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1. Estimates for unimodal densities
In literature several estimates have been proposed for unimodal densities. They are typically derived from the Grenander estimate (see Grenander (1956)) for decreasing densities
which can be easily extended to the case of unimodal densities with a known mode at . The
resulting estimator is the nonparametric maximum likelihood estimator (NPMLE). If the mode
is unknown, the NPMLE does not exist anymore. One possible solution that has been proposed
by Wegman (1969, 1970a,b) is to add the additional constraint of a modal interval of length ,
where  has to be chosen by the statistician. More recently Bickel and Fan (1996) and Birge
(1997) proposed methods that are based on an initial mode estimate ^ and an application of
the NPMLE with mode ^. The initial mode estimate requires the calculation of the MLE of
f for O (n) candidate points for the mode, where n denotes the sample size. They showed
their methods to provide good estimates both for nonsmooth densities and for the mode of
nonsmooth densities.
While unimodal density estimates can be generalized to the case of a known number of
modes k > 1, the
h initial
i step of identifying all in ection points requires the evaluation of the
n
NPMLE for O 2k,1 possible combinations of local extrema. For increasing n and/or k the
necessary computational e ort quickly becomes extremely high.

2. Estimates for k-modal densities
Densities with a known number k > 1 of modes occur e.g. in mixture models when
the number of mixture components is known, or when estimating the intensity function of
inhomogeneous Poisson processes. In such situations it seems natural to require the estimated
function to re ect this shape information.
This can be achieved by using kernel density estimates with suitable (random) bandwidths. In particular


n
x , Xi
1 X
K
;
f^n;H (x) :=
nH
H
i=1

satis es the requirement with K (x) = p12 e,x2=2 taken as the Gaussian kernel and H being
the smallest bandwidth that yields k modes. (It has been shown by Silverman (1981) that the

number of modes of f^ is decreasing and right continuous in H , if the Gaussian kernel is used.
Thus H is uniquely de ned.)
While the above estimate behaves well for smooth densities, it can be improved for nonsmooth functions. For densities with support [a; b] the following estimate inherits the desirable
properties of the NPMLE in the nonsmooth case at greatly reduced computational e ort:
Let (^ ; : : : ; ^ ) denote the vector of sorted local maxima of f^ and let (^; : : : ; ^, )
denote the vector of sorted local minima of f^ . De ne ^ ; ^ ; : : : ; ^ , to be the sorted elements of the set f^ ; : : : ; ^ ; ; ^ ; : : : ; ^, g. Now methods for unimodal (or U-shaped) densities
can be applied separately for each of the subintervals
h
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I := a; (^ + ^ )=2 ; I := (^ + ^ )=2; (^ + ^ )=2 ; : : : ;
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in order to estimate the local extrema. (For nonsmooth asymmetric peaks the estimates by
Birge (1997) and Bickel & Fan (1997) are better asymptotically than the initial mode estimates
obtained from f^ .) The consistency of the NPMLE based on the above two{step estimation
procedure of the local extrema can be shown under quite general conditions.
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FRENCH RESUM
E

Nous considerons l'estimation d'une fonction de densite avec k valeurs modales. L'adaption des estimateurs pour les fonctions unimodales para^t impossible considerant le montant des
calculs necessaires. Nous proposons deux estimateurs alternatifs pour cette situation.

