25

20

70

600

70

100

40

Table 5.2. Characteristics of candidate PV systems

Rated power (kW)
7

Lifetime (year)
10

Annualised investment cost ($/kW)
150

Table 5.3. Characteristics of Candidate battery storage units

Rated power
(kW)
5

Rated energy
(kWh)
7

Lifetime
(cycles)
6000

Efficiency
(%)
90

Annualised investment cost
($/kWh)
70

Scenarios and their corresponding probabilities along with other input parameters are plugged into our
programme in Matlab to produce required matrices for optimisation. For single machine optimisation, the
Gurobi Matlab interface is used such that Gurobi functions are called in Matlab. For multi-machine
optimisation, the Gurobi command-line tool is used. All the computers employed in this study are identical
Intel CORE i5-2500 PC with a clock speed of 3.30 GHz and 8GB RAM. Two cases are considered for
simulation studies, i.e. the case that joint investment planning for the utility and customers is carried out,
and the case that the utility and customers make their investment decisions individually.
The optimal solution of joint investment planning for the utility and customers was obtained by running
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an optimisation in Gurobi (Table 5.4). Joint investment planning offered a 5.4% reduction in total cost when
compared to individual planning. In this thesis, individual planning refers to the utility-only planning where
the investment options and the flexibility at customers’ side is not considered in the planning problem. This
can also be understood as conventional distribution network planning. The PV and battery storage units
depicted in Figure 5.5 are installed by the customers, while the green dotted branches/transformer are the
replaced components installed by the utility. The capacity of new PV and battery storage units installed at
each bus is also shown in Figure 5.5. No investment decision was made by the utility in joint planning
(Figure 5.5(c)) which means the utility avoided the grid upgrade by utilising the available resources in
customers’ premises, i.e. by addressing the congestion in branches L1 and L2 and overloading of the
substation transformer, as shown in Figure 5.5(b), using the generated power by PV units and stored energy
in batteries. This verifies the idea of joint planning and aligning the not necessarily identical objectives of
different stakeholders in the distribution network to lower the total cost.
25

(a) initial
network

26

27

28

29

30

32

31

33

7

8

9

10

11

12

13

14

24
23

L1

1

L2

2

(b) individual
planning

L3

3

L4

4

L5

5

L6

6

17

18

New branch replaced
by the utility

Battery unit installed
by customers

New transformer
replaced by the utility

26

27

28

29

30

32

31

33

25
24

63

kW
L1

L2

2

L3

3

L4

4

L5

5

63

kW

63

182

63

kW

kW

kW

L6

6

63

7

8

63

kW

9

63

kW

kW

26

(c) Joint
planning

16

PV unit installed
by customers

23

1

15

27

28

10
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Figure 5.5. Simulation results of joint and individual planning for the utility and customers: (a) initial grid, (b)
investment decisions made in individual planning, and (c) investment decisions made in joint planning
Table 5.4. Comparison of results

type of planning
individual
joint

lower bound ($/day)
5067.0
4792.0

upper bound ($/day)
5067.4
4792.8

In terms of the speed of the solver on finding the optimal solution, the nine best solutions (also known
as incumbent nodes in the BB search tree) were collected and retained later to investigate the performance
of the proposed algorithm, as shown in Figure 5.6. The first feasible solution, i.e. the first upper bound or
the worst solution in the optimal solutions pool, is found after 52 minutes and the candidate solution is
improved gradually over time to the optimal value of 83 units of 7 kW PV units which shows a total capacity
of 581 kW PV at bus 28, as shown in Figure 5.5(c).

number of installed 7kW PV unit

120
100
80
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100
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300
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work time (min)

Figure 5.6. Variation of the optimal solution for the variable corresponding to the number of PVs installed at bus #28

The same model was examined with the multi-machine approach. In this regard, a worker pool was
formed by 20 identical computers. As mentioned earlier, it is recommended not to use the worker manager
as a worker node, so the total capacity of our worker pool was 19 workers plus one worker manager which
was responsible to orchestrate the workers. This process was repeated several times with different numbers
of workers to examine the impact of the size of the worker pool on the convergence speed. The results are
shown in Table 5.5 and Figure 5.7. According to Table 5.5, the number of explored nodes and the number
of iterations performed by the worker nodes are linearly related to the size of the worker pool. For example,
if one doubles the number of workers in the worker pool, the number of explored nodes and the number of
iterations will be approximately doubled.
Also, the convergence speed of the distributed algorithm versus the number of workers in the worker
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pool is depicted in Figure 5.7. Each line is depicted since the moment that the first incumbent is obtained
by the associated worker pool. For instance, the first incumbent node in the pool of 3 machines was found
after 3658 sec. The worker pool with 19 machines outperformed others by finding the first incumbent
solution after 2484 sec and converging to an optimal solution with a less than 0.2% MIP gap
((𝑈𝐵 − 𝐿𝐵)⁄𝑈𝐵 ) after only 3087 sec, where the other worker pools did not converge to this accuracy even
after 5000 sec. This verifies the value of distributed optimisation in models with large search trees, i.e. the
distribution network investment planning. Additionally, it is worth to mention that no matter how many
times the proposed optimisation algorithm was performed, the final solution always remained the same.
Table 5.5. Comparison of computation performance in multi-machine optimisation for different numbers
of worker machines
Number of
machines

Number of explored
Nodes

Number of
iterations

1

11,804

4,952,161

2

22,162

8,365,599

3

33,361

13,852,742

4

38,202

18,395,795

5

50,202

18,395,795

6

50,400

23,129,656

10

98,129

43,478,824

15

158,541

67,805,006

19

220,721

93,532,483

2.50%

2 machines
3 machines
4 machines
5 machines
7 machines
9 machines
14 machines
19 machines

MIP Gap (%)

2.00%

1.50%

1.00%

0.50%
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Figure 5.7. Comparison of convergence speed in multi-machine optimisation for different numbers of worker
machines

5.6 Scalability of the Proposed Method
The model developed in this chapter is an MISOCP formulation because of the convexified power flow
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equations. The SOCP problems are convex and proven to have apparent computational superiority over
nonconvex problems [248], mainly because a) they will result in global optimal solutions while nonconvex
problems may result in local optimal solutions, b) relative maturity of SOCP solvers, and c) because the
NP-hardness of the original nonconvex planning problem is avoided by developing a convex formulation
[249]. By leveraging the capabilities of distributed multi-machine optimisation feature of Gurobi, the
proposed model can handle the computational complexities of small to moderate-size distribution network
planning problems. The computation speed is further improved through parallel computation of power flow
equations, as detailed in Chapter 7.

5.7 Conclusion
The transition towards renewables has not been simple in many countries. For example, the rise in retail
prices in Germany, Denmark, and Australia show what the true cost of transition towards renewables is for
the energy customers. Essentially, one challenge is to manage the investment decisions for the utility and
customers at the lowest cost while ensuring that the grid remains reliable. This is addressed in this study by
developing a platform of joint investment planning for the utility and the customers.
The planning problem is a non-convex, nonlinear mixed-integer programming problem. Due to the limits
of available solvers in solving non-convex models, a convexification method is applied to the model which
offers a MISOCP model that contains a large number of integers. To address the challenges of large scale
mixed-integer programming problems, the BB algorithm is employed. Also, a distributed (multi-machine)
optimisation approach is taken in this study to further facilitate the convergence of the planning problem to
the optimal solution. Simulation studies are performed on the IEEE 33-bus test system and the results
verified the advantages of the proposed joint planning platform in terms of optimality of the final solution
and also in terms of the required computation time.
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Chapter 6 A Stackelberg Game-Based Model of The
Distribution Network Planning in Local Energy
Communities1

6.1 Summary
The electrical characteristics of distribution networks (DNs) are drastically changing, mainly, due to the
widespread adoption of small-scale distributed energy resources (DERs) by end-users. In these cases,
conventional planning models may lead to overinvestment choices. This chapter presents a planning model
for utility companies that explicitly incorporates a model of end-users’ energy-related decisions considering
a neighbourhood energy trading scheme (NETS). The model is formulated based on the Stackelberg game
(SG) approach which guarantees that the optimality of the final solution for each user and the utility. The
proposed mixed-integer second-order cone programming (MISOCP) problem find the optimal investment
plan on transformers, lines, distributed generators (DGs), and energy storage systems (ESSs) for the utility
considering the scenarios of end-users’ investments in rooftop photovoltaic (PV) and battery systems that
maximise their benefits. Additionally, a dynamic network charge (NC) scheme is designed to rationalise
the network use. Also, the Benders decomposition (BD) method is used to improve the convergence of the
solution algorithm. The numerical studies on a real 23-bus low voltage (LV) network in Perth, Australia,
using real-world data reveals that the proposed planning model offers the lowest total cost and the highest
penetration of DERs in comparison with conventional models.

Nomenclature
Parameters
R𝑡

retail market price during period 𝑡

F𝑡

feed-in tariff during period 𝑡

L𝑡

energy price in NETS during period 𝑡

DF𝑖

disutility factor of 𝑖-th customer

CPV𝑗

𝑗-th candidate PV capital cost

CB𝑘

𝑘-th candidate battery capital cost

M
SoC𝑘

a large number
upper bound of state of charge of 𝑘-th candidate battery

1
This chapter is based on J. M. Delarestaghi, A. Arefi, G. Ledwich, A. Borghetti, and C. Lund, “A Stackelberg Game-based Model
of The Distribution Network Planning in Local Energy Communities,” under review in IEEE Systems Journal.
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SoC𝑘

lower bound of state of charge of 𝑘-th candidate battery

̅̅̅d
̅̅̅
pc𝑘 /p
𝑘

upper limit of charging/discharging rate of 𝑘-th candidate battery

η𝑐 /η𝑑

efficiency of battery charging/discharging

𝑡𝑚𝑎𝑥

last time slot in the representative day (cluster)

BD𝐵𝑖

𝑖-th user’s battery depreciation cost per cycle

d𝑚𝑎𝑥
𝑖𝑡

𝑖-th user’s maximum allowed demand shifted from period 𝑡

D𝑖𝑡

𝑖-th user’s initial electricity demand during period 𝑡

G𝑗𝑡

generation of 𝑗-th candidate PV system during period 𝑡

CDG𝑚

capital cost of 𝑚-th candidate DG

CSS𝑜

capital cost of 𝑜-th candidate ESS

CL𝑙

capital cost of 𝑙-th candidate line

CTℎ

capital cost of ℎ-th candidate transformer

ω𝑡

wholesale price during period 𝑡

σ𝑚

marginal operation cost of 𝑚-th candidate DG ($/MWh)

ϕ𝜃𝑚𝑡

fixed operation cost of 𝑚-th candidate DG ($)

𝑛

number of buses

V0

voltage at substation

V𝑚𝑖𝑛

minimum acceptable voltage

V𝑚𝑎𝑥

maximum acceptable voltage

u𝑚𝑎𝑥
𝑖

maximum acceptable square value of current in branch 𝑖

u𝑚𝑎𝑥
𝑖0

initial maximum acceptable square value of current in branch 𝑖

u𝑚𝑎𝑥
𝑙

maximum allowed square value of current of candidate line 𝑙

p𝐷𝐺
𝑖,𝑚𝑖𝑛

minimum output of DG located at bus 𝑖

p𝐷𝐺
𝑖,𝑚𝑎𝑥

maximum output of the DG located at bus 𝑖

SoC𝑜

maximum state of charge of 𝑜-th candidate ESS

SoC𝑜

minimum state of charge of 𝑜-th candidate ESS

pc𝑜
̅̅̅̅̅

maximum charging rate of 𝑜-th candidate ESS

̅̅̅̅̅
pd𝑜

maximum discharging rate of 𝑜-th candidate ESS

BD𝐸𝑆𝑆
𝑖

degradation unit cost of ESS located at bus 𝑖 ($/cycle)

Indices
𝑡&𝜏

index of time slots

𝑖&𝑖

index of customer or bus or branch

𝜃
𝑚/𝑜/𝑙
𝑗/𝑘

index of candidate locations for installation
index of candidate DG/ESS/line
index of candidate PV/ battery

Sets
Θ𝑡

set of time slots
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Θ𝐷𝑅𝑇

set of time slots on which the demand is shifted

Θ𝐷𝑅𝐹

set of time slots from which the demand is shifted

𝑃𝑉

Θ

set of candidate PV systems

Θ𝑏𝑡

set of candidate battery systems

Θ

set of customers

Θ𝐶𝐷𝐺

set of candidate locations to install DG

Θ𝐷𝐺

set of candidate DGs

Θ𝐶𝐸𝑆𝑆

set of candidate locations to install ESS

Θ𝐸𝑆𝑆

set of candidate ESS

𝐶𝑙

Θ

set of candidate branches to replace the line

Θ𝑙

set of candidate lines

Θℎ

set of candidate transformers

Variables
𝐽

total customers’ cost

𝐽𝑖

cost function for 𝑖-th customer

𝐵𝐷𝐶𝑖𝐵

𝑖-th user’s battery degradation cost

𝜙

dual function

𝜙𝑖

dual function for 𝑖-th user

TD𝑡

total available demand in NETS during period 𝑡

TS𝑡

total available supply in NETS during period 𝑡

L′ 𝑡

updated energy price in NETS during period 𝑡

SoC𝐵𝑖,𝑚𝑎𝑥

𝑖-th user’s maximum allowed state of charge

SoC𝐵𝑖,𝑚𝑖𝑛

𝑖-th user’s minimum allowed state of charge

𝐵
pc𝑖,𝑚𝑎𝑥

𝑖-th user’s maximum battery charging rate

pd𝐵𝑖,𝑚𝑎𝑥

𝑖-th user’s maximum battery discharging rate

𝐼𝑁𝐶

investment cost

𝑂𝑃𝐶

operation cost

𝐸𝑆𝑆
𝐵𝐷𝐶𝜃𝑜

u𝑚𝑎𝑥
𝑖

degradation cost of 𝑜-th candidate ESS to be installed at candidate location 𝜃 by utility
squared value of current capacity of branch 𝑖

SoC𝐸𝑆𝑆
𝑖,𝑚𝑎𝑥

maximum allowed state of charge in ESS at bus 𝑖

SoC𝐸𝑆𝑆
𝑖,𝑚𝑖𝑛

minimum allowed state of charge in ESS at bus 𝑖

𝐸𝑆𝑆
pc𝑖,𝑚𝑎𝑥

maximum allowed charging rate of ESS at bus 𝑖

pd𝐸𝑆𝑆
𝑖,𝑚𝑎𝑥

maximum allowed discharging rate of ESS at bus 𝑖

𝑝𝑟𝑖𝑡

purchased energy from utility by 𝑖-th user during period 𝑡

𝑝𝑓𝑖𝑡

purchased energy from 𝑖-th user by utility during period 𝑡

𝜁𝑖𝑡

traded energy in NETS by 𝑖-th user during period 𝑡

𝑛𝑐𝑖𝑡

amount of network charge at bus 𝑖 during period 𝑡
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𝜋𝑖𝑡

absolute value of 𝜻𝒊𝒕

𝑑𝑖𝑡𝜏

shifted demand from period 𝑡 to period 𝜏 by 𝑖-th user

𝑥𝑖𝑗𝑃𝑉

binary variable associated with 𝑗-th candidate PV investment state at bus 𝑖

𝐵
𝑥𝑖𝑘

binary variable associated with 𝑘-th candidate battery investment state at bus 𝑖

𝜆̅

set of the Lagrangian multipliers associated with Eq. (2)

𝜆𝑡

Lagrangian multiplier of Eq. (2) corresponding to period 𝑡

𝑆𝑜𝐶𝑖𝑡𝐵

state of charge of battery located at bus 𝑖 during period 𝑡

𝑝𝑐𝑖𝑡𝐵

charging power of battery at bus 𝑖 during period 𝑡

𝐵
𝑝𝑑𝑖𝑡

discharging power of battery at bus 𝑖 during period 𝑡

𝛼𝑖𝑡𝐵

binary variable associated with the battery located at bus 𝑖 − 1 if charging during period 𝑡,
else 0

𝐷𝐺
𝑥𝜃𝑚

binary variable associated with 𝑚-th candidate DG investment state at candidate location 𝜃

𝐸𝑆𝑆
𝑥𝜃𝑜

binary variable associated with 𝑜-th candidate ESS investment state at candidate location 𝜃

𝐿
𝑥𝜃𝑙

binary variable associated with 𝑙-th candidate line investment state at candidate section 𝜃

𝑃𝑖𝑡

active power in 𝑖-th branch during period 𝑡

𝐷𝐺
𝑝𝜃𝑚𝑡

𝑝𝑖𝑡

output power of candidate DG 𝑚 at candidate location 𝜃 during time 𝑡
total active power drawn from the grid at bus 𝑖 during period 𝑡

𝑝𝑐𝑖𝑡𝐸𝑆𝑆

charging power of ESS at bus 𝑖 during period 𝑡

𝐸𝑆𝑆
𝑝𝑑𝑖𝑡

discharging power of ESS at bus 𝑖 during period 𝑡

𝑢𝑖𝑡

squared value of current in branch 𝑖 during period 𝑡

𝑄𝑖𝑡

reactive power in branch 𝑖 during period 𝑡

𝑣𝑖𝑡

squared value of voltage at bus 𝑖 during period 𝑡

𝑆𝑜𝐶𝑖𝑡𝐸𝑆𝑆
𝛼𝑖𝑡𝐸𝑆𝑆

state of charge of ESS located at bus 𝑖 during period 𝑡
binary variable associated with ESS located at bus 𝑖 − 1 if charging during period 𝑡, else 0

6.2 Introduction
Distribution network (DN) planning focuses on finding efficient investment plans to ensure the safe
operation of the grid at a minimum cost. The performance of planning tools is largely affected by energy
users’ characteristics. As end-users continue to embrace small-scale distributed energy resources (DERs),
utilities invest more in the DN to handle this transition towards a customer-centric era in the energy industry.
The impact of this grid transformation is analyzed here, to develop a planning framework for the utilities
and end-users in a local energy community (LEC).
The application of renewable energy technologies in DN planning (DNP) has been extensively studied
in the literature [9, 213, 240, 249-258]. In [251], a planning method is proposed to incorporate the
investment in both the centralised and distributed energy storage systems (ESSs). Similar coordinated DNP
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studies are reported in [32, 56, 259, 260]. The temporary non-network solutions, as well as the conventional
network solutions, are incorporated in a risk-managed planning technique proposed in [9]. The modern
renewable technologies and demand response (DR) programmes are used in [213, 252, 253] to reinforce
the DN. A planning technique based on the genetic algorithm (GA) is presented in [254] for DER allocation
in radial DNs. In [240], a scenario-based stochastic DER planning technique is used which incorporates the
decision regarding the investment in wind turbines, PVs, and ESSs. The sizing of DERs is planned in [255]
using a data-driven algorithm to guarantee the convergence to the global optimal solution in DNs. A mixedinteger linear programming (MILP) model is presented in [256] to find the optimal investment plan
considering DERs, capacitor banks, voltage regulators, and conductor replacements. The application of
distributed ESSs in alleviating the PV impacts on DNs is exploited in [249]. The concept of active DNs
(ADNs) and formulation of optimisation problems for them has been investigated in recent literature [35,
69, 260, 261]. In [69], a multi-stage stochastic planning model for ADNs is presented. However, all the
reviewed techniques in DNP have been limited to cost minimisation for the utility and investments in the
DN and fail to address the benefit maximisation of users in LECs.
Decision making for end-users has become an important trend in modern power systems [20, 262, 263].
Due to advances in communication technologies and new regulatory frameworks, in several cases users can
now trade energy with other users in a local energy platform, e.g. a neighbourhood energy trading (NET)
scheme, that enables the users to exchange excess of local generation (e.g., from their rooftop photovoltaic
units (PV)), or the energy stored in their batteries with other users connected to the network. Some literature
presents approaches for the benefit maximisation for end-users in LECs with a peer-to-peer market [20,
263] or demand response (DR) programmes [262], without considering the interests of the utility. This
motivates the development of a planning platform that considers the impact of end-users’ investments in
DERs on the optimal DN investment plan. This chapter aims at providing a link between the planning
techniques for the utility and the decision-making tools for the end-users by adopting a Stackelberg Game
(SG) approach.
The SG has been identified as an efficient approach to representing the problems with the leader-follower
structure including the DR programmes [262, 264], and energy management in microgrids [265] and smart
grids [266]. However, these studies have mainly focused on small scale continuous programming models,
where the quantity of power and the price are exchanged between the leader and the followers. The inclusion
of integer variables, particularly the investment variables in planning studies, have rarely, if any, been
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exploited in the literature. That is mainly because by the introduction of integer variables, it will be
challenging to prove the existence of Stackelberg equilibrium (SE).
In this chapter, we focus on developing a planning model that incorporates the end-users’ decisions in
LECs. Also, a NET scheme (NETS) is added to the model which allows the end-users to exchange energy.
The proposed model also provides a scheme for the selection of network charge (NC) levels for the
participants in the NETS. To improve the convergence of the proposed solution strategy, the Benders
decomposition (BD) is applied. The planning framework developed in this chapter benefits the utilities by
considering the end-users’ decision making in DNP. In that sense, any deviation in end-users’ decisions
can be treated as a source of uncertainty in the problem. The uncertainties of load demand, renewable
generation, and the whole price are considered by scenario-based techniques.
The contributions of this work are summarised here:
1.

the development of a planning procedure for the utility that explicitly represents users’ investment
scenarios that guarantee the optimality of the solution for both the utility and end-users.

2.

the modelling of the integrated planning problem based on the SG approach represented by a
mixed-integer second-order cone programming (MISOCP) problem. This work expands the
application of SG in modern distribution networks.

3.

the inclusion of NETS in DNP and the definition of a procedure for the choice of NCs.

4.

the adoption of BD for the solution of the proposed planning problem that converts a MILP
problem with a high number of integer variables into a linear programming (LP) problem. The
decomposed problem has considerably better convergence.

It is worth mentioning that normally in studies that adopt BD, the subproblem is convex, because
otherwise, the algorithm may not converge to even a locally optimal solution. In this chapter, however, the
subproblem is non-convex and mixed-integer. Using the BD, it is converted to an LP problem which is
easier to solve.
The specific NETS considered in the chapter is described in Section 6.3. The planning and operation
model of each energy users that participate in the NETS is presented in Section 6.4. The planning and
operation model for the utility is formulated in Section 6.5. Section 6.6 explains the SG and the solution
strategy. The case study is presented in Section 6.7. Finally, Section 6.8 presents the conclusions from the
work.

6.3 The Concept of Neighbourhood Energy Trading
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The NET in this chapter is a scheme that end-users in the same LV network can trade electric energy
with other participants. The end-users that are equipped with DER facilities can sell the produced energy
from their solar PV or storage systems to other end-users in their neighbourhood via the NETS. In this
chapter, there are four types of firms involved in the NETS, as follows,
1.

Consumers: end-users with no DER facilities. A consumer can only act as a buyer in the NETS.

2.

Prosumers: the end-users that own DER and can trade energy with other participants in their
neighbourhood. A prosumer can act either as a seller or a buyer in the NETS, depending on the
available charge in his/her battery, PV generation profile, load profile and profitability of the
traded energy.

3.

NET operator: the agent that determines the energy price and is accountable for the balance of
demand and supply. The NET operator sends the NC values to NET participants. It is important
to mention that the operator only seeks the benefit of NET participants.

4.

Utility: the utility company is required to design the NC levels and send them to the NET operator.
The NC is what the NET participants will pay to the utility for their use of the network. Generally,
the NC is set and regulated by the national regulator for consumers that are supplied by the utility
and is reflected in retail electricity prices. It is assumed that the utility sets the NC only to make
the use of the network more efficient, not to maximise its profit, and that is why the NC prices are
capped.

Figure 6.1 shows the design of the proposed NETS. In this figure, some of the end-users are on the seller

side while the other end-users are on the buyer side. The NET operator uses the operating schedule
submitted by end-users to determine the energy price, denoted as 𝜆. The operating schedule includes the
energy purchases from the utility, energy fed back to the network under the feed-in tariff programme and
the energy trades in the NETS that are denoted as 𝑝𝑟𝑖 , 𝑝𝑓𝑖 and 𝜁𝑖 for the end-user at 𝑖-th bus. The operator
is responsible for demand and supply balance in NET, providing the required energy from the utility which
offers less attractive prices compared to the NET participants. The utility sets the NC prices for NET
participants, denoted as 𝑛𝑐𝑖 where 𝑖 refers to the end-user at 𝑖-th bus, intending to make the use of the
network infrastructure more efficient. The end-users will respond to these NC prices that are determined
by the utility and make their own energy-related decisions individually, aiming at minimising their costs.
Given NC prices, the NET operator determines the energy price in NET, 𝜆𝑡 , based on end-users’
operating schedules. Then, the end-users update their schedules and send them to the NET operator. This
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iterative procedure between the NET operator and end-users continues until both sides agree upon an energy
trading plan. Once the energy trades in the NETS are decided, the operator sends operating schedules to the
utility, based on which the utility updates the NC prices. Similar to the iterative interaction between the
NET operator and end-users, the interaction between the operator and the utility will continue until all firms
involved agree upon a plan. If there is no convergence between the demand and supply, the NET operator
provides the excess supply or demand by trading with the utility. In short, this is a NET scheme that needs
an operator to clear the discrepancies between the supply and the demand and to determine the energy price.
The NET operator can be an independent agent that runs the market while seeking the maximum benefit of
the end-users.
The design of the NETS resembles the structure of the SG. SG is a strategic game used to model
decision-making problems with a leader-follower structure wherein the leader will make the decisions
first, and then the followers will adopt their own decision by reacting to the leader’s decisions
sequentially. In this chapter, the utility acts as the leader and sets the NC prices, while the end-users are
the followers that respond to the NC prices by changing their energy-related decisions, as shown in Figure
6.1.
Utility

Energy flow
Data flow
Cash flow

LEADER

𝑛𝑐1

𝑝𝑟1 , 𝑝𝑓1 , 𝜁1
𝜆
End-user 1

Local Energy
Community
𝑛𝑐2

𝑛𝑐
𝜆

End-user 2

NET
Operator

𝜆

End-user 3

FOLLOWERS

Upper Level Problem: Planning and
Operation Model for The Utility

Lower Level Problem: Planning and
Operation Model for End-users

Network Charge

Energy-related
decisions

Figure 6.1. Illustration of the proposed neighbourhood energy trading scheme

Figure 6.2. Bilevel Stackelberg game model of the distribution network planning

Using this bilevel Stackelberg leader-follower game, we propose a new planning model that incorporates
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the investment and operational decisions of the utility (Section 6.5), as well as the investment and
operational decisions of the end-users (Section 6.4), as shown in Figure 6.2. The bilevel SG model is
presented in Section 6.6.

6.4 Planning and Operation of Local Energy Community
The goal in the NET is the minimisation of the total cost of electricity incurred by the LEC and guarantee
that participation in the NET is convenient for all the end-users without cross-subsidisation. In the
considered scheme, this is achieved by the solution of a decision-making problem for the entire LEC that
decomposed into smaller subproblems using the Lagrangian decomposition technique. The solution to the
decomposed dual problem provides the solution to the original problem.
The centralised planning and operation of end-users’ is formulated in (6.1)-(6.3):
𝑚𝑖𝑛

𝑥 𝑃𝑉 ,𝑥 𝐵 ,𝑝𝑟,𝑝𝑓,𝜁,𝑑,𝜋,𝛼 𝐵
𝑆𝑜𝐶 𝐵 ,𝑝𝑐 𝐵 ,𝑝𝑑 𝐵 ,𝐵𝐷𝐶 𝐵

𝐽

(6.1)

(6.2)

𝐽 = ∑ 𝐽𝑖
𝑖∈Θ

𝐽𝑖 = ∑ R 𝑡 𝑝𝑟𝑖𝑡 − ∑ F𝑡 𝑝𝑓𝑖𝑡 + ∑ L𝑡 𝜁𝑖𝑡 + ∑ 𝑛𝑐𝑖𝑡 𝜋𝑖𝑡 + DF𝑖
𝑡∈Θ𝑡

𝑡∈Θ𝑡

+ ∑
𝑗∈Θ𝑃𝑉

𝑡∈Θ𝑡

CPV𝑗 𝑥𝑖𝑗𝑃𝑉

𝑡∈Θ𝑡

+ ∑

𝐵
CB𝑘 𝑥𝑖𝑘

∑

𝑑𝑖𝑡𝜏

(6.3)

𝑡∈ΘDRF ,𝜏∈Θ𝐷𝑅𝑇

+

𝐵𝐷𝐶𝑖𝐵

𝑘∈Θ𝑏𝑡

subject to the constraints defined by (6.4)-(6.16) below.
In (6.1)-(6.3) 𝐽, R, F, L, 𝑛𝑐𝑖𝑡 , DF𝑖 , CPV and CB denote the total cost function, retail price, feed-in tariff,
energy price in the NETS, NC, disutility factor for the end-users due to shifting their scheduled load demand
which quantifies the cost borne by consumers as a result of deviating from their scheduled demand, the
capital cost of the PV and the capital cost of the battery, respectively. Also, 𝑝𝑟𝑖𝑡 , 𝑝𝑓𝑖𝑡 , 𝜁𝑖𝑡 and 𝜋𝑖𝑡 are the
purchased energy from the utility, the injected energy to the grid under the feed-in tariff program, exchanged
energy in the NET of which sign is +/- when buying/selling energy, the absolute value of exchanged energy
𝐵
in the NET of user 𝑖 at time interval 𝑡, respectively. Also, 𝑑𝑖𝑡𝜏 , 𝐵𝐷𝐶𝑖 , 𝑥𝑖𝑗𝑃𝑉 and 𝑥𝑖𝑘
are the shifted load from

hour 𝑡 to hour 𝜏, degradation cost of the battery, investment state of candidate PV 𝑗, and candidate battery
𝑘 of user 𝑖, respectively. ΘDRT and Θ𝐷𝑅𝐹 are sets of time intervals to and from which the load demand can
shift, respectively. The cost function (6.3) includes PV installation cost, battery installation cost, cost of
energy purchases from the utility, cost of energy purchases in the NET, negative cost of selling energy in
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the NET, cost of NC, cost of DR and battery’s depreciation cost.
The energy balance in the NETS is:
(6.4)

∀𝑡 ∈ Θ𝑡

∑ 𝜁𝑖𝑡 = 0
𝑖∈Θ

where the total demand and supply are equal. The grid losses is not included in this equation, as the utility
is responsible to cover the losses. The utility will compensate for the cost of grid losses by NC.
The detailed model of each user’s cost minimisation problem is formulated as follows:

Battery operation constraint
𝐵
𝑆𝑜𝐶𝑖𝑡𝐵 ≤ M ∑ 𝑥𝑖𝑘

(6.5)

𝑘∈Θ𝐵
𝐵
SoC𝐵𝑖,𝑚𝑎𝑥 = ∑ SoC𝑘 𝑥𝑖𝑘
,

𝐵
SoC𝐵𝑖,𝑚𝑖𝑛 = ∑ SoC𝑘 𝑥𝑖𝑘
,

𝐵
𝐵
pc𝑖,𝑚𝑎𝑥
= ∑ ̅̅̅̅̅
pc𝑘 𝑥𝑖𝑘
,

𝑘∈Θ𝐵

𝑘∈Θ𝑏𝑡

𝑘∈Θ𝐵

pd𝐵𝑖,𝑚𝑎𝑥

= ∑

𝐵
̅̅̅̅̅
pd𝑘 𝑥𝑖𝑘

(6.6)

𝑘∈Θ𝐵

SoC𝐵𝑖,𝑚𝑖𝑛 ≤ 𝑆𝑜𝐶𝑖𝑡𝐵 ≤ SoC𝐵𝑖,𝑚𝑎𝑥

(6.7)

𝐵
𝑝𝑐𝑖𝑡𝐵 ≤ pc𝑖,𝑚𝑎𝑥

(6.8)

𝐵
𝑝𝑑𝑖𝑡
≤ pd𝐵𝑖,𝑚𝑎𝑥

,

𝐵
𝐵
𝑆𝑜𝐶𝑖𝑡𝐵 = 𝑆𝑜𝐶𝑖,𝑡−1
+ η𝑐 𝑝𝑐𝑖𝑡𝐵 − 𝑝𝑑𝑖𝑡
/η𝑑

𝑝𝑐𝑖𝑡𝐵 ≤ M 𝛼𝑖𝑡𝐵

(6.9)

𝐵
𝑝𝑑𝑖𝑡
≤ M(1 − 𝛼𝑖𝑡𝐵 )

,

(6.10)

𝐵
𝐵𝐷𝐶𝑖𝐵 = BD𝐵𝑖 ∑ (𝑝𝑐𝑖𝑡𝐵 + 𝑝𝑑𝑖𝑡
)

(6.11)

𝑡∈Θ𝑡

η𝑐 ∑ 𝑝𝑐𝑖𝑡𝐵 =
𝑡∈Θ𝑡

1
𝐵
∑ 𝑝𝑑𝑖𝑡
η𝑑
𝑡

(6.12)

𝑡∈Θ

The battery operation is modelled in (6.5)-(6.12). The state of charge (SoC) is limited to zero in (6.5)
when the battery is not available. The maximum and minimum SoC in the battery, maximum
charging/discharging power are calculated in (6.6). The SoC in the battery is limited by (6.7). The charging
and discharging power of the battery are also defined by (6.8). The SoC in the battery is calculated in (6.9).
The operating state of the battery is determined by an integer variable, i.e. 𝛼𝑖𝑡𝐵 , such that 0 means discharging
and 1 means charging state, as outlined in (6.10). In (6.11), the total cost of depreciation is presented.
Finally, the net energy stored in the battery in a day is forced to zero in (6.12).

NET operation constraints
𝜋𝑖𝑡 ≥ 𝜁𝑖𝑡

,

𝜋𝑖𝑡 ≥ −𝜁𝑖𝑡

(6.13)
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The absolute value of the traded energy in the NETS is required to calculate the cash flow between the
NET participants and the utility.

Demand response limits
∑ 𝑑𝑖𝑡𝜏 ≤ d𝑚𝑎𝑥
𝑖𝑡

(6.14)

∀𝑡 ∈ Θ𝐷𝑅𝐹

𝜏∈Θ𝐷𝑅𝑇

The amount of shifted demand which will be determined in the optimisation is limited in (6.14).

Power balance constraints
𝐵
D𝑖𝑡 − ∑ 𝐺𝑗𝑡 𝑥𝑖𝑗𝑃𝑉 + 𝑝𝑐𝑖𝑡𝐵 − 𝑝𝑑𝑖𝑡
+ ∑ 𝑑𝑖𝜏𝑡 = 𝑝𝑟𝑖𝑡 − 𝑝𝑓𝑖𝑡 + 𝜁𝑖𝑡
𝑗∈Θ𝑃𝑉

∀𝑡 ∈ Θ𝐷𝑅𝑇

𝜏∈Θ𝐷𝑅𝐹

𝐵
D𝑖𝑡 − ∑ 𝐺𝑗𝑡 𝑥𝑖𝑗𝑃𝑉 + 𝑝𝑐𝑖𝑡𝐵 − 𝑝𝑑𝑖𝑡
− ∑ 𝑑𝑖𝜏𝑡 = 𝑝𝑟𝑖𝑡 − 𝑝𝑓𝑖𝑡 + 𝜁𝑖𝑡
𝑗∈Θ𝑃𝑉

∀t ∈ ΘDRF

𝜏∈Θ𝐷𝑅𝑇

𝐵
D𝑖𝑡 − ∑ 𝐺𝑗𝑡 𝑥𝑖𝑗𝑃𝑉 + 𝑝𝑐𝑖𝑡𝐵 − 𝑝𝑑𝑖𝑡
= 𝑝𝑟𝑖𝑡 − 𝑝𝑓𝑖𝑡 + 𝜁𝑖𝑡

∀𝑡 ∈ Θ𝑡 − (Θ𝐷𝑅𝐹 ∪ Θ𝐷𝑅𝑇 )

(6.15)

𝑗∈Θ𝑃𝑉

The energy balance of each end-user is presented in (6.15) for the time slots in DRF, DRT, and other
time slots.

Construction constraints
∑ 𝑥𝑖𝑗𝑃𝑉 ≤ 1
𝑗∈Θ𝑃𝑉

(6.16)

𝐵
∑ 𝑥𝑖𝑘
≤1

,

𝑘∈Θ𝐵

Constraint (6.16) limits the number of installed PV or battery units to a maximum of one unit per user.
By expanding (6.2) using (6.3), we get:
𝐽=

∑

CPV𝑗 𝑥𝑖𝑗𝑃𝑉 +

𝑖∈Θ,𝑗∈Θ𝑃𝑉

∑

𝐵
CB𝑘 𝑥𝑖𝑘
+ ∑ 𝐵𝐷𝐶𝑖𝐵 +

𝑖∈Θ,𝑘∈Θ𝐵

+

∑

DF𝑖 𝑑𝑖𝑡𝜏

(6.17)

DF𝑖 𝑑𝑖𝑡𝜏

(6.18)

𝑖∈Θ,𝑡∈Θ𝐷𝑅𝐹 ,𝜏∈Θ𝐷𝑅𝑇

𝑖∈Θ

∑ (R 𝑡 𝑝𝑟𝑖𝑡 − F𝑡 𝑝𝑓𝑖𝑡 + L𝑡 𝜁𝑖𝑡 + 𝑛𝑐𝑖𝑡 𝜋𝑖𝑡 )
𝑖∈Θ,𝑡∈Θ𝑡

Combining (6.4) and (6.17), we obtain (6.18) as follows:
𝐽=

∑

CPV𝑗 𝑥𝑖𝑗𝑃𝑉 +

𝑖∈Θ,𝑗∈Θ𝑃𝑉

∑

𝐵
CB𝑘 𝑥𝑖𝑘
+ ∑ 𝐵𝐷𝐶𝑖𝐵 +

𝑖∈Θ,𝑘∈Θ𝐵

+

∑
𝑖∈Θ,𝑡∈Θ𝐷𝑅𝐹 ,𝜏∈Θ𝐷𝑅𝑇

𝑖∈Θ

∑ (R 𝑡 𝑝𝑟𝑖𝑡 − F𝑡 𝑝𝑓𝑖𝑡 + 𝑛𝑐𝑖𝑡 𝜋𝑖𝑡 )
𝑖∈Θ,𝑡∈Θ𝑡

According to (6.18), the dual problem is,
max 𝜙(𝜆̅)

,

𝜆̅ ≥ 0

(6.19)
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(6.20)
𝜙(𝜆̅) = min {

CPV𝑗 𝑥𝑖𝑗𝑃𝑉 +

∑

𝑖∈Θ,𝑗∈Θ𝑃𝑉

∑

𝐵
CB𝑘 𝑥𝑖𝑘
+ ∑ 𝐵𝐷𝐶𝑖𝐵

𝑖∈Θ,𝑘∈Θ𝐵

+

∑

𝑖∈Θ

DF𝑖 𝑑𝑖𝑡𝜏 +

∑ (R 𝑡 𝑝𝑟𝑖𝑡 − F𝑡 𝑝𝑓𝑖𝑡 + 𝑛𝑐𝑖𝑡 𝜋𝑖𝑡 )
𝑖∈Θ,𝑡∈Θ𝑡

𝑖∈Θ,𝑡∈Θ𝐷𝑅𝐹 ,𝜏∈Θ𝐷𝑅𝑇

− ∑ 𝜆𝑡 ∑ 𝜁𝑖𝑡 }
𝑡∈Θ𝑡

𝑖∈Θ

For the considered MILP problem, the duality gap is negligible, i.e. the mixed-integer and the
corresponding relaxed linear version have the same optimal value (see Appendix A), therefore the duality
theorem implies that:
min 𝐽 = max 𝜙(𝜆̅)

(6.21)

Using the Lagrangian decomposition, for a given value of 𝜆̅ = 𝜆̅0 , we have,
(6.22)
𝜙(𝜆̅0 ) = min {

CPV𝑗 𝑥𝑖𝑗𝑃𝑉 +

∑
𝑖∈Θ,𝑗∈Θ𝑃𝑉

+

∑

𝐵
CB𝑘 𝑥𝑖𝑘
+ ∑ 𝐵𝐷𝐶𝑖𝐵

𝑖∈Θ,𝑘∈Θ𝐵

∑

𝑖∈Θ

DF𝑖 𝑑𝑖𝑡𝜏

𝑖∈Θ,𝑡∈Θ𝐷𝑅𝐹 ,𝜏∈Θ𝐷𝑅𝑇

∑ (R 𝑡 𝑝𝑟𝑖𝑡 − F𝑡 𝑝𝑓𝑖𝑡 − 𝜆0𝑡 𝜁𝑖𝑡 + 𝑛𝑐𝑖𝑡 𝜋𝑖𝑡 )}

+

𝑖∈Θ,𝑡∈Θ𝑡

Considering (6.21), any feasible solution of the dual problem (6.20) is a lower bound for the original
problem of (6.1)-(6.16). Also, (6.22) can be decomposed as follows,
(6.23)

𝜙(𝜆̅0 ) = ∑ 𝜙𝑖 (𝜆̅0 )
𝑖∈Θ

𝐵
𝜙𝑖 (𝜆̅0 ) = min { ∑ CPV𝑗 𝑥𝑖𝑗𝑃𝑉 + ∑ CB𝑘 𝑥𝑖𝑘
+ 𝐵𝐷𝐶𝑖𝐵 + DF𝑖
𝑗∈Θ𝑃𝑉

𝑘∈Θ𝐵

∑

𝑑𝑖𝑡𝜏

𝑡∈Θ𝐷𝑅𝐹 ,𝜏∈Θ𝐷𝑅𝑇

+ ∑ (R 𝑡 𝑝𝑟𝑖𝑡 − F𝑡 𝑝𝑓𝑖𝑡 − 𝜆0𝑡 𝜁𝑖𝑡 + 𝑛𝑐𝑖𝑡 𝜋𝑖𝑡 )}
𝑡∈Θ𝑡

Equation (6.23) renders a decomposed structure of the original problem in (6.1)-(6.16). Also, the
subproblems correspond to each end-user, which can be solved in parallel to enhance the computation
speed. As such, the vector of Lagrangian multipliers, 𝜆̅0, will be updated by the NET operator iteratively
until there is no significant change in updated 𝜆̅0 when compared to the previous iteration.
Then, following the Lagrangian decomposition, the planning and operation problem of each end-user is
formulated as (6.24)-(6.26),
min 𝐽𝑖

(6.24)
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𝐽𝑖 = ∑ R 𝑡 𝑝𝑟𝑖𝑡 − ∑ F𝑡 𝑝𝑓𝑖𝑡 + ∑ 𝜆0𝑡 𝜁𝑖𝑡 + ∑ 𝑛𝑐𝑖𝑡 𝜋𝑖𝑡 + DF𝑖
𝑡∈Θ𝑡

𝑡∈Θ𝑡

𝑡∈Θ𝑡

CPV𝑗 𝑥𝑖𝑗𝑃𝑉

+ ∑

𝑡∈Θ𝑡

+ ∑

𝑗∈Θ𝑃𝑉

𝐵
CB𝑘 𝑥𝑖𝑘

∑

𝑑𝑖𝑡𝜏

(6.25)

𝑡∈ΘDRF ,𝜏∈Θ𝐷𝑅𝑇

+

𝐵𝐷𝐶𝑖𝐵

𝑘∈Θ𝑏𝑡

subject to constraints (6.4)-(6.16)

(6.26)

Comparing (6.3) with (6.25), one can see that they are very similar, i.e. they are equal if and only if the
condition 𝜆0𝑡 = L𝑡 holds. The participants in the NET minimise their total costs and submit the energy
trades schedule to the NET operator. The NET operator will update the Lagrangian multipliers accordingly
and broadcasts them to all participants in the NETS. This procedure continues until all participants agree
upon an energy trading schedule.

6.5 Planning for The Power Utility
This section presents the planning and operation model for the utility, as formulated in (6.27)-(6.47),
min

𝑛𝑐,𝑝𝐷𝐺,𝑃,𝑄,𝑢,𝑣,𝑝𝑐 𝐸𝑆𝑆 ,𝑝𝑑 𝐸𝑆𝑆
𝑥 𝐷𝐺 ,𝑥 𝐸𝑆𝑆 ,𝑥 𝐿 ,𝑥 𝑇 ,𝛼 𝐸𝑆𝑆 ,𝛽 𝐸𝑆𝑆
𝐵𝐷𝐶 𝐸𝑆𝑆 ,𝐵𝑁𝐶 𝐸𝑆𝑆 ,𝑆𝑜𝐶 𝐸𝑆𝑆

𝐽0

(6.27)

𝐽0 = 𝐼𝑁𝐶 + 𝑂𝑃𝐶
𝐼𝑁𝐶 =

(6.28)
𝐷𝐺
CDG𝑚 𝑥𝜃𝑚
+

∑
𝑚∈Θ𝐷𝐺 ,θ∈Θ𝐶𝐷𝐺

𝐸𝑆𝑆
CSS𝑜 𝑥𝜃𝑜
+

∑
𝑜∈Θ𝐸𝑆𝑆 ,𝜃∈Θ𝐶𝐸𝑆𝑆

+ ∑

∑

𝐿
CL𝑙 𝑥𝜃𝑙

(6.29)

𝑙∈Θ𝑙 ,𝜃∈Θ𝐶𝑙

CTℎ 𝑥ℎ𝑇

ℎ∈Θℎ

𝑂𝑃𝐶 =

𝐸𝑆𝑆
𝐵𝐷𝐶𝜃𝑜
+ ∑ ω𝑡 𝑃0𝑡 +

∑

𝑡∈Θ𝑡

𝜃∈Θ𝐶𝐸𝑆𝑆 ,𝑜∈Θ𝐸𝑆𝑆

+

∑

∑ (−R 𝑡 𝑝𝑟𝑖𝑡 + F𝑡 𝑝𝑓𝑖𝑡 − 𝑛𝑐𝑖𝑡 𝜋𝑖𝑡 )

(6.30)

𝑖∈Θ,𝑡∈Θ𝑡
𝐷𝐺
(σ𝑚 𝑝𝜃𝑚𝑡

+ ϕ𝜃𝑚𝑡 )

𝑡∈Θ𝑡 ,𝑚∈Θ𝐷𝐺 ,𝜃∈Θ𝐶𝐷𝐺

where the objective function in (6.27) is to minimise the total investment and operating costs, as presented
in (6.28). The investment cost (6.29) incorporates the total investment cost of candidate DG units, ESSs,
lines, and transformers. The operation cost (6.30) includes the total operation cost of DGs, the degradation
cost of ESSs, the cost of total energy imported from the upstream grid, the total energy purchases from endusers at the feed-in tariff, the total energy sold to the users at retail price and the total revenue at NC price
in the NETS. The imported power from the upstream grid equals the net demand of the network plus the
loss in the network infrastructure. It is worth noting that power losses are included in the imported power.
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Power flow constraints
𝐸𝑆𝑆
𝑝𝑖𝑡 = 𝑝𝑟𝑖𝑡 − 𝑝𝑓𝑖𝑡 + 𝜁𝑖𝑡 − 𝑝𝑖𝑡𝐷𝐺 + 𝑝𝑐𝑖𝑡𝐸𝑆𝑆 − 𝑝𝑑𝑖𝑡

(6.31)

n

(6.32)

𝑃𝑖𝑡 = ∑(A𝑖𝑖 𝑝𝑖𝑡 + RM𝑖𝑖 𝑢𝑖𝑡 )
𝑖=1
n

(6.33)

𝑄𝑖𝑡 = ∑(A𝑖𝑖 𝑞𝑖𝑡 + XM𝑖𝑖 𝑢𝑖𝑡 )
𝑖=1
n

(6.34)

2

𝑣𝑖𝑡 = V0 − ∑(2MR 𝑖𝑖 𝑃𝑖𝑡 + 2MX𝑖𝑖 𝑄𝑖𝑡 − MZ𝑖𝑖 𝑢𝑖𝑡 )
𝑖=1

(𝑃𝑖𝑡 )2 + (𝑄𝑖𝑡 )2 − 𝑢𝑖𝑡 𝑣𝑖𝑡 ≤ 0

(6.35)

The net active power drawn from the grid at each bus is calculated in (6.31). The load flow (LF)
constraints in the radial network are represented by (6.32)-(6.35) with the usual convex relaxation of the
equality constraint (6.35) adopted from [224], which is reported to be exact if the objective of the problem
guarantees the minimisation of branch currents as in the considered model. The line model and the labels
of the variables are shown in Figure 6.3.

Construction constraints
𝐿
∑ 𝑥𝜃𝑙
≤1 ,
𝑙∈Θ𝑙

𝐷𝐺
∑ 𝑥𝜃𝑚
≤1 ,
𝑚∈Θ𝐷𝐺

𝐸𝑆𝑆
∑ 𝑥𝜃𝑜
≤ 1,
𝑜∈Θ𝐸𝑆𝑆

∑ 𝑥ℎ𝑇 ≤ 1

(6.36)

ℎ∈Θℎ

The construction constraint in (6.36) allows a maximum installation of one DG, ESS, line, and
transformer in one year, which is considered as the planning horizon year here.

Nodal voltage limits
(V𝑚𝑖𝑛 )2 ≤ 𝑣𝑖𝑡 ≤ (V𝑚𝑎𝑥 )2

(6.37)

Constraint (6.37) bounds the voltage deviation.

Thermal limits on distribution lines
𝑚𝑎𝑥
u𝑚𝑎𝑥
= u𝑚𝑎𝑥
+ ∑ 𝑥𝑖𝑙𝐿 (u𝑚𝑎𝑥
− u𝑚𝑎𝑥
𝑙
𝑖
𝑖0
𝑖0 ) , 𝑢𝑖𝑡 ≤ u𝑖

(6.38)

𝑙∈Θ𝑙

The thermal limit (6.38) maintains the current in the transformer and lines below their maximum
capacity.
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DG operation constraints
𝐷𝐺
𝐷𝐺
p𝐷𝐺
𝑖,𝑚𝑖𝑛 ≤ 𝑝𝑖𝑡 ≤ p𝑖,𝑚𝑎𝑥

(6.39)

The output of DG units is subject to generation limits (6.39).

ESS operation constraints
(6.40)

𝐸𝑆𝑆
𝑆𝑜𝐶𝑖𝑡𝐸𝑆𝑆 ≤ M ∑ 𝑥𝑖𝑜
𝑜∈Θ𝐸𝑆𝑆
𝐸𝑆𝑆
SoC𝐸𝑆𝑆
𝑖,𝑚𝑎𝑥 = ∑ SoC𝑜 𝑥𝑖𝑜

𝐸𝑆𝑆
SoC𝐸𝑆𝑆
𝑖,𝑚𝑖𝑛 = ∑ SoC𝑜 𝑥𝑖𝑜

,

𝑜∈Θ𝐸𝑆𝑆

(6.41)

𝑜∈Θ𝐸𝑆𝑆

𝐸𝑆𝑆
𝐸𝑆𝑆
pc𝑖,𝑚𝑎𝑥
= ∑ ̅̅̅̅̅
pc𝑜 𝑥𝑖𝑜

̅̅̅̅̅ 𝐸𝑆𝑆
pd𝐸𝑆𝑆
𝑖,𝑚𝑎𝑥 = ∑ pd𝑜 𝑥𝑖𝑜

,

𝑜∈Θ𝐸𝑆𝑆

𝑜∈Θ𝐸𝑆𝑆

𝐸𝑆𝑆
SoC𝐸𝑆𝑆
≤ SoC𝐸𝑆𝑆
𝑖,𝑚𝑖𝑛 ≤ 𝑆𝑜𝐶𝑖𝑡
𝑖,𝑚𝑎𝑥

(6.42)

𝐸𝑆𝑆
𝑝𝑐𝑖𝑡𝐸𝑆𝑆 ≤ pc𝑖,𝑚𝑎𝑥

(6.43)

,

𝐸𝑆𝑆
𝑝𝑑𝑖𝑡
≤ pd𝐸𝑆𝑆
𝑖,𝑚𝑎𝑥

𝐸𝑆𝑆
𝐸𝑆𝑆
𝑆𝑜𝐶𝑖𝑡𝐸𝑆𝑆 = 𝑆𝑜𝐶𝑖,𝑡−1
+ η𝑐 𝑝𝑐𝑖𝑡𝐸𝑆𝑆 − 𝑝𝑑𝑖𝑡
/η𝑑

(6.44)

𝑝𝑐𝑖𝑡𝐸𝑆𝑆 ≤ M 𝛼𝑖𝑡𝐸𝑆𝑆

(6.45)

,

𝐸𝑆𝑆
𝑝𝑑𝑖𝑡
≤ M(1 − 𝛼𝑖𝑡𝐸𝑆𝑆 )

(6.46)

𝐸𝑆𝑆
𝐵𝐷𝐶𝑖𝐸𝑆𝑆 = BD𝐸𝑆𝑆
∑ (𝑝𝑐𝑖𝑡𝐸𝑆𝑆 + 𝑝𝑑𝑖𝑡
)
𝑖
𝑡∈Θ𝑡

η𝑐 ∑ 𝑝𝑐𝑖𝑡𝐸𝑆𝑆 =
𝑡∈Θ𝑡

1
𝐸𝑆𝑆
∑ 𝑝𝑑𝑖𝑡
η𝑑
𝑡

(6.47)

𝑡∈Θ

The operation of the ESSs is modelled in (6.40)-(6.47). The SoC in the ESS is subject to its availability
(6.40). The upper and lower bounds for the SoC, maximum charging, and maximum discharging power in
the ESS are calculated in (6.41). The SoC in the ESS is restricted with capacity limits (6.42). The charging
and discharging power of the batteries are subject to output limits (6.43). The SoC in the ESS is obtained
in (6.44). The charge or discharge mode of the ESS is detected (6.45). Battery degradation cost is presented
in (6.46). The net energy stored in the ESS in a day is forced to zero (6.47).

𝑣𝑖𝑡

𝑃𝑖𝑡 + 𝑗𝑄𝑖𝑡
𝑢𝑖𝑡

Figure 6.3. Illustration of load flow equations

With a static design of NC, the utility sets a constant NC fee for all the network busses during the day
regardless of the different strain on the network infrastructure. In a dynamic NC design, NC can take
different values to better represent the actual operational costs. and grid needs. In a planning and operation
model for the utility, 𝑛𝑐𝑖𝑡 denotes the level of NC at 𝑖-th bus in time interval 𝑡. For example, in a 23-bus
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network, there are 23×24=552 variables for NC levels in a day with 24 time intervals of 1-hour duration.
The model presented in this chapter is developed for one year. The technique described in [9] can be
used to accommodate multi-year planning problems.

6.6 Methodology
The DNP model that integrates the end-users’ decisions is treated as a one-leader, n-follower SG, where
the feasible strategy sets and their objective functions are provided in (6.24) and (6.27), respectively. The
utility is the leader and the users are treated as the followers. In this game, all the players are satisfied with
the final solution, so that no player is willing to deviate from the solution of the SG model. Such a solution
is called the SE. To find the SE, the game is modelled as bilevel programming adopting the procedure
presented in [267] that applies a column-and-constraint based decomposition and converges to the optimal
solution in a finite number of iterations. The adopted reformulation technique in this section will convert
the original bilevel programming problem into its equivalent single-level problem, as proven in [267, 268].
The reformulated problem is further decomposed using BD, which is guaranteed to converge to the global
optimal solution when the subproblem is convex [269]. The final reformulated and decomposed problems
are presented in (6.83)-(6.84) as MP, (6.85)-(6.86) as SP and (6.87) as LLP.
The bilevel model of the SG is presented in (6.48)-(6.55),
SG1
min

𝑋 u ,𝑌 u ,𝑋 c0 ,𝑌 c0

s.t.

𝐹𝑢 [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]𝑇

(6.48)

Ψu [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T ≤ Δu

(6.49)

Ωu [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T = Λu

(6.50)

ΨLF (𝑋 u , 𝑌 u , 𝑋 c0 , 𝑌 c0 ) ≤ 0

(6.51)

ΩLF (𝑋 u , 𝑌 u , 𝑋 c0 , 𝑌 c0 ) = 0

(6.52)

(𝑋 c0 , 𝑌 c0 ) ∈ argmin(𝐹c [𝑋 u 𝑌 u 𝑋 c 𝑌 c ]T )

(6.53)

𝑋 c ,𝑌 c

s.t.

Ψc [𝑋 u 𝑌 u 𝑋 c 𝑌 c ]T ≤ Δc

(6.54)

Ωc [𝑋 u 𝑌 u 𝑋 c 𝑌 c ]T = Λc

(6.55)

where 𝑋 u , 𝑌 u , 𝑋 c and 𝑌 c are the integer variables in (6.27), continuous variables in (6.27), integer
variables in (6.24) and continuous variables in (6.24), respectively. 𝐹𝑢 and 𝐹𝑐 are the matrix of multipliers
of the objective functions described in (6.28) and (6.25), respectively. In (6.49) and (6.50), all the

118

constraints in (6.36)-(6.47) are included. The load flow equations in (6.31)-(6.35) are described in (6.51)(6.52). The constraints in (6.26) are duplicated in (6.54)-(6.55). It is worth mentioning that 𝐹u , Ψu , Ωu , 𝐹c ,
Ψc and Ωc are matrices and their respective equations are linear, but ΨLF and ΩLF are nonlinear functions.
Equation (6.53) is replaced by the corresponding KKT conditions as presented in (6.56)-(6.68),
SG2
min

𝑋 u ,𝑌 u ,𝑋 c0 ,𝑌 c0
𝑌 cz ,𝜇cz ,𝜗cz

s.t.

𝐹u [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T

(6.56)

Ψu [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T ≤ Δu T

(6.57)

Ωu [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T = Λu T

(6.58)

ΨLF (𝑋 u , 𝑌 u , 𝑋 c0 , 𝑌 c0 ) ≤ 0

(6.59)

ΩLF (𝑋 u , 𝑌 u , 𝑋 c0 , 𝑌 c0 ) = 0

(6.60)

Ψc [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T ≤ Δc T

(6.61)

Ωc [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T = Λc T

(6.62)

𝐹c [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T ≤ 𝐹c [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T

(6.63)

Ψc [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T ≤ Δc T

(6.64)

Ωc [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T = Λc T

(6.65)

−𝐹cy T + Ψcy T 𝜇 cz + Ωcy T 𝜗 cz = 0

(6.66)

𝜇 cz ⊥ (Δc T − Ψc [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T )

(6.67)

𝜇 cz ≥ 0, 𝑋 cz ∈ ΘX

(6.68)

where 𝑋 c0 and 𝑌 c0 are dummy variables to duplicate the lower-level variables at the upper-level problem
(ULP). Also, 𝑋 cz is a given candidate solution for integer variables of the lower-level problem, thus
becoming a constant parameter for the ULP. Moreover, 𝑌 cz is introduced to find the optimal solution for
the lower-level problem at any given set of (𝑋 u , 𝑌 u , 𝑋 cz ). The KKT conditions of the lower-level problem
are given in (6.64)-(6.68). The model described in (6.56)-(6.68) is the ULP.
Relaxing the constraint (6.63) with the auxiliary variable 𝜀𝑧 and applying the BD, we have:
SG3 − MP
min

𝑋 u ,𝑌 u ,𝑋 c0 ,𝑌 c0

s.t.

𝐹u [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T

(6.69)

(6.57)-(6.62)
0 ≥ 𝜀𝑧 ∗ + Ξ([𝑋 u

(6.70)
𝑌 u ] − [𝑋 u∗

𝑌 u∗ ])
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(6.71)

SG3 − SP
min
𝐹 [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T + 𝜚 𝜀𝑧
cz c

(6.72)

s.t.

(6.64) and (6.65)

(6.73)

𝑋 u = 𝑋 u∗ , 𝑌 u = 𝑌 u∗ , 𝑋 cz ∈ ΘX , 𝜀𝑧 ≥ 0

(6.74)

𝜀𝑧 ≥ 𝐹c [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T − 𝐹c [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T

(6.75)

𝑌

where the original ULP in (6.56)-(6.68) is decomposed into a master problem (SG3 − MP) in (6.69)-(6.71),
and a linear programming subproblem (SG3 − SP) in (6.72)-(6.75). A cut will be added to SG3 − MP at
each iteration as presented in (6.71).
To calculate Ξ, let Ξ̂ be the vector of Lagrangian multipliers associated with constraints 𝑋 u = 𝑋 u∗ and
𝑌 u = 𝑌 u∗ in (6.72)-(6.75). The multipliers in 𝜛
̂ can be interpreted as the impact of variation in [𝑋 u

𝑌u ]

on the value of the optimal objective function, i.e. 𝐹c [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T + 𝜚 𝜀𝑧 . We are only interested in
their impact on 𝜀𝑧 to create the optimality cut (6.71). If (6.75) is not binding, then the impacts of 𝑋 u = 𝑋 u∗
and 𝑌 u = 𝑌 u∗ are zero, thus no cut will be added to SG3 − MP. If (6.75) is binding, then Ξ̂ = 𝜚Ξ for all
variables except 𝑛𝑐𝑖𝑡𝑔 , i.e. the level of NC. Note that those variables have no impact on the optimal solution
of 𝐹c [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T , which means their associated Lagrangian multipliers only refer to their impact on
𝜚 𝜀𝑧 . Let the impact of 𝑛𝑐𝑖𝑡𝑔 on 𝐹c [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T and 𝐹c [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T be 𝑥1 and 𝑥2 , respectively.
Hence, we can say ξ = 𝑥1 + 𝜚(𝑥2 − 𝑥1 ). In addition, 𝑥2 is the Lagrangian multiplier of constraint (6.82) in
the following problem,
𝑛𝑔

(6.76)

c0
min
∑ 2𝑔−1 𝑒𝑖𝑡𝑔
c0
𝑒

s.t.

𝑔=1
c0
𝑒𝑖𝑡𝑔
≤ 𝜋𝑖𝑡c0

(6.77)

c0
𝑒𝑖𝑡𝑔
≤ M 𝑛𝑐𝑖𝑡𝑔

(6.78)

c0
𝑒𝑖𝑡𝑔
≥ 𝜋𝑖𝑡c0 − M(1 − 𝑛𝑐𝑖𝑡𝑔 )

(6.79)

c0
𝑒𝑖𝑡𝑔
≥0

(6.80)

𝜋𝑖𝑡c0 = 𝜋𝑖𝑡c0∗

(6.81)

𝑛𝑐𝑖𝑡𝑔 = 𝑛𝑐𝑖𝑡𝑔 ∗ :

𝑥2

(6.82)

Having 𝑥2 and ξ, 𝑥1 can be found using ξ = 𝑥1 + 𝜚(𝑥2 − 𝑥1 ) and the impact of 𝑛𝑐𝑖𝑡𝑔 = 𝑛𝑐𝑖𝑡𝑔 ∗ on 𝜀𝑧 is
equal to 𝑥2 − 𝑥1 .
Now, the upper-level problem SG2 in (6.56)-(6.68) is decomposed into a master problem (MP) and
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multiple sub-problems (SP) for any given candidate integer solution of the lower-level problem (LLP), as
presented in (6.83)-(6.84), (6.85)-(6.86) and (6.87), respectively.
MP
min

𝑋 u ,𝑌 u ,𝑋 c0 ,𝑌 c0

s.t.

𝐹u [𝑋 u 𝑌 u 𝑋 c0 𝑌 c0 ]T

(6.83)

(6.70) and (6.71)

(6.84)

SP
min
𝐹 [𝑋 u 𝑌 u 𝑋 cz 𝑌 cz ]T + 𝜚 𝜀𝑧
cz c

(6.85)

s.t.

(6.86)

𝑌

(6.73)-(6.75)

LLP
Programming problem (6.24)-(6.26) for ∀𝑖 ∈ Θ

(6.87)

Existence of the Stackelberg equilibrium
To solve the SPs in (6.85)-(6.86), it suffices to solve the LLP in (6.87) with the fixed values for the
integer variables. The solution strategy to the ULP and LLPs is illustrated in Figure 6.4. The proposed
solution strategy converts the original bilevel SG model (6.48)-(6.55) to an upper-level MISOCP model
and a lower-level MILP problem which available commercial solvers like Gurobi can guarantee to find the
global optimal solution. The ULP is decomposed into the MP (6.83)-(6.84) and multiple SPs (6.85)-(6.86).
There are two iterative algorithms, i.e. (MP, SP) and (ULP, LLP). The convergence of the iterative algorithm
(MP, SP) is guaranteed because SP is an LP problem, as reported in [269]. Regarding the convergence of
(ULP, LLP), if all the possible combinations of integer variables in the LLPs are in hand, the problem would
be solved in one iteration, as reported in [268]. At any iteration, a new combination of integer variables will
be added to the model if the algorithm doesn’t converge. As there is a finite number of combinations of
integer variables, convergence is guaranteed. Since the reformulated and decomposed problem is equivalent
to the original bilevel SG model, one can say the proposed solution strategy will converge to the SE.
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Set 𝐿𝐵 = −∞, 𝑈𝐵 = +∞, 𝜖 = 0.01, 𝓏 = 0, Z = ∅, and ΘX = ∅

Solve master problem (MP) (10)
Denote optimal solution as (𝑋 u∗ , 𝑌 u∗ , 𝑋 c0∗ , 𝑌 c0∗ ) and
update 𝐿𝐵 = 𝐹u [𝑋 u∗ 𝑌 u∗ 𝑋 c0∗ 𝑌 c0∗ ]T
Solve sub-problems (SP) (11) at (𝑋 u∗ , 𝑌 u∗ , 𝑋 cz ) for ∀𝑧 ∈ Z
Denote optimal solution as 𝑌 cz ∗ for ∀𝑧 ∈ Z and update 𝜀𝑧∗
Is 𝜀𝑧∗ ≤ 𝜖 for ∀𝑧 ∈ Z?

No

Add constraint (7b)
to the MP (10)

Yes
Solve LLP at (𝑋 u∗ , 𝑌 u∗ ) and denote optimal solution as (𝑋 c∗ , 𝑌 c∗ )

Add 𝑋 c∗ to set ΘX , 𝓏 = 𝓏 + 1, and add 𝓏 to set Z
If (𝑋 u∗ , 𝑌 u∗ , 𝑋 c∗ , 𝑌 c∗ ) is feasible, update 𝑈𝐵 = 𝐹c [𝑋 u∗ 𝑌 u∗ 𝑋 c∗ 𝑌 c∗ ]T
Is 𝑈𝐵 − 𝐿𝐵 ≤ 𝜖 for ∀𝑧 ∈ Z?

No

Yes
Return the optimal solution: (𝑋 u∗ 𝑌 u∗ 𝑋 c∗ 𝑌 c∗ )

Figure 6.4. Solution strategy

6.7 Simulations
To examine the proposed model in an LV network where the voltage problems are more likely to happen,
a real 23-bus LV distribution network in Perth, Australia is selected which was already adopted as the test
case in [270-272] (Figure 6.5). The real-world load data which was measured by the meters, as well as the
household PV generation profiles extracted from [273] and real-world wholesale market prices data
obtained from Australian Energy Market Operator (AEMO) data dashboard [274], are collected and
grouped into 8 clusters using the k-means clustering method. The load, PV generation, and wholesale price
are recorded every 1 hour across one year. The recorded load data are per phase which has been aggregated
to three-phase loads as it is common to consider three-phase balanced systems in planning studies. The
probability of each cluster is provided in Table 6.1. The simulation parameters are listed in Table 6.2. The
set of candidate DGs and ESSs are represented in Table 6.3 and Table 6.4, respectively. Four cases are
studied as follows:
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Case 1) Integrated planning with no NETS (base case)
Case 2) Integrated planning with NETS and dynamic NC
Case 3) Integrated planning with NETS and static NC
Case 4) Integrated planning with no investment by end-users

Table 6.1 Probability of Clusters

Cluster No.

1

2

3

4

5

6

7

8

Probability

0.334

0.113

0.019

0.034

0.112

0.158

0.210

0.020

Table 6.2 Simulation Parameters

Parameter

Value

Rated power of candidate PV

3×5kW

Investment cost of candidate PV

3×$5,000

Investment cost of candidate battery

$3,000

Rated power of candidate battery

4.5 kW

Rated energy of candidate battery

6 kW

Max-min SoC of candidate battery

5%-92%

Charging/discharging efficiency of candidate
battery

0.95

Acceptable voltage range

0.90 p.u. – 1.05 p.u.

Current capacity of lines

216 A, 251 A and 333 A for cables Mars, Moon,
and the new cable

New line’s investment cost

$7,500 per km

New transformer’s investment cost

$150 per kVA
Table 6.3 DGs Characteristics

DG No.

Rated Power (kW)

Cost Coefficient ($/kWh)

Inv. Cost ($)

1

50

0.375

25,000

2

20

0.500

20,000

Table 6.4 ESSs Characteristics

ESS
No.

Rated Power
(kW)

Rated Energy
(kWh)

Inv. Cost
($)

Charge/discharge
efficiency

Lifetime
(cycles)

1

14

30

10,000

0.95

6000

2

10

20

8,500

0.95

6000

Table 6.5 Comparison of Results

Case
No.

Costs incurred to the utility
Total
($/year)

Investment
($/year)

Operation
($/year)

Costs incurred to end-users
Total
($/year)

Investment
($/year)

Operation
($/year)

Total Cost
($/year)

1

-8,631

9,364

-17,995

197,529

11,096

186,433

188,898

2

-14,600

2,263

-16,863

196,511

11,461

185,050

181,911

123

3

-7,655

9,364

-17,019

196,553

11,096

185,457

188,898

4

-14,726

7,101

-21,827

200,577

0

200,577

185,851

The total, investment and operating costs incurred to the utility and end-users are listed in Table 6.5.
While end-users’ total cost varies slightly among cases 1-3, the total cost of electrification was reduced by
$6,987 per year (3.7%) in case 2 when compared to cases 1 and 3. This was mainly due to a $7,101 saving
per year in the utility’s investment cost in case 2 when compared to case 1 and 3. The saving represents the
value of the proposed method (case 2) in avoiding unnecessary grid upgrades.
Although cases 1 and 3 resulted in different solutions, the investment plans for the utility and end-users
were similar, as well as the total cost of the electrification. This highlights that a static NC (case 3) will not
effectively encourage the users neither to adopt more DERs nor to use them to assist the utility. There were
some differences in the total cost borne to the utility or users that merely came from the exchange of money
between the utility and users. Essentially, the utility’s total cost in case 1 was $976 per year lower than case
3, while the customers’ total cost in case 1 was $976 per year higher than case 3.
In case 4, i.e. conventional approach, no customer investments could take place, but the NET was active
and the end-users who already owned DERs could trade energy with others. While the profit of the utility
in case 4 is $126 more than case 2, but it still had to spend an extra $4,838 per year to replace the transformer
and branch L7 which could be avoided as in case 2. Also, the users are $4,066 per year better off if they
could install DERs. Furthermore, the total cost of electrification increased by 2.1% from $181,911 per year
in case 2 to $185,851 per year in case 4, which is the cost of preventing the end-users from installing DERs.
The benefit of selling energy to consumers is high enough to compensate for other utility costs, resulting
in a negative utility total cost (Table 6.5). Also, the end-users in this LV network are mainly residential and
their consumption is dominant. Therefore, installing one PV unit does not change the fact that they have a
much higher daily electricity consumption than generation. That is why they have a positive total cost.
The implementation of the NET and dynamic NC had a pronounced impact on the investment plan of
the utility and the end-users (Figure 6.5). The new battery installed at B12 discharges completely and
provides 4.5 kWh of energy in the period 6 PM-7 PM in cluster 8 of which 4.1 kWh is sold in the NETS
and the remaining 0.4 kWh is self-consumed. The utility offered to pay $5 per kWh to the end-user located
at B12 at this time slot for energy trading with others, thereby the end-user finds it profitable to sell the
energy stored in the battery in the NETS.
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Figure 6.5.Loading level in branches in a typical day of cluster 8 from 6 PM-7 PM

The overloading in the substation transformer and the branch L7 in case 1 is treated in case 2 by utilising
all the available assets in the network, including the DERs in end-users’ premises. Interestingly, the loading
level of the substation transformer and L7, L9, and L10 are reduced by 12%, 30%, 25% and 24%,
respectively. Analogously, the voltage level in case 2 is improved when compared to case 1, particularly,
all the voltages are above 0.92 per unit (p.u.). By changing V𝑚𝑖𝑛 to 0.92 p.u., a 50-kW diesel generator
(Table 6.5) was installed at B17 to improve the voltage profile and the congestion in the network. This
would increase the utility’s cost by $840 per year.
The end-users at B10, B21, B9, B12, and B1 had the highest profitability comparing case 2 with case 1,
in descending order (Figure 6.5 and Figure 6.7). No end-user was worse off. Also, the positive profitability
at B12 reveals that the revenue earned by the battery at B12 paid off the investment cost. The simulations
showed the users who had more energy available (excess generation from DERs) to sell made the most out
of the NETS. Also, the end-users at B3 and B7 had positive profitability of $15 and $19 per year,
respectively.
Dynamic NC had a significant impact on energy trades in the NET (Figure 6.6). Offering negative NC
to users at B12 and B15 enabled the NET price to reach $33 per kWh. Given the NC value at B12 during
the period 6 PM to 7 PM in cluster 8, the end-user at B12 sold the stored energy in his battery for $38 per
kWh. Compared to the retail energy price of $28 per kWh this shows a 36% increase in the worth of energy
at the NET at that period.
Figure 6.6 presents the profitability of end-users in cases 2-4 when compared to case 1. The end-users
without changes in their total cost among all cases are not shown. This figure shows that the end-users who
acted as sellers in the NETS made the most profit out of the NETS, while those who always acted as buyers
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saw no profit. This makes sense as the total demand is always greater than the total generation in this
network, and this drives the cost of buying electricity from the NET (sum of NET price and NC) up to the
retail price. In other words, it is profitable for sellers but makes no difference for buyers. This matches well
with [20]. Moreover, every end-user with a newly installed PV unit in case 1 (Figure 6.5) bore more costs
in case 4 due to not investing in PV units when compared to case 1. This holds for end-users at B3, B4,
B11, B16, B21, and B23. Also, case 4 is more profitable than case 1 for the end-users that had an excess of
generation provided by existing DERs to sell in the NETS (i.e., the end-users at B1, B7, B9, B10, and B12).
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Figure 6.6. Network charge and the price of electricity in the NETS in cluster 8
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Figure 6.7. Profitability of end-users compared to case 1 (base case)

6.8 Conclusions
The chapter aims at providing an improved planning framework that could be exploited by power utilities
to achieve a more efficient and affordable development of modern power distribution network.
The proposed approach includes the effects of the expected optimal decision by the final users in the
decision-making procedure of the utility. Moreover, the procedure provides the indication of the NC levels
that should be applied to end-users participating in neighbourhood energy trading schemes. The advantages
of the proposed approach are 1) it enables the utility to rationalise the appropriate use of the network via
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designing the NC thus avoiding any unnecessary and costly investments; 2) allows end-users to trade energy
and make the full utilisation of their DER facilities, and 3) provides a framework to exploit the flexibilities
of end-users to address the grid needs. The Benders decomposition technique is adopted to provide a fast
and accurate solution algorithm to the proposed planning procedure. There are some aspects that need
further consideration and an improved representation in the model including all the sources of uncertainty
including the uncertainty in end-users’ decision making, reliability costs, and the effects of the adoption of
smart grid technologies.
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Chapter 7 A Convex Bilevel Representation of Power Flow
Equations in Radial Networks1

7.1 Summary
The power flow equations are the core of many control and optimisation problems in electric power
systems. The original power flow equations are nonlinear and nonconvex. Current relaxation techniques in
the literature may lead to infeasible or sub-optimal solutions when the network operates close to its technical
limits. This chapter explores the applicability and performances of a bilevel model for optimisation
problems with embedded power flow equations of networks with radial configuration. The proposed model
is converted into its equivalent single-level formulation and then is further decomposed using the Benders
decomposition. The decomposed programming problem is convex and has a guaranteed convergence under
one mild condition. In the decomposed formulation, the master problem is the main problem with relaxed
power flow equations, while the feasibility of the solution to the master problem is checked in the subproblem. The other advantage of the proposed model is that the sub-problem can be seen as a power flow
problem and be solved external to the master problem by a usual algorithm. The extensive numerical
simulations on IEEE 13, 33 and 123 bus test systems, as well as a 4-bus network and a real 23-bus LV
distribution network in Perth, Australia, reveals that the proposed model has promising performances in
terms of quality of the solutions, compression of the feasible space, and computation speed.

Nomenclature
Parameters
𝑟𝑖

Resistance of branch 𝑖

𝑥𝑖

Reactance of branch 𝑖

𝑏𝑖

Susceptance of branch 𝑖

𝛼𝑖,𝑗

Binary parameter - 1 if the sending end of line 𝑗 is connected to bus 𝑖, otherwise 0.

𝛽𝑖,𝑗

Binary parameter - 1 if branch 𝑗 is located downstream of bus 𝑖, otherwise 0.

𝑣 𝑚𝑎𝑥 ,𝑣 𝑚𝑖𝑛

Upper and lower bounds on square voltage magnitudes

𝑢𝑖𝑚𝑎𝑥

Upper bound on square current magnitudes in branch 𝑖

𝜌

A small number

𝛾𝑖

Binary parameter - 1 if the 𝑖=1, otherwise 0.

1
This chapter is based on J. M. Delarestaghi, A. Arefi, G. Ledwich, A. Borghetti, and C. Lund, “A Convex Bilevel Representation
of Power Flow Equations in Radial Networks,” under review in IEEE Transactions on Power Systems.
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Sets
I

Set of all nodes/branches

M

Set of busbars with controllable devices

Variables
𝑃𝑖𝑠 , 𝑃𝑖𝑠0

Active power flow at the sending end of line 𝑖, and the corresponding duplicated
variable

𝑄𝑖𝑠 , 𝑄𝑖𝑠0

Reactive power flow at the sending end of line 𝑖, and the corresponding duplicated
variable

𝑃𝑖𝑏 , 𝑃𝑖𝑏0

Active power flow at the receiving end of line 𝑖, and the corresponding duplicated
variable

𝑄𝑖𝑏 , 𝑄𝑖𝑏0

Reactive power flow at the receiving end of line 𝑖, and the corresponding variable

𝒬𝑖 , 𝒬𝑖0

Reactive power flow in the central element of the Π-model of line 𝑖, and the
corresponding duplicated variable

𝑣𝑖 , 𝑣𝑖0

Square voltage magnitude at bus 𝑖, and the corresponding duplicated variable

𝑣𝑢𝑝(𝑖)

Square voltage magnitude at upstream bus of bus 𝑖

𝑢𝑖 , 𝑢𝑖0

square current magnitude in branch 𝑖, and the corresponding duplicated variable

𝑝𝑖 , 𝑞𝑖

Active and reactive powers drawn from the grid at bus 𝑖

𝑥̅

Set of control variables

𝑝𝑖𝑐𝑑

Active power drawn/injected from/to the grid by the controllable device at bus 𝑖

𝜆𝑖 , 𝜇𝑖 , 𝜋𝑖 , 𝜂𝑖 ,
𝜃𝑖 , 𝜑𝑖 , and 𝜏𝑖

Dual variables

7.2 Introduction
The power flow equations are a set of formulae that identify the relationship between the nodal power
injections and the node voltages. They constitute a key part of many modern optimisation studies in electric
power systems including the optimal power flow (OPF) [241, 275-282], power system planning and
operation [72, 283-285], unit commitment [286, 287], estate estimation [288, 289] etc. The power flow
equations enable the researchers and decision-makers to understand the limitations of the energy systems.
Essentially, in modern energy networks with a high level of uncertainty, it is crucial to know the capabilities
of the system for a safe, secure and reliable supply of power.
The AC power flow equations are nonlinear. The corresponding formulation of the optimal power flow
(OPF) results in a nonconvex programming problem which cannot be tackled by commercial mathematical
optimisation solvers. Besides, these programming problems are found to be NP-hard in some cases and
challenging to solve [290]. Coping with the nonconvexity of the power flow equations has been the intent
of many works over the past decade. These works can be classified as the models that approximate the
original power flow equations [289, 291, 292], and the models that reformulate the original power flow
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equations as a convex semi-definite programming (SDP) [275, 276] or a second-order cone programming
(SOCP) relaxation [224, 241, 277, 281, 293, 294].
The approximated models use linearised power flow formulations. These approaches improve the
computation speed and can apply powerful off-the-shelf linear optimisation solvers. On the other hand, the
approximations are made based on certain assumptions that may limit the accuracy.
The relaxation methods have obtained considerable attention recently, due to their accuracy and
practicality. These methods work based on relaxing the complicating constraints in power flow equations,
which results in a reshaped feasible region. The bright side of using relaxations is that they provide more
accurate solutions. Also, the commercial mathematical optimisation solvers can guarantee the global
optimality of the solution to them. However, the feasibility of the optimal solution remains a question,
especially when the node voltage and branch current upper limits are binding. A relaxation that returns a
feasible optimal solution is called an exact relaxation of the original problem.
Various techniques have been developed to obtain SDP and SOCP relaxations while providing sufficient
conditions under which the relaxations are exact. In [275], an SDP relaxation of the OPF equations is
proposed for radial distribution networks and sufficient conditions are presented to guarantee a zero
relaxation gap. However, this approach is developed for the typical OPF problem and has limitations in
other power system optimisation problems [295]. The work in [275] is expanded to mesh transmission
networks in [276]. Comprehensive, thorough and detailed reviews of power flow representations and conic
relaxations have been recently provided in [296] and [297].
This chapter focuses on the use of a SOCP model, since, as reported in [278] and [296], SOCP relaxations
may provide superior convergence and computation characteristics in single-phase or balanced three-phase
radial distribution networks when compared to SDP relaxations. A number of SOCP relaxations of power
flow equations are proposed in recent years [224, 241, 277-279]. In order to introduce the contribution of
this chapter, some representative SOCP formulations, their advantages and shortcomings are briefly
reviewed in the following.
Farivar et al. [224] develops an SOCP relaxation of power flow equations and exploits the sufficient
conditions to guarantee the exactness of the relaxed model. The global optimal solution can be derived from
the relaxation if there is no upper bound on nodal injections. The exactness of the augmented SOCP
relaxation of the OPF problem in radial distribution networks is investigated in [277]: it exists when there
is no upper bound on node voltages. These conditions do not always hold. For example, the operational
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constraints of power generators and the overvoltage issues arising from the backfeed from the increasing
number of PV systems in distribution networks cannot be adequately represented. Branch current limits are
not considered in [277].
The SOCP relaxation is further augmented in [281] and [241] to provide sufficient conditions under
which the optimal solution of the original OPF problem can be recovered from the optimal solution to its
relaxation. The relaxation in [281] requires mild reverse flow in branches to be exact. This is the main issue
of using this model in modern power distribution networks. Nick et al. [241] propose an augmented SOCP
relaxation. This model also considers the shunt elements in lines. Extensive proofs are presented in [241]
to guarantee the exactness of the augmented relaxation under some mild conditions that normally hold in
real distribution networks. This technique introduces several auxiliary variables to the optimisation model
that may increase the size of the problem and limits its scalability. Besides, some operating points that fall
inside the acceptable technical range are eliminated from the feasible region due the augmentation. These
reduction in the feasible region may result in undesirable sub-optimality of the solutions [282]. All the
reviewed techniques in the SOCP relaxation of the OPF problem tighten the relaxed OPF problem by adding
new constraints to ensure that its optimal solution is feasible.
The contributions of this chapter are the following.
•

A new technique to guarantee the exactness of the convex power flow equations is presented. A
bilevel programming problem is proposed for a wide range of optimisation problems in electric
systems in which power flow equations are an essential part. In this bilevel problem, the upper
level applies a relaxed model with no extra variables or constraints, except the feasibility cuts from
the lower-level problem. The convergence of the decomposed problem is assessed.

•

The lower-level problem is formulated so that it can be solved by a classical power flow algorithm
(or an external power flow solver) with no voltage or current upper or lower limits. This facilitates
the applicability and scalability of the proposed model.

•

The exactness of the model is proved under one mild condition: if the magnitude of current in any
line decreases, the voltage of all busbars will not decrease. This assumption typically holds for
radial power networks. The shunt elements of lines are also considered.

The performance of the proposed approach is shown by several numerical tests and by the comparisons
with the other optimal power flow models in terms of feasible region contraction and computational speed.
The tests are carried out for five systems: a simple 4-bus network for illustrative purposes, a real 23-bus
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LV distribution network, and three benchmark IEEE networks with different sizes and characteristics.
The remainder of this chapter is structured as follows. Section 7.3 gives a general presentation of the
problem formulation. The proposed solution method is described in Section 7.4. Section 7.5 presents
numerical studies. The conclusions are drawn in Section 7.6.

7.3 Problem Formulation
The power flow equations dealt with in this chapter are those of the DistFlow model [225, 228]. It is well
understood that many optimisation problems in the power system domain need to check the equipment
operating limits and network security in general. This yields adding nonlinear and nonconvex power flow
equations to the optimisation model. Finding a solution to tackle the nonconvexity of power flow equations
has been an interesting topic over the past few years [241, 277, 280, 298-300].
The DistFlow model is developed for radial networks, where there is only one branch located in the
immediate upstream of any bus in the network. Excluding the slack bus (i.e., the connection to the HV
network), the number of buses corresponds to the number of branches. Thus, let the index of a branch be
the same as the index of the bus at its receiving end, as shown in Figure 7.1.
𝑣𝑢𝑝 (𝑖)

𝑣𝑖

𝑃𝑖𝑠 + 𝑗𝑄𝑖𝑠 𝑃𝑖𝑠 + 𝑗𝒬𝑖
𝑢𝑖

𝑃𝑖𝑏 + 𝑗𝑄𝑖𝑏

r𝑖 + 𝑗x𝑖

∑ α𝑖,𝑗 𝑃𝑗𝑠
𝑗 ∈I

𝑢𝑖
b𝑖

b𝑖

𝑝𝑖 + 𝑗𝑞𝑖

Figure 7.1.Illustration of the adopted line model, variables and parameters [241]

The DistFlow formulation corresponding to Figure 7.1 is
(7.1)

𝑃𝑖𝑠 = 𝑝𝑖 + r𝑖 𝑢𝑖 + ∑ α𝑖,𝑗 𝑃𝑗𝑠 ∀𝑖 ∈ I
𝑗∈I

𝑄𝑖𝑠 = 𝑞𝑖 + x𝑖 𝑢𝑖 + ∑ α𝑖,𝑗 𝑄𝑗𝑠 − b𝑖 (𝑣𝑢𝑝(𝑖) + 𝑣𝑖 ) ∀𝑖 ∈ I

(7.2)

𝑗∈I

(7.3)

𝑃𝑖𝑏 = 𝑝𝑖 + ∑ α𝑖,𝑗 𝑃𝑗𝑠 ∀𝑖 ∈ I
𝑗∈I

(7.4)

𝑄𝑖𝑏 = 𝑞𝑖 + ∑ α𝑖,𝑗 𝑄𝑗𝑠 ∀𝑖 ∈ I
𝑗∈I

𝒬𝑖 = 𝑄𝑖𝑠 + b𝑖 𝑣𝑢𝑝(𝑖) = 𝑄𝑖𝑏 + x𝑖 𝑢𝑖 − b𝑖 𝑣𝑖 ∀𝑖 ∈ I

(7.5)
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𝑣𝑖 = 𝑣𝑢𝑝(𝑖) − 2(r𝑖 𝑃𝑖𝑠 + x𝑖 𝒬𝑖 ) + (r𝑖 2 + x𝑖 2 )𝑢𝑖 ∀𝑖 ∈ I

(7.6)

(𝑃𝑖𝑠 )2 + (𝒬𝑖 )2 − 𝑢𝑖 𝑣𝑢𝑝(𝑖) = 0 ∀𝑖 ∈ I

(7.7)

𝑢𝑖 ≥ 0 ∀𝑖 ∈ I

(7.8)

𝑣𝑖 ≥ 0 ∀𝑖 ∈ I

(7.9)

Here, 𝑃𝑖𝑠 and 𝑄𝑖𝑠 are the active and reactive power flows at the sending end of branch 𝑖, respectively, 𝑝𝑖 and
𝑞𝑖 denote the active and reactive powers drawn from the grid at bus 𝑖, respectively, 𝑣𝑖 is the square voltage
magnitude at bus 𝑖, 𝑢𝑖 is the square current magnitude in branch 𝑖, 𝒬𝑖 denotes the reactive power flow in
the central element of the Π-model of branch 𝑖 and α𝑖𝑗 is a binary parameter that takes the value of 1 only
if the sending end of branch 𝑗 is connected to bus 𝑖.
The set of equations in (7.1)-(7.9) is nonlinear and result in a nonconvex programming problem due to
the equality constraint (7.7). One approach to overcome the nonconvexity of power flow equations in (7.1)(7.9) is to replace the constraint (7.7) with inequality, as represented in (7.10) and (7.11),
Relaxed Power Flow Equations
equations (1a)-(1f), (1h) and (1i)

(7.10)

(𝑃𝑖𝑠 )2 + (𝒬𝑖 )2 − 𝑢𝑖 𝑣𝑢𝑝(𝑖) ≤ 0 ∀𝑖 ∈ I

(7.11)

The power flow equations in (7.10) and (7.11) are convex. This offers an SOCP problem, provided that
the other equations in the optimisation problem are linear. The SOCP problems, both continuous and mixedinteger, can be solved by a range of commercial solvers, including Gurobi [158], CPLEX[159], XPRESS
[160], and MOSEK [161]. The exactness of the relaxed power flow equations in (7.10) and (7.11) is verified
in [224, 293] under some conditions, including the strong assumption of having infinite upper bounds for
controllable loads. However, the relaxed power flow equations in (7.10) and (7.11) may fail to obtain
feasible and/or physically meaningful solutions, as examined in [280]. Essentially, when an overvoltage or
overcurrent occurs in the network, the solution to the optimisation problem with the relaxed power flow
equations in (7.10) and (7.11) may not satisfy the equality constraint (7.7).
Following the proof provided in [293] and the conditions presented in [241], the following condition for
the exactness of the relaxation can be introduced.
Theorem 1: If for ∀𝑖, 𝑗 ∈ I,
𝑑𝑣𝑖
≤0
𝑑𝑢𝑗

(7.12)

𝑣𝑖 ≤ 𝑣 𝑚𝑎𝑥

(7.13)
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then the set of equations in (7.10) and (7.11) are an exact relaxation of (7.1)-(7.9).
Proof: we will show this with proof by contradiction, such that we assume the optimal solution to the
optimisation problem with power flow equations (7.10) and (7.11) in the form of (𝑃 𝑠∗ , 𝑄 𝑠∗ , 𝑄𝑏∗ , 𝒬 ∗ , 𝑣 ∗ , 𝑢∗ )
has strict inequality in (7.11) for ∃𝑖 ∈ I, as follows,
∗
(𝑃𝑖𝑠∗ )2 + (𝒬𝑖∗ )2 < 𝑢𝑖∗ 𝑣𝑢𝑝(𝑖)

(7.14)

Now, one can write,
∗
(𝑃𝑖𝑠∗ )2 + (𝒬𝑖∗ )2 = (𝑢𝑖∗ − 𝜖)𝑣𝑢𝑝(𝑖)

(7.15)
′

′

′

where 𝜀 is a positive number lower than 𝑢𝑖∗ . Let (𝑃 𝑠 , 𝑄 𝑠 , 𝑄 𝑏 , 𝒬 ′ , 𝑣 ′ , 𝑢′ ) be a new candidate solution such
that,
𝑢𝑖′ = 𝑢𝑖∗ − 𝜖,

𝑢𝑗′ = 𝑢𝑗∗ ∀𝑗 ∈ I − {𝑖}

(7.16)

Considering (7.16), we have
′

∗

′

∗

′

∗

𝑃𝑗𝑠 = 𝑃𝑗𝑠 − r𝑗 β𝑗,𝑖 𝜖

(7.17)

∀𝑗 ∈ I

′
∗
𝑄𝑗𝑠 = 𝑄𝑗𝑠 − x𝑗 β𝑗,𝑖 𝜖 − b𝑗 (𝑣𝑢𝑝(𝑗)
− 𝑣𝑢𝑝(𝑗)
+ 𝑣𝑗′ − 𝑣𝑗∗ )
′

∗

𝑄𝑗𝑏 = 𝑄𝑗𝑏 + ∑ α𝑗,𝑘 (𝑄𝑘𝑠 − 𝑄𝑘𝑠 )

(7.18)

∀𝑗 ∈ I

(7.19)

∀𝑗 ∈ I

𝑘∈I
∗

𝒬𝑗′ = 𝑄𝑗𝑏 − x𝑗 β𝑖,𝑗 𝜀 − b𝑗 (𝑣𝑗′ − 𝑣𝑗∗ )

(7.20)

where β𝑗,𝑖 is a binary parameter that takes the value of 1 only if branch 𝑖 is located downstream of bus 𝑗.
Under condition (7.12), we have,
𝑣𝑗′ ≥ 𝑣𝑗∗ ∀𝑗 ∈ I

(7.21)

Now, comparing this candidate solution with the optimal solution, we have,
′

∗

′

∗

′

∗

𝑃𝑗𝑠 ≤ 𝑃𝑗𝑠 , 𝑄𝑗𝑠 ≤ 𝑄𝑗𝑠 , 𝑄𝑗𝑏 ≤ 𝑄𝑗𝑏 , 𝒬𝑗′ ≤ 𝒬𝑗∗ ∀𝑗 ∈ I

(7.22)

Combining (7.16), (7.21) and (7.22) with the relaxed constraint (7.15), we get
′ 2

2

(7.23)

′
(𝑃𝑗𝑠 ) + (𝒬𝑗′ ) − 𝑢𝑗′ 𝑣𝑢𝑝(𝑗)
≤ 0 ∀𝑗 ∈ I

Indicating the new candidate solution is a feasible solution for the problem described in (7.10) and (7.11).
Moreover, condition (7.13) assures that there is no overvoltage in the network considering the increase in
′

′

′

voltage magnitudes as presented in (7.21). This suggests that (𝑃 𝑠 , 𝑄 𝑠 , 𝑄 𝑏 , 𝒬 ′ , 𝑣 ′ , 𝑢′ ) entails a lower
imported power from the upstream grid and lower grid losses thus improves the objective function as
compared to (𝑃 𝑠∗ , 𝑄 𝑠∗ , 𝑄𝑏∗ , 𝒬 ∗ , 𝑣 ∗ , 𝑢∗ ). This contradicts the optimality of (𝑃 𝑠∗ , 𝑄 𝑠∗ , 𝑄𝑏∗ , 𝒬 ∗ , 𝑣 ∗ , 𝑢∗ ) and
◼

proves the theorem.
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The optimal solution of the relaxed power flow model in (7.10) and (7.11) is always binding in constraint
(7.11), which means will always satisfy the constraints of the original problem (7.1)-(7.9), if the conditions
(7.12) and (7.13).
As discussed in [241], condition (7.12) can be examined a priori and holds for practical distribution
networks. However, condition (7.13) does not necessarily hold in modern distribution networks with the
uptake of grid-connected distributed energy resources. Inspired by this observation, the main idea of this
chapter is to separate the power flow equations from the voltage and current operational constraints. We
propose a bilevel model in which the lower-level problem is only responsible for power flow equations, i.e.
(7.10) and (7.11), while the upper-level problem is the original optimisation problem without the power
flow equations but with the voltage and current operational limits. The decisions regarding the control
variables, i.e., power injections, are made in the upper-level problem, whereas the lower-level problem is
only meant to find the node voltages and branch currents associated with the power injections defined in
the upper-level problem.
This design resembles a bilevel optimisation model in which the variables of the lower-level problem are
involved in the upper-level constraints. The upper-level problem includes all the decision variables except
the power flow variables. The power flow variables (active and reactive power flows in branches, the branch
currents, and the node voltages) are the only variables in the lower level problem.
A formulation of a generic optimisation problem including the power flow equations is
min

𝑥̅ ,𝑝,𝑞,𝑃𝑠 ,𝑄𝑠 ,
𝑃𝑏 ,𝑄𝑏 ,𝒬,𝑣,𝑢

s.t.

𝒞(𝑥̅ ) + 𝒞 𝑤 (𝑃0𝑠 )

(7.24)

Ψ(𝑥̅ , 𝑝, 𝑞) = 0

(7.25)

Ω(𝑥̅ , 𝑝, 𝑞) ≤ 0

(7.26)

set of equations in (7.10) and (7.11)

(7.27)

𝑣 𝑚𝑖𝑛 ≤ 𝑣𝑖 ≤ 𝑣 𝑚𝑎𝑥 ∀𝑖 ∈ I

(7.28)

(𝑃𝑖𝑠 )2 + (𝑄𝑖𝑠 )2 ≤ 𝑢𝑖𝑚𝑎𝑥 𝑣𝑢𝑝(𝑖) ∀𝑖 ∈ I

(7.29)

2

2

(7.30)

(𝑃𝑖𝑏 ) + (𝑄𝑖𝑏 ) ≤ 𝑢𝑖𝑚𝑎𝑥 𝑣𝑖 ∀𝑖 ∈ I

where 𝑥̅ denotes all the control variables. The objective function includes the cost of procuring control
variables and the cost of importing power from the upstream grid, as denoted by 𝒞( ) and 𝒞 𝑤 ( ),
respectively. The power flow equations are presented in (7.27). The nodal voltage limits are added to the
model in (7.28). Equations (7.29)-(7.30) represent the branch current limits.
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The proposed bilevel model that separates the voltage and current operational constraints from the power
flow equations are:
min

𝒞(𝑥̅ ) + 𝒞 𝑤 (𝑃0𝑠0 )

(7.31)

Ψ(𝑥̅ , 𝑝, 𝑞) = 0

(7.32)

Ω(𝑥̅ , 𝑝, 𝑞) ≤ 0

(7.33)

𝑣 𝑚𝑖𝑛 ≤ 𝑣𝑖0 ≤ 𝑣 𝑚𝑎𝑥 ∀𝑖 ∈ I

(7.34)

0
(𝑃𝑖𝑠0 )2 + (𝑄𝑖𝑠0 )2 ≤ 𝑢𝑖𝑚𝑎𝑥 𝑣𝑢𝑝(𝑖)
∀𝑖 ∈ I

(7.35)

𝑥̅ ,𝑝,𝑞,𝑃𝑠0 ,𝑄𝑠0 ,𝑃𝑏0 ,
𝑄𝑏0 ,𝒬 0 ,𝑣 0 , 𝑢0

s.t.

2

2

(7.36)

(𝑃𝑖𝑏0 ) + (𝑄𝑖𝑏0 ) ≤ 𝑢𝑖𝑚𝑎𝑥 𝑣𝑖0 ∀𝑖 ∈ I
(𝑃 𝑠0 , 𝑄 𝑠0 , 𝑃𝑏0 , 𝑄𝑏0 , 𝒬 0 , 𝑣 0 , 𝑢0 ) ∈

argmin
𝑃𝑠 ,𝑄𝑠 ,𝑃𝑏 ,𝑄𝑏 ,𝒬,𝑣,𝑢

s.t.

{𝑃0𝑠

set of equations in (7.10) and (7.11)}

(7.37)
(7.38)

where superscript 0 denotes the variables in the upper-level problem that are optimal to the lower-level
problem.
The upper-level problem of the bilevel formulation (7.31)- (7.38) provides all the decisions regarding
control variables 𝑥̅ and the nodal net power consumptions/injections 𝑝 are determined subject to equality
and inequality constraints (7.32) and (7.33), respectively, as well as the voltage and current operational
constraints (7.34)-(7.36). Given the nodal injections by the upper-level problem, the state variables
including the power and current flows in branches and node voltages are provided by the power flow
equations (7.37) and (7.38). The objective in the lower-level problem is the minimisation of the total
imported power from the upstream grid.

7.4 Solution Method
A common approach to solve bilevel programmes is to replace the lower level problem with the
corresponding KKT conditions [301, 302]. For example, a projection-based technique is presented in [267]
for bilevel programmes with mixed-integer linear programming (MILPs) problems in both upper and lower
levels. This technique introduces new auxiliary integer variables in order to apply big-M formulations
[267]. However, the application of this technique is limited to a special case of mixed-integer bilevel
programmes with a MILP lower level problem. Considering that the lower-level problem in the formulation
(7.31)- (7.38) is an SOCP problem, the projection-based technique cannot be directly applied. Essentially,
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the nonconvexity of the KKT conditions corresponding to the lower level problem in (7.31)- (7.38) cannot
be addressed by the existing techniques in bilevel programming problems.
To solve model (7.31)- (7.38), we first propose reformulating the problem and then apply the Benders
decomposition to be able to compute the optimal solution by off-the-shelf solvers.
Considering that the KKT conditions are both necessary and sufficient for optimality of convex
programming problems [269], the SOCP lower-level problem (7.37) and (7.38) is replaced by the
corresponding KKT conditions:
min

𝒞(𝑥̅ ) + 𝒞 𝑤 (𝑃0𝑠0 )

(7.39)

Ψ(𝑥̅ , 𝑝) = 0

(7.40)

Ω(𝑥̅ , 𝑝) ≤ 0

(7.41)

𝑃𝑖𝑠0 = 𝑝𝑖 + r𝑖 𝑢𝑖0 + ∑ α𝑖,𝑗 𝑃𝑗𝑠0 ∀𝑖 ∈ I

(7.42)

𝑥̅ ,𝑝,𝑞,𝑃𝑠0 ,𝑄𝑠0 ,𝑃𝑏0 ,
𝑄𝑏0 ,𝒬 0 ,𝑣 0 , 𝑢0 ,
𝑃𝑠 ,𝑄𝑠 ,𝒬,𝑣,𝑢

s.t.

𝑗∈I
0
𝑄𝑖𝑠0 = 𝑞𝑖 + x𝑖 𝑢𝑖0 + ∑ α𝑖,𝑗 𝑄𝑗𝑠0 − b𝑖 (𝑣𝑢𝑝(𝑖)
+ 𝑣𝑖0 )

∀𝑖 ∈ I

(7.43)

𝑗∈I

(7.44)

𝑃𝑖𝑏0 = 𝑝𝑖 + ∑ α𝑖,𝑗 𝑃𝑗𝑠0 ∀𝑖 ∈ I
𝑗∈I

(7.45)

𝑄𝑖𝑏0 = 𝑞𝑖 + ∑ α𝑖,𝑗 𝑄𝑗𝑠0 ∀𝑖 ∈ I
𝑗∈I
0
𝒬𝑖0 = 𝑄𝑖𝑠0 + b𝑖 𝑣𝑢𝑝(𝑖)
∀𝑖 ∈ I

(7.46)

0
𝑣𝑖0 = 𝑣𝑢𝑝(𝑖)
− 2(r𝑖 𝑃𝑖𝑠0 + x𝑖 𝒬𝑖0 ) + (r𝑖 2 + x𝑖 2 )𝑢𝑖0

∀𝑖 ∈ I

(7.47)

0
(𝑃𝑖𝑠0 )2 + (𝒬𝑖0 )2 − 𝑢𝑖0 𝑣𝑢𝑝(𝑖)
≤ 0 ∀𝑖 ∈ I

(7.48)

𝑣 𝑚𝑖𝑛 ≤ 𝑣𝑖0 ≤ 𝑣 𝑚𝑎𝑥 ∀𝑖 ∈ I

(7.49)

0
(𝑃𝑖𝑠0 )2 + (𝑄𝑖𝑠0 )2 ≤ 𝑢𝑖𝑚𝑎𝑥 𝑣𝑢𝑝(𝑖)
∀𝑖 ∈ I

(7.50)

2

2

(𝑃𝑖𝑏0 ) + (𝑄𝑖𝑏0 ) ≤ 𝑢𝑖𝑚𝑎𝑥 𝑣𝑖0 ∀𝑖 ∈ I

(7.51)

𝑃0𝑠0 ≤ 𝑃0𝑠

(7.52)

equations (7.1), (7.2), (7.5), (7.6), (7.8), (7.9) and (7.11)

(7.53)

𝛾𝑖 + 𝜆𝑖 − ∑ 𝜆𝑗 α𝑗,𝑖 + 2r𝑖 𝜂𝑖 + 2𝑃𝑖𝑠 𝜃𝑖 = 0 ∀𝑖 ∈ I

(7.54)

𝑗∈I
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(7.55)

𝜇𝑖 − ∑ 𝜇𝑗 α𝑗,𝑖 − 𝜋𝑖 = 0 ∀𝑖 ∈ I
𝑗∈I

𝜋𝑖 + 2x𝑖 𝜂𝑖 + 2𝒬𝑖 𝜃𝑖 = 0 ∀𝑖 ∈ I

(7.56)

𝑏𝑖 𝜇𝑖 + ∑ 𝜇𝑗 𝑏𝑗 α𝑖,𝑗 − ∑ 𝜋𝑗 𝑏𝑗 α𝑖,𝑗 + 𝜂𝑖 − ∑ 𝜂𝑗 α𝑖,𝑗 − ∑ 𝜃𝑗 𝑢𝑗 α𝑖,𝑗 − 𝜏𝑖 = 0 ∀𝑖

(7.57)

𝑗∈I

𝑗∈I

𝑗∈I

𝑗∈I

∈I
𝑟𝑖 𝜆𝑖 + 𝑥𝑖 𝜇𝑖 + (𝑟𝑖 2 + 𝑥𝑖 2 )𝜂𝑖 + 𝜃𝑖 ∑ α𝑗,𝑖 𝑣𝑗 + 𝜑𝑖 = 0 ∀𝑖 ∈ I

(7.58)

𝑗∈I

𝜃𝑖 ((𝑃𝑖𝑠 )2 + (𝒬𝑖 )2 − 𝑢𝑖 𝑣𝑢𝑝(𝑖) ) = 0 ∀𝑖 ∈ I

(7.59)

𝜃𝑖 ≥ 0 ∀𝑖 ∈ I

(7.60)

where 𝛾𝑖 is a binary parameter that takes the value of 1 only if 𝑖 = 1; 𝜆𝑖 , 𝜇𝑖 , 𝜋𝑖 , 𝜂𝑖 , 𝜑𝑖 , 𝜏𝑖 , and 𝜃𝑖 are the
dual variables of constraints (7.1), (7.2), (7.5), (7.6), (7.8), (7.9) and (7.11), respectively. Constraints (7.42)(7.48) are the same as the power flow equations in (7.38) but with the state variables that are indexed by 0.
The KKT conditions of the lower level problem in (7.37) and (7.38) are presented in (7.53)-(7.60).
Constraint (7.52) forbids any compromise in the feasibility of the optimal solution for the sake of finding a
more affordable plan. This implies that the optimal solution to the formulation (7.39)-(7.60) is binding in
(7.48). However, (7.39)-(7.60) is a nonconvex programme due to the constraint (7.59) and cannot be
directly solved by the off-the-shelf optimisation solvers. To address this issue, constraint (7.52) is relaxed
by introducing an auxiliary variable 𝜀. The optimisation problem (7.39)-(7.60) is decomposed in a convex
master problem and a nonconvex subproblem. The master problem finds the optimal solution subject to
relaxed power flow constraints, while the subproblem checks the slack in constraint (7.52).
The obtained formulation is
Master Problem
𝒞(𝑥̅ ) + 𝒞 𝑤 (𝑃0𝑠0 )

(7.61)

constraints (7.40)-(7.51)

(7.62)

𝒞(𝑥̅ ) + 𝒞 𝑤 (𝑃0𝑠0 )

(7.63)

𝑃0𝑠0 − 𝜀 ≤ 𝑃0𝑠

(7.64)

min

𝑥̅ ,𝑝,𝑞,𝑃𝑠0 ,𝑄𝑠0 ,𝑃𝑏0 ,
𝑄𝑏0 ,𝒬 0 ,𝑣 0 , 𝑢0

s.t.

Subproblem
min

𝑥̅ ,𝑝,𝑞,𝑃𝑠0 ,𝑄𝑠0 ,𝑃𝑏0 ,
𝑄𝑏0 ,𝒬 0 ,𝑣 0 , 𝑢0

s.t.

138

constraints (7.53)-(7.60)

(7.65)

𝑝𝑖 = 𝑝̂𝑖 ∀𝑖 ∈ I

(7.66)

𝑞𝑖 = 𝑞̂𝑖 ∀𝑖 ∈ I

(7.67)

𝑃0𝑠0 = 𝑃̂0𝑠0

(7.68)

𝜀≥0

(7.69)

The KKT conditions in (7.65) guarantee that (𝑃 𝑠 , 𝑄 𝑠 , 𝒬, 𝑣, 𝑢, 𝜀) satisfies the power flow constraints in
(7.10) and (7.11) and the constraint (7.11) is binding.
Subproblem (7.63)-(7.69) in the current format is nonconvex of KKT conditions in (7.65). However, we
reformulate the subproblem as a convex SOCP model which enables us to apply the Benders
decomposition.
It is observed that for a given 𝑃0𝑠0 from the master problem, the value of 𝜀 in the optimal solution is the
difference between the given value of 𝑃0𝑠0 and the value of 𝑃0𝑠 in the optimal solution of the programming
problem (7.10) and (7.11). The selection of 𝜀 has no effect on the optimal selection of (𝑃 𝑠 , 𝑄 𝑠 , 𝒬, 𝑣, 𝑢, 𝜀).
Accordingly, an equivalent formulation for the subproblem is
min

𝑃𝑠 ,𝑄𝑠 ,𝒬,𝑣,𝑢,𝜀

s.t.

𝑃0𝑠 + 𝜌𝜀

(7.70)

𝑃0𝑠0 − 𝜀 ≤ 𝑃0𝑠

(7.71)

equations (7.1), (7.2), (7.5)-(7.9), (7.11), and (7.66)-(7.69)

(7.72)

where 𝜌 is a small number, i.e. 10− . The term 𝜌𝜀 is added to the objective function only to select the
minimum 𝜀, not to change the optimal selection of other variables. This goal is achieved by choosing a
small enough value for 𝜌.
In order to better support the proposed method, the validity of the following statement is demonstrated.
Theorem 2: the optimal solution to the programming problem (7.70)-(7.72) is an optimal solution to the
subproblem (7.63)-(7.69).
Proof: We prove this by showing that the optimal solutions to both problems (7.63)-(7.69) and (7.70)(7.72) are the results of power flow equations in (7.10)-(7.11) for a given set of power
injections/consumptions from the master problem (7.61)-(7.62).
Let (𝑃 𝑠∗ , 𝑄 𝑠∗ , 𝒬 ∗ , 𝑣 ∗ , 𝑢∗ ) be an optimal solution to the subproblem (7.63)-(7.69). Since this solution
satisfies constraints in (7.63)-(7.69), it satisfies the KKT conditions in (7.65). Therefore, for a given set of
nodal power injections/consumptions, (𝑃 𝑠∗ , 𝑄 𝑠∗ , 𝒬 ∗ , 𝑣 ∗ , 𝑢∗ ) satisfies power flow constraints (7.1), (7.2),
(7.5), (7.6), (7.8), (7.9) and (7.11). Besides, from Theorem 1 and the fact that this solution satisfies the KKT
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conditions, we can say it attains equality in constraint (7.11).
According to Theorem 1, the least power loss corresponds to the power flow equations without the
operational limits, as formulated in subproblem (7.63)-(7.69). This means 𝑃1𝑠0 ≥ 𝑃1𝑠 , thus 𝜀 = 𝑃1𝑠0 − 𝑃1𝑠 .
Having 𝑃1𝑠0 = 𝑃̂1𝑠0 in (7.68), the objective function is equal to 𝑃1𝑠 + 𝜌(𝑃̂1𝑠0 − 𝑃1𝑠 ). The model in (7.70)(7.72) can be reformulated as,
min (1 − 𝜌)𝑃0𝑠 + 𝜌𝑃̂0𝑠0

(7.73)

𝑃𝑠 ,𝑄𝑠 ,𝒬,𝑣,𝑢

s.t.

equations (7.1), (7.2), (7.5), (7.6), (7.8), (7.9), (7.11) and (7.66)-(7.68)

(7.74)

The value of 𝜀 in the set of optimal solution can be found after solving the model (7.73)-(7.74) as 𝜀 =
𝑃̂1𝑠0 − 𝑃̂1𝑠 where ̂ denotes the obtained optimal solution. It is well known that adding a constant to the
objective function and/or multiplying the objective function by a constant does not change the optimal
solution. In this view, the optimal solution to the problem (7.73)-(7.74) is an optimal solution of
min

𝑃𝑠 ,𝑄𝑠 ,𝒬,𝑣,𝑢

s.t.

𝑃0𝑠

(7.75)
equations (7.1), (7.2), (7.5), (7.6), (7.8), (7.9), (7.11) and (7.66)-(7.68)

(7.76)

The optimal solution of (7.75)-(7.76) satisfies constraints (7.1), (7.2), (7.5), (7.6), (7.8), (7.9) and (7.11).
Also, according to Theorem 1, it attains equality in constraint (7.11). Now, we have shown that for the
optimal solution to both problems (7.63)-(7.69) and (7.70)-(7.72), the relaxed power flow constraints in
(7.10)-(7.11) are satisfied and the constraint (7.11) is binding. This means the optimal solutions to (7.63)(7.69) and (7.70)-(7.72) are the results of load flow calculations, hence are equal. This completes the proof.
◼
After the replacement of subproblem (7.63)-(7.69) and (7.70)-(7.72), a feasibility cut is added to the
master problem at each iteration:
𝛿𝑖
𝜁𝑖
(7.77)
(𝑝𝑖 − 𝑝̂𝑖 ) −
(𝑞𝑖 − 𝑞̂𝑖 ) ≤ 0
1−𝜌
1−𝜌
As (7.70)-(7.72) is convex the convergence of the Benders decomposition is guaranteed [72, 269, 303].
𝜀̂ + (𝑃0𝑠0 − 𝑃̂0𝑠0 ) −

Figure 7.2 illustrates the entire solution procedure. At first, the master problem in (7.61)-(7.62) is solved
and the solution is sent to the subproblem in (7.70)-(7.72). Then, the subproblem is solved either by an
optimisation solver or by a power flow solver. Using the Lagrangian multipliers in the subproblem, the
feasibility cut in (7.77) is added to the master problem in (7.61)-(7.62). The final solution is found when
the value of 𝜀 is less than a small threshold.
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start
Solve the master problem with the
relaxed power flow equations in (7)
Feasibility check subproblem
Solve the subproblem (9), given the
optimal solution to the master problem

No

Add the feasibility
cut in (12) to the
master problem

Yes
Return the optimal solution found in the
master problem as the best solution

Figure 7.2. Flowchart of the solution strategy

It should be noted that the presented model is valid for radial networks, hence is not suitable for mesh
networks. The proposed model has no problem for application in large radial power systems.

7.5 Numerical Tests
This section presents the results of the tests. Five networks are considered: a 4-bus test system [280], the
IEEE 13-bus test system [304], a 23-bus low voltage realistic distribution network [270], the IEEE 33-bus
system [228], and the IEEE 123-bus test system [305]. The performance of the proposed model is compared
with the OPF model presented in [241]. According to [282], the power flow representation in [241]
outperforms other models of the same type in general radial networks. The comparison is focused on two
aspects: contraction of the feasible space and computational speed.
Both the proposed approach and the OPF model presented in [3] have provided feasible solutions for all
the considered networks and operating conditions.
The objective function in the optimisation problems in this section is
150 𝑃0𝑠0 + 50 ∑|𝑝𝑖𝑐𝑑 |

(7.78)

𝑀⊆𝐼

𝑖∈M

where $150 and $50 per MWh represent the cost of importing energy from the upstream grid and the
operating cost of the controllable devices, respectively. 𝑃0𝑠0 and 𝑝𝑖𝑐𝑑 are the imported power from the
upstream grid and the drawn power from the grid in MW by the controllable device at bus 𝑖. The set of
busbars where controllable devices are present is denoted by 𝑀. The time window of the simulation is 1
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hour. Also, controllable devices do not consume or inject any reactive power. All the simulations are in a
three-phase balanced condition.

Contraction of the feasible space
The model of [241] shrinks the feasible space in the relaxed OPF problem to guarantee the exactness of
the model. In our proposed model, the exactness of the optimal solution to the relaxed OPF is guaranteed
by checking its feasibility in the sub-problem and adding feasibility cuts to the master problem. This section
discusses the level of sub-optimality of the solutions to both methods in all adopted five networks. In all
simulations and comparisons, both methods formulate the same problem and any difference between the
best objectives/optimal solutions comes from different adopted relaxation techniques.

4-bus network
The 4-bus network in [241] is considered to assess the capabilities of the two OPF formulations. The
network data is provided in [241]. The line lengths are changed from 1 km in [241] to 5 km to magnify the
impact of nodal injections on the node voltages and branch currents. By using this network, we intend to
investigate the performance of the two OPF models when the upper limit of line currents is binding. To that
end, nodal injections are multiplied by a load multiplicator, 𝜅 𝐷 . Since this is a short feeder, the voltage
issues are very unlikely to happen, but there is a line congestion even for 𝜅 𝐷 =1.
The best objectives that are obtained for both models are presented in Table 7.1. the negative values for
the total cost can be understood as profit. The total cost in the optimal solution to the proposed model is
lower for all 1.0≤ 𝜅 𝐷 ≤1.2 when compared to the model of [241]. For example, there is an 81% decrease
in the total cost for 𝜅 𝐷 =1.1 by using the proposed model when compared to the model in [241]. Besides,
the proposed model is capable of providing optimal solutions for 𝜅 𝐷 =1.15 and 1.20, while the model in
[241] is infeasible.

Table 7.1. Comparison of Optimal Results for The 4-Bus Network [241]

𝜅𝐷

Best objective ($)

saving in our model as
compared to [241]

Nick et al. [241]

Our model

1.00

-172

-249

45%

1.05

-144

-228

58%

1.10

-113

-205

81%

1.15

infeasible

-181

N/A

1.20

infeasible

-155

N/A
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1.25

infeasible

infeasible

N/A

13-bus network
The 13-bus radial network is adopted in this subsection as a benchmark MV radial distribution network.
The nominal voltage and power in this network are 4.16 kV and 5 MVA, respectively. The network data
can be found in [304]. Considering the data in [304], the loads are halved. Also, a PV system with 500 kW
output is installed at each busbar, except B0. The nodal injections of PV systems vary from 80% to 120%
to examine the performance of the OPF models in extreme operational scenarios, using a PV multiplicator
that is denoted by 𝜅 𝑃𝑉 . The controllable loads at B9 and B10 can vary ±0.3 p.u. with a base power of 5
MVA. The power factor of 0.9 is considered for PV systems. There are two capacitor banks of 600 and 100
kVAr installed at B8 and B12, respectively. The active and reactive power demands at each bus are given
in Table 7.2.

Table 7.2. Load Data for The IEEE 13-Bus Test System [304]

B1

B2

B3

B4

B5

B6

B7

B8

B9

B10

B11

B12

P(kW)

0

0

400

170

230

1155

170

843

0

0

128

170

Q(kVAr)

0

0

290

125

132

660

151

462

0

0

86

80

Table 7.3. Comparison of Optimal Results for The IEEE 13-Bus Test System [304]

𝜅 𝑃𝑉

Best objective ($)
Nick et al. [241]

Our model

0.80

-117

-542

0.85

-70

-501

0.90

-13

-458

0.95

64

-417

1.00

infeasible

-374

1.05

infeasible

-334

1.10

infeasible

-293

1.15

infeasible

-253

1.20

infeasible

-199

1.25

infeasible

infeasible

The best objectives found in the OPF problem using the two formulations are presented in Table 7.3.
One can see that the OPF model of [241] is infeasible for 𝜅 𝑃𝑉 ≥1, while the proposed model provides
optimal solution for 𝜅 𝑃𝑉 of up to 1.2 and is only infeasible for 𝜅 𝑃𝑉 ≥1.25 which shows the level of shrinkage
in the feasible space in the two OPF models. There is a significant difference between the best objectives
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that are resulted from the two models. For instance, the total cost when 𝜅 𝑃𝑉 =0.95 decreases from $64 by
$481 to a total profit of $417 when using the proposed model as compared to the model of [241]. This
shows the capability of the proposed model in providing cost-effective solutions.
Figure 7.3(a) presents the node voltages in the optimal solution found by our proposed model and the
model of [241] for 𝜅 𝑃𝑉 =0.95. The difference between the voltage magnitudes stems from the tightening
technique used in [241], and that explains the gap between the best objectives obtained by the two models.
The model of [241] removes the solutions near the technical limits, unlike the proposed model.
The exactness of our proposed model is illustrated in Figure 7.3(b) where the node voltages in the optimal
solution for 𝜅 𝑃𝑉 =1 are shown along with the ones obtained from running a BIBC power flow using the
nodal injections in the optimal solution. The model of [3] is infeasible for 𝜅 𝑃𝑉 =1, thus it is not included in
Figure 7.3(b). According to that, the node voltages are effectively identical with a maximum discrepancy
of less than 0.0001 per unit.

(p.u.)
1.05

(p.u.)
1.05

1.04

1.04

1.03

1.03

1.02

1.02

Our model

1.01

1
2000
(a)

BIBC

1.01

Nick et al.

0

Our model

4000

1

(ft)

0

2000

4000

(ft)

(b)

Figure 7.3. Voltage profiles of the IEEE 13-bus network, a) comparison between the node voltages found by the
proposed model and the model presented in [241] for 𝜅 𝑃𝑉 =0.95, and b) comparison between the node voltages found
by out model and the BIBC power flow solver for 𝜅 𝑃𝑉 =1.00.

23-bus network
A real 23-bus LV distribution network composed of overhead lines is analyzed here to examine the
performance of the proposed model when overvoltages are more likely to occur due to the photovoltaic
generation. The feeder is supplied by a 200 kVA 22/0.4 kV distribution transformer. PV systems with 15
kW output are installed at B11, B14, B21, and B23. Also, a PV system with 13 kW output is installed at
B15, B18, and B19. Loads at B6, B9, B15, B17, and B20 can draw up to 5 kW more power. The output of
PV units varies with a PV multiplicator as shown in Table 7.4.

Table 7.4. Comparison of Optimal Results for The 23-Bus Real LV Network [270]

Best objective ($)
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𝜅 𝑃𝑉

Nick et al. [241]

Our model

0.50

-2.8

-2.8

0.60

-4.2

-4.2

0.70

-5.6

-5.6

0.80

-7.0

-7.0

0.90

-7.3

-7.6

0.95

-6.8

-7.2

0.97

-6.4

-6.9

0.99

infeasible

-6.4

1.00

infeasible

-6.0

According to Table 7.4, both models provide the same solutions for 0.5≤ 𝜅 𝑃𝑉 ≤0.8 because there is no
binding voltage or current upper limit. However, for 𝜅 𝑃𝑉 ≥0.9, the optimal solution of the proposed model
allows the solver to find more profitable solutions. Also, the model of [241] is infeasible for 𝜅 𝑃𝑉 ≥0.97,
while this cap for the proposed model is 1.0.
The node voltages in the optimal solution of the proposed model and the model of [241] for 𝜅 𝑃𝑉 =0.95
are shown in Figure 7.4. Although they are very close, the voltage values provided by the model of [241]
are slightly smaller than the proposed model, particularly at the end of the feeder.
(p.u.)
1.05

1.05

1.04

1.048

1.03

1.02
1.01
1

Our model

1.046

Nick et al.

1.044

0.99

1.042
0
100
200
300 (m) 400
250
300
350 (m) 400
Figure 7.4. Voltage profiles of the real-world 23-bus LV network found by our proposed model and the model from
Nick et al. [241] for 𝜅 𝑃𝑉 =0.95.

33-bus network
The network data are shown in [228]. The rated voltage and base value of the power are 12.66 kV and
10 MVA, respectively. 𝜅 𝐷 is fixed at 1, but 𝜅 𝑃𝑉 and 𝜅 𝐿 vary, as presented in Table 7.5.

Table 7.5. Comparison of Optimal Results for The IEEE 33-Bus Test System

𝜅 𝑃𝑉

Best objective
𝐿

𝜅 =1

𝐿

𝜅 𝐿 =3

𝜅 =2
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𝜅 𝐿 =4

Nick et al.
[241]

Our
model

Nick et al.
[241]

Our
model

Nick et al.
[241]

Our
model

Nick et al.
[241]

Our
model

1

$288

$288

$299

$299

$313

$313

$331

$331

2

$1

$1

$3

$3

$5

$5

$7

$7

3

-$274

-$274

-$251

-$255

-$213

-$226

-$153

-$200

𝑃𝑉
𝜅𝑚𝑎𝑥

3.97

4.01

3.29

3.38

3.06

3.18

2.95

3.09

The solutions to the case with 1≤ 𝜅 𝑃𝑉 ≤2 are identical because there are no voltage or current limit
violations. This also holds for 𝜅 𝑃𝑉 =3 and 𝜅 𝐿 =1. However, the OPF of [3] is infeasible for PV multiplicator
4, while the proposed model can find an optimal solution. The maximum level of 𝜅 𝑃𝑉 for which the models
𝑃𝑉
𝑃𝑉
are feasible, denoted as 𝜅𝑚𝑎𝑥
, are shown in Table 7.5. 𝜅𝑚𝑎𝑥
is higher for the proposed model when

compared to the model of [241]. This observation indicates that the feasible space in the proposed model is
greater than the one in the model presented in [241], while the exactness of the solution is guaranteed in
both models.

123-bus network
The network data are provided in [305]. A nodal injection of 20kW power is added to all nodes. Also,
controllable loads are introduced to nodes 8, 18, 20, 30, 40, 47, 55, 63, 73, 85, 88, 104, and 109. These
controllable loads can take any value between +0.3 and -0.3 p.u. with a base power of 5MVA. 𝜅 𝑃𝑉 and 𝜅 𝐿
are fixed at 1 and the performance of the models are analyzed for various levels of 𝜅 𝐷 . The results are
presented in Table 7.6.

Table 7.6. Comparison of Optimal Results for The IEEE 123-Bus Test System [305]

𝜅𝐷

Best objective ($)

Computation speed (ms)

Nick et al. [241]

Our model

Nick et al. [241]

Our model

0.5

-101

-116

355

1251 (10 iteration)

0.6

-151

-155

376

85

(1 iteration)

0.7

-104

-104

351

91

(1 iteration)

0.8

-52

-52

349

88

(1 iteration)

0.9

0

0

1164

246 (1 iteration)

1.0

53

53

355

104 (1 iteration)

1.1

107

107

249

80

(1 iteration)

1.2

161

161

290

84

(1 iteration)

1.3

215

215

311

86

(1 iteration)

According to Table 7.6, the best objectives to the proposed model and the model of [241] are equal for
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most of the cases, which is due to the absence of binding nodal voltage or branch current upper limits. The
only instances in which there are differences are for 𝜅 𝐷 =0.5 and 0.6, where the proposed model provides
better solutions. Regarding the shrinkage of the feasible space, the minimum levels of 𝜅 𝐷 for which the
models are feasible are 0.44 and 0.45 for the proposed model and the model of [241], respectively.

Computation speed
As mentioned, in the augmented OPF relaxation presented in [241], some auxiliary variables are added
for tightening purposes which makes the size of the problem bigger. This typically increases the
computational burden. This section discusses the computation speed of the two methods.
An iterative method is adopted in our proposed model in which the sub-problem can be solved external
to the master problem in a power flow solver. Although the iterative methods can be sometimes
computationally expensive, the numerical studies show that our model is faster. In particular, we observe
that the computing time of the proposed model is noticeably lower in the proposed model when compared
to the model in [241], except for 𝜅 𝐷 =0.5 that the computing time in the proposed model is high. This is due
to being close to network operational limits which requires more iterations to find the optimal solution.
Apart from this case, the proposed method showed a better computation speed in all simulation cases in the
five networks.

7.6 Conclusions
The chapter provides an improved power flow relaxation that can be adopted in optimisation problems
in electric power systems with embedded power flow equations.
The proposed model has a decomposed structure in which the master problem is the main optimisation
problem with the relaxed power flow equations, and the feasibility of the optimal solution to the master
problem is checked in the subproblem. The advantages of the proposed approach are: 1) the exactness of
the model and the convergence of the proposed solution strategy are guaranteed; 2) the feasibility cuts in
the proposed method will cut off a smaller part of the feasible region when compared to the most promising
power flow relaxations due to allowing the node voltages and branch currents to take any value within the
technical limits; 3) the broad feasible region leads to solutions of good quality, 4) the embedded power flow
optimisation is reasonably fast, and 4) the feasibility check subproblem can be implemented in a separate
power flow solver. All these advantages are confirmed by the numerical studies in five networks including

147

three IEEE benchmark radial networks and one real LV distribution network.
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Chapter 8 Conclusions and Future Work

8.1 Conclusions
This thesis presents the results of the work done to develop models of the distribution network planning
that also incorporate the energy-related decisions of customers including their investments in solar PV and
battery systems. The scenarios of customers’ investments in DER was formulated and added to the
distribution network planning model in which the customers can participate in a neighbourhood energy
trading scheme.
A joint planning model is developed for the utility and end-users with a neighbourhood energy trading
scheme to achieve the least total cost of investment and operation incurred to both the utility and customers.
In this model, the utility can opt to uprate the lines and transformers, and the alternatives of investment in
solar PV and battery systems are considered for the end-users. The operation of the neighbourhood energy
trading was also modelled. The presented planning model also provides the optimal design of the dynamic
network charge tariffs to rationalise the use of the network. This model is formulated as a mixed-integer
second-order cone programming (MISOCP) problem that contains tens of thousands of decision variables
for a typical medium voltage (MV) distribution network. The optimal solutions to the proposed planning
model founded by Gurobi provide more cost-effective solutions when compared to the traditional
approaches as the proposed model used in this thesis considers the scenarios of end-users’ investments in
DER and makes better decisions for the future. The numerical studies show 7% reduction in the total cost
of electrification and at least 200% increase in the penetration level of PV and battery systems using the
proposed model when compared to conventional planning models.
To overcome the computational complexities of MISOCP problems with a large number of decision
variables, a distributed optimisation algorithm is developed in this thesis. The numerical results showed
that using the adopted multi-machine distributed optimisation technique can enhance the computation speed
by a factor of 2 times.
To improve the modelling of end-users energy-related decisions, a bilevel Stackelberg game-based
model is proposed whereby each stakeholder in the distribution network, including the utility and end-user,
will seek to minimise the cost that they face individually. The bilevel model is reformulated as its equivalent
single-level model using the KKT conditions of the lower level problem. The numerical results confirm
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that the proposed planning model presents a significant reduction in the cost of network upgrade and the
right design of the network charge tariff will effectively rationalise the use of network infrastructure. The
proposed planning model also increases the integration level of energy storage systems. According to
numerical studies, the proposed Stackelberg game-based planning model provides 75% reduction in the
cost of network investment, 70% reduction in the total cost of planning and operation for the utility
compared to existing planning models, 4% reduction in the total cost of electrification and 20% increase in
the penetration of PV and battery systems.
To further facilitate the convergence of the adopted solution strategy to the optimal solution that its
feasibility is also guaranteed, a novel OPF model is presented in this thesis based on the concepts of the
Stackelberg game and the Benders decomposition. This OPF model provides more cost-effective solutions
in a shorter amount of time when compared to the existing OPF models. The superiority of the proposed
OPF model against existing well-known OPF models is validated by extensive numerical results. According
to the numerical studies on 5 different networks under various operating scenarios, the proposed model was
found to be faster than the existing models in 97% of case studies, with an average improvement of 75% in
the computation time.
The main findings of this thesis are as follows,
•

The inclusion of customer DER integration scenarios can help the utilities to avoid
over/underinvestment and make decisions that result in more cost-effective solutions. It was found
that the joint planning model examines all the possible solutions including the network upgrade
and the services that the customer DER can provide. Therefore, the findings of this thesis support
the idea that the scenarios of customer DER growth, the value that these DER can provide and the
challenges of accommodating them should be considered in the planning of modern distribution
networks in future.

•

The emerging local energy markets provide more convenient prices for the buyers than buying
from the utility at the retail price, and greater gains for sellers than selling to the utility at the feedin tariff. The simulation results showed that this economic value for both the buyers and sellers
supports the integration of customer DER and leads.

•

An effective way to encourage the customers to change their energy-related decisions in a way
that addresses the network congestions or voltage issues is to use dynamic network charge tariff
for the neighbourhood energy market participants. The numerical results showed that the utility
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can encourage the customers to shift their demand from peak hours to off-peak hours, discharge
the energy stored in their ESS and service part of their demand using the neighbourhood energy
trading when it is more beneficial for the utility or the case there is a technical issue in the network.
•

Solving the planning problems in large-scale networks is a challenging task, for two main reasons:
integer variables; and nonconvex power flow equations. It was found that the adopted distributed
optimisation technique can reduce the required computation time by a factor of 2 times. Moreover,
the proposed bilevel OPF formulation can improve the computation speed by 75%. Integrating
these two techniques in the planning models can achieve 87% reduction in the required
computational time.

•

One of the main barriers to the integration of PV systems is the rise of voltage at midday,
particularly when a significant number of PV systems are installed at the end of a long feeder. Our
numerical results showed that the proposed OPF model can accurately and efficiently apply the
upper voltage limit and converge to a feasible and cost-effective solution.

8.2 Future Work
This thesis investigated the possibilities of joint planning for distribution networks and end-users and
examined various aspects of making the optimal investment decisions for power utilities considering the
end-users’ investments in DER. There are some aspects that need to be further examined as their impact is
expected to become significant in the near future. These aspects are as follows,
•

DN is experiencing a transition to DER and an EV-rich environment. Current DNP methods only
model the generation profile of DER or the demand profile of EVs. Future DNP models should
consider the impact of EV integration, model the uncertainty of EV integration, develop
appropriate scenarios and plan for EV charging infrastructure in the DN.

•

Reliability cost and N-1 criteria should be considered in the planning of future DNs.

•

A barrier to the integration of DER in DNs is the dynamic stability of the service, which needs to
be considered in future research. The modern renewable-rich DNs will experience high levels of
intermittency in the generation and need to be accurately planned for such conditions to always
operate safely and reliably.

•

The integration of microgrids and virtual power plants (VPPs) and their impact on DNP should be
fully investigated and understood. DNs in future are connected to multiple microgrids and the
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utilities will need to interact with microgrid and VPP operators in order to provide a safe, reliable,
sustainable and affordable service to customers.
•

Emerging platforms for customer engagement such as gamification-based DR schemes need to be
incorporated in the DNP models. There is an evolving hope that gamification-based DR schemes
can effectively engage the customers and enable them to provide grid-management service
individually or in an aggregated form.

•

The challenges of increased DER levels are first experienced at the distribution level. With the
continuing growth of DER, other sections of the power system will face the same challenges.
Besides, growing public awareness necessitates a transition to more sustainable systems. Future
DNP research should investigate the possibilities of joint planning models for energy, water, gas
and waste-management systems.
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Appendix A

In this section, we show that the duality gap between the primal mixed-integer linear programming
(MILP) problem (6.1)-(6.16) in the main manuscript and the dual problem (6.19)-(6.20) is zero, i.e. the
Lagrangian decomposition is valid. As presented in equation (1) the primal problem is a MILP problem.
Although MILP problems are nonconvex and nonconvexity normally results in a nonzero duality gap, we
will prove the duality gap is zero if some mild conditions hold.

Background
If it were not for the integrality constraints, the primal problem would be linear and convex with a zero
duality gap. Therefore, if we show that the optimal solutions to the primal and dual problems have the same
values for integer variables, then we can conclude that the duality gap is zero.
The integrality constraints are due to three sets of variables:
1.

Binary variables associated with investment in PV systems, i.e. 𝑥𝑖𝑗𝑃𝑉

2.

𝐵
Binary variables associated with investment in battery systems, i.e. 𝑥𝑖𝑘

3.

Binary variables to allow either charging or discharging of batteries in a time interval, 𝛼𝑖𝑡𝐵

Conditions
The conditions under which the duality gap is zero are as follows:
1.

PV systems are cost-effective and the investment in them only depends on the demand profile of
end-users.

2.

Battery systems are, on the other hand, costly and the investment in them is only commissioned
when there is a negative network charge offered by the utility.

3.

The battery degradation cost is relatively smaller than the savings due to battery operation.

Proof
If condition 1 holds, since the load demand of the end-users in the primal and dual problems is the same,
the investments in PV systems will be the same.
If condition 2 holds, since the network charge prices in the primal and dual problems are the same, the
investments in battery systems will be the same.
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If condition 3 holds, since there is no lower limit for charging/discharging powers, even by relaxing the
integrality constraints associated with 𝛼𝑖𝑡𝐵 , the optimal solution will never have non-zero values for charging
and discharging powers at the same time interval. We will show this with proof by contradiction, such that
we assume the optimal solution to the dual problem with relaxed integrality constraints associated with 𝛼𝑖𝑡𝐵
𝐵
has non-zero values for charging and discharging powers at a time interval, i.e. 𝑝𝑐𝑖𝑡𝐵 > 0 and 𝑝𝑑𝑖𝑡
> 0.

There could be two scenarios:
𝐵
A) η𝑐 𝑝𝑐𝑖𝑡𝐵 ≥ 𝑝𝑑𝑖𝑡
/η𝑑 :
𝐵
In this scenario, we keep the optimal value for all variables unchanged, except for 𝑝𝑐𝑖𝑡𝐵 , 𝑝𝑑𝑖𝑡
and 𝑝𝑓𝑖𝑡 .

We show that the new solution has a better objective function (lower cost) which contradicts the optimality
𝐵
of the solution with non-zero values for charging/discharging powers. Since η𝑐 𝑝𝑐𝑖𝑡𝐵 ≥ 𝑝𝑑𝑖𝑡
/η𝑑 , the battery

is charging in total. The amount of charge left in the battery at the end of this time interval is equal to
𝐵
η𝑐 𝑝𝑐𝑖𝑡𝐵 − 𝑝𝑑𝑖𝑡
/η𝑑 . Denoting the new solutions with the superscript “

𝑝𝑐𝑖𝑡𝐵,𝑛𝑒𝑤 = 𝑝𝑐𝑖𝑡𝐵 −

𝑛𝑒𝑤

”, we have,

𝐵
𝑝𝑑𝑖𝑡
η𝑐 η𝑑

𝐵,𝑛𝑒𝑤
𝑝𝑑𝑖𝑡
=0

1
𝐵
𝑝𝑓𝑖𝑡𝑛𝑒𝑤 = 𝑝𝑓𝑖𝑡 + 𝑝𝑑𝑖𝑡
(
− 1)
η𝑐 η𝑑
Following the new solutions, the charge of the battery is increased by
η𝑐 𝑝𝑐𝑖𝑡𝐵,𝑛𝑒𝑤 −

𝐵,𝑛𝑒𝑤
𝐵
𝑝𝑑𝑖𝑡
𝑝𝑑𝑖𝑡
𝐵
= η𝑐 (𝑝𝑐𝑖𝑡𝐵 −
) = η𝑐 𝑝𝑐𝑖𝑡𝐵 − 𝑝𝑑𝑖𝑡
/η𝑑
η𝑑
η𝑐 η𝑑

which is the same as before. Comparing 𝑝𝑓𝑖𝑡𝑛𝑒𝑤 with 𝑝𝑓𝑖𝑡 , we have,
1
𝐵
𝑝𝑓𝑖𝑡𝑛𝑒𝑤 = 𝑝𝑓𝑖𝑡 + 𝑝𝑑𝑖𝑡
(
− 1) > 𝑝𝑓𝑖𝑡
⏟η𝑐 η𝑑
>0

The new solutions meet all the constraints because the value of other variables has not changed. Checking
the power balance, we have,
𝐵,𝑛𝑒𝑤
𝑝𝑐𝑖𝑡𝐵,𝑛𝑒𝑤 − 𝑝𝑑𝑖𝑡
+ 𝑝𝑓𝑖𝑡𝑛𝑒𝑤 = 𝑝𝑐𝑖𝑡𝐵 −

𝐵
𝐵
𝑝𝑑𝑖𝑡
𝑝𝑑𝑖𝑡
𝐵
𝐵
− 0 − 𝑝𝑓𝑖𝑡 +
− 𝑝𝑑𝑖𝑡
= 𝑝𝑐𝑖𝑡𝐵 − 𝑝𝑑𝑖𝑡
+ 𝑝𝑓𝑖𝑡
η𝑐 η𝑑
η𝑐 η𝑑

This means the power balance constraint also holds. Now, we found a feasible solution that has a better
objective function when compared to the optimal solution. This contradicts our first assumption regarding
the optimality of a solution with non-zero values for charging/discharging powers. This will complete our
proof.
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𝐵
B) η𝑐 𝑝𝑐𝑖𝑡𝐵 ≤ 𝑝𝑑𝑖𝑡
/η𝑑 :

Similar to the previous scenario, we keep the optimal value for all variables unchanged, except for 𝑝𝑐𝑖𝑡𝐵 ,
𝐵
𝑝𝑑𝑖𝑡
and 𝑝𝑓𝑖𝑡 . We show that the new solution has a better objective function (lower cost) which contradicts

the optimality of the solution with non-zero values for charging/discharging powers. Since η𝑐 𝑝𝑐𝑖𝑡𝐵 ≤
𝐵
𝑝𝑑𝑖𝑡
/η𝑑 , the battery is discharging in total. The amount of charge taken out of the battery at the end of this
𝐵
time interval is equal to 𝑝𝑑𝑖𝑡
/η𝑑 − η𝑐 𝑝𝑐𝑖𝑡𝐵 . Denoting the new solutions with the superscript “

𝑛𝑒𝑤

”, we

have,
𝑝𝑐𝑖𝑡𝐵,𝑛𝑒𝑤 = 0
𝐵,𝑛𝑒𝑤
𝐵
𝑝𝑑𝑖𝑡
= 𝑝𝑑𝑖𝑡
− η𝑐 η𝑑 𝑝𝑐𝑖𝑡𝐵

𝑝𝑓𝑖𝑡𝑛𝑒𝑤 = 𝑝𝑓𝑖𝑡 + 𝑝𝑐𝑖𝑡𝐵 (1 − η𝑐 η𝑑 )
Following that, the charge of the battery is decreased by
𝐵,𝑛𝑒𝑤
𝑝𝑑𝑖𝑡
𝐵
𝐵
− η𝑐 𝑝𝑐𝑖𝑡𝐵,𝑛𝑒𝑤 = (𝑝𝑑𝑖𝑡
− η𝑐 η𝑑 𝑝𝑐𝑖𝑡𝐵 )/η𝑑 = 𝑝𝑑𝑖𝑡
/η𝑑 − η𝑐 𝑝𝑐𝑖𝑡𝐵
η𝑑

which is the same as before. Comparing 𝑝𝑓𝑖𝑡𝑛𝑒𝑤 with 𝑝𝑓𝑖𝑡 , we have,
𝑝𝑓𝑖𝑡𝑛𝑒𝑤 = 𝑝𝑓𝑖𝑡 + 𝑝𝑐𝑖𝑡𝐵 ⏟
(1 − η𝑐 η𝑑 ) > 𝑝𝑓𝑖𝑡
>0

The new solutions meet all the constraints because the value of other variables has not changed. Checking
the power balance, we have,
𝐵,𝑛𝑒𝑤
𝐵
𝐵
𝑝𝑐𝑖𝑡𝐵,𝑛𝑒𝑤 − 𝑝𝑑𝑖𝑡
+ 𝑝𝑓𝑖𝑡𝑛𝑒𝑤 = 0 − 𝑝𝑑𝑖𝑡
+ η𝑐 η𝑑 𝑝𝑐𝑖𝑡𝐵 + 𝑝𝑓𝑖𝑡 + 𝑝𝑐𝑖𝑡𝐵 − η𝑐 η𝑑 𝑝𝑐𝑖𝑡𝐵 = 𝑝𝑐𝑖𝑡𝐵 − 𝑝𝑑𝑖𝑡
+ 𝑝𝑓𝑖𝑡

This means the power balance constraint also holds. Now, we found a feasible solution that has a better
objective function when compared to the optimal solution. This contradicts our first assumption regarding
the optimality of a solution with non-zero values for charging/discharging powers. This will complete our
proof.

Discussion
Considering the inexpensive investment cost of PV systems, it is safe to say that if there is no other
limiting parameter for an end-user, the investment in PV systems is profitable considering the savings
earned by PV generation. In other words, an end-user will invest in PV systems regardless of the situations
in the NETS. This has also been evidenced by numerical studies in the main manuscript where the PV
penetration remains unchanged across the simulation cases 1-3 (the cases with NETS).
Regarding the investment in batteries, it should be mentioned that the case is the opposite, meaning that
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the batteries are costly and the investment in batteries is only triggered when there is an incentive offered
by the utility. For example, a battery only injects energy into the grid when there is a negative network
charge set by the utility. In this case, all the savings in the total cost of the end-users is equal to the savings
of the end-user with the battery. This has also been backed by the numerical studies where the only battery
investment being commissioned happens in case 2 that negative NC prices are offered by the utility, and
not in any other cases.
Relating to the battery degradation cost, the technology of batteries has been evolving and it can be
confidently said that the degradation cost of batteries is considerably smaller than the savings earned
provided by them. Although the capital cost of batteries is still relatively high, as discussed in the previous
paragraph, the lifetime of batteries is negligible in most cases.
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