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Abstract
By introducing sign constraints on the weights, this paper proposes sign constrained rectifier networks (SCRNs), whose training
can be solved efficiently by the well known majorization-minimization (MM) algorithms. We prove that the proposed two-hiddenlayer SCRNs, which exhibit negative weights in the second hidden layer and negative weights in the output layer, are capable of
separating any number of disjoint pattern sets. Furthermore, the proposed two-hidden-layer SCRNs can decompose the patterns of
each class into several clusters so that each cluster is convexly separable from all the patterns from the other classes. This provides a
means to learn the pattern structures and analyse the discriminant factors between different classes of patterns. Experimental results
are provided to show the benefits of sign constraints in improving classification performance and the efficiency of the proposed
MM algorithm.
Keywords:
Rectifier Neural Network, Geometrically Interpretable Neural Network, The Majorization-Minimization Algorithm.
1. Introduction
In recent years, deep neural networks have achieved outstanding performance in various applications such as object
recognition [1, 2, 3, 4, 5], face verification [6, 7], speech recognition ([8, 9, 10] and handwritten digit recognition [11]. These
practical successes of deep neural networks have fuelled increased research into the optimization theory of neural networks, and many theoretical works have been reported to address questions, such as why local search methods as simple
as gradient-based methods can train deep neural networks successfully, despite the inherent non-convexity of the associated
optimization problem. Both encouraging and discouraging results have been reported. For shallow neural networks with one
hidden layer, it has been shown that, if the network is overparameterized, and large enough compared to the data size, then
there are no bad local minima [12, 13, 14, 15, 16, 17, 18]. For
deep neural networks, [19] shows that there is no bad local minima during the training of deep linear networks, wherein the
activation function is linear. For nonlinear activation functions,
such as rectifier and max pooling, when the activation patterns
of all the training data are fixed, deep nonlinear networks reduce to deep linear networks, and thus local minima do not
exist either. However, these encouraging results are either under unreasonable assumptions or limited to shallow neural networks with one hidden layer. On the other hand, it has been
shown that local minima occur commonly even for the simplest
single-hidden-layer rectifier neural networks [20] when minimizing the expected loss of inputs with a Gaussian distribution,
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or even with a single neuron [21] when minimizing the average loss over some arbitrary finite dataset. These discouraging
results imply that, in general, local minima do exist for the optimization of neural networks. To explain the success of gradient
methods in training of deep neural networks, further research
is required to find reasonable conditions under which bad local minima do not exist or the risk of being stuck in bad local minima is not severe. Recent research has discovered that
some non-convex optimization problems, in machine learning,
do not have bad local minima under reasonable assumptions
[22, 23, 24, 25]), but for neural networks, the reasonable conditions are yet to be found. To find such conditions, the investigation of local convexity properties such as the layerwise
convexity and the piecewise convexity might be required. A
recent work [26] has investigated the training of rectifier neural networks using the piecewise convexity property of the objective functions. It proved that, when the objective functions
are convex in the output layer of rectifier neural networks, they
are piecewise convex functions of the parameters of each layer
when the other parameters are fixed. However, there is an exponentially large number of pieces, for which the objective function is convex within each piece but may not be convex across
all the pieces.
Since local minima may be encountered when training conventional neural networks [20,21], this paper presents a new
type of rectifier neural network, whose cost function has layerwise convex bounds so that the local minima risk can be reduced using the well-known majorization-minimization (MM)
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algorithm[27]. In the proposed two-hidden-layer sign constrained rectifier networks (SCRNs), the weights of the second
hidden layer and those of the output layer are constrained to
be non-positive. Despite these constraints, this type of neural network is still capable of separating any number of disjoint pattern sets (Sec. 4). When the sum of hinge loss and a
convex regularisation term is used as the cost function to train
the proposed neural networks, the cost function can be minimized using MM algorithm, which is an iterative optimization
method exploiting partial convexities of a function in order to
avoid bad local minima. The MM algorithm operates by finding a convex surrogate function which upperbounds the objective function. Optimizing the surrogate function drives the objective function downward until a local optimum is reached.
For the training of SCRNs, we show that, with any initialization of the parameters, there is a surrogate function that is convex as a function of each layer’s parameters when all the other
parameters are fixed. Hence, each layer’s weights and biases
can be learnt alternatively using the MM algorithm. Furthermore, SCRNs can also decompose each pattern set into several
clusters so that each cluster is convexly separable from the patterns of the other classes (Sec. 4). They can thus be used to
learn the pattern structures and analyse the discriminant factors between the patterns of different classes. These techniques
enable feature analysis for knowledge discovery and for manual supervision to improve the efficiency and performance in
training the classifiers. Typical applications include: i) Feature
discovery–In health and production management of precision
livestock farming [28], one needs to identify the key features
associated with diseases (e.g. hock burn of broiler chickens) on
commercial farms, using routinely collected farm management
data [29]; ii) Supervised shape-free clustering for knowledge
discovery–The proposed SCRNs can be used to separate each
class of patterns into several clusters (i.e., convex subsets) so
that each cluster of the patterns is convexly separable from other
classes of patterns, wherein the clusters are not required to be of
any particular shape other than convex polytopes; iii) Humansupervised neural network training–The proposed two hiddenlayer SCRNs transform the input data into convexly separable
data using the first hidden layer. They further transform the
data into linearly separable data using the second hidden layer.
The decomposition properties of the SCRNs enable human to
visualize the patterns, identify the outliers, check the separating
boundaries and supervise the training by removing the outliers
or mislabelled data.

piecewise linear function is the minimum (or the maximum respectively) of several linear functions, the separating boundaries of the learnt SCRN classifiers are thus
the union of several hyperplanes. This improves the geometrical interpretablity of the classifiers and can be used to
analyse the discriminant features between different classes
of patterns. Our experimental results (Sec. 6) demonstrate
that the learnt convex model, through a sign constrained
neural network, can be well approximated by the minimum of several linear classifiers in the feature space of
the second last hidden layer. This property can be used to
analyse the key features of the learnt classifiers.
• Sign constraints induce sparsity and improve classification accuracy. Sign constraints move negative weights
to be zero and thus some weights of the learnt neural networks are zero. This results in learning sparse neural networks, which has potential to improve classification accuracy. The experimental results provided in Sec. 6 (Table 1)
demonstrate that sign constraints consistently improve performances across different different neural networks and
across validation and testing sets of the data.
• The introduction of MM algorithms for the training of
sign constrained rectifier neural networks (Sec. 5). The
convexity/concavity properties of the proposed SCRNs result in the existence of a convex surrogate function to upperbound the non-convex hinge loss function so that the
efficient MM algorithm can be used to learn the parameters of the neural networks. Experimental results (Sec. 6)
demonstrate that the proposed MM algorithm converges
within a few iterations, while the gradient descent training
of a conventional neural network usually takes thousands
of iterations.
Related Works: This work is related to [26] which exploits
piecewise convexity properties of rectifier neural networks to
overcome local minima problems. While [26] uses the piecewise convexity of general rectifier neural networks, this work
introduces layer-wise convexity/concavity properties by imposing sign constraints on the weights of the networks, and exploits these properties for pattern decomposition and for efficient training using MM algorithms to reduce the risk of bad
local minima. This work on the universal classification power
is related to [30, 31, 32], which address the universal approximation power of deep neural networks for functions or for
probability distributions, and [33] which proves that any multiple pattern sets can be transformed to be linearly separable by
two hidden layers, with additional distance preserving properties. In this paper, we prove that any number of pattern sets
can be separated by a three-layer (two hidden and one output)
neural network with negative weights in the output layer and
negative weights in the second hidden layer. The biases and
the weights in the first hidden layer can either be positive or
negative. The significance of the proposed SCRNs lies in the
fact that it can decompose each class of the patterns into several subsets, where each subset is convexly separable from the
other classes of patterns. This decomposition can be used to

Main Contributions: In summary, the main contributions of
this paper include:
• The introduction of sign constraints on the weights
of neural networks in order to learn geometricallyinterpretable models (Sec. 2-4). When sign constraints
are imposed on the weights of the proposed SCRNs, the
first hidden layer transforms the data to be convexly separable, while the second hidden layer further transforms
the data to be linearly separable. Consequently, every
node is a concave (or convex) function of the weights of
the preceding hidden layer. Since a concave (or convex)
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analyse pattern sets and identify the discriminant features for
pattern recognition. Preliminary results of this paper were reported in [34]. This paper extends [34] to multi-category classification and presents MM-based efficient training algorithms
for the proposed SCRNs.
Although the focus of this paper is static neural networks [35]
where the input-output relationship is a static functional mapping, sign-constrained neural networks may also be useful for
dynamic neural networks [36, 37, 38, 39, 40, 41, 42, 43, 44]
for feedback control systems, where many of the feedback controllers are static functions of the states. As long as the controller is a static function of the state, the proposed rectifier network can be used to approximate the controller. Examples of
such static controllers include the controller in Eq.(4) of [42]
for sample data neural network based control systems, the controllers in Eq.(28) of [43] and Eq.(16) of [44] for sliding mode
control systems. The convexity properties of the proposed signconstrained rectifier networks might be useful in analysing the
functions of nonlinear feedback control systems.
Notation. Throughout this paper, we use capital letters to
denote matrices, lower case letters for scalar terms, and bold
lower letters for vectors. For any integer m, we use [m] to denote the integer set from 1 to m, i.e., [m] , {1, 2, · · · , m}.
W  0 and b  0 denote that all elements of W and b are
non-negative while W  0 and b  0 denote that all elements
of W and b are non-positive. Given a finite number of points
xi (i ∈ [m]) in Rn , a convex combination x of these points is a
linear combination of these points, in which all coefficients are
non-negative and sum to 1. The convex hull of a set X , denoted
by CH(X ), is a set of all convex combinations of the points in
X.
Organization. The rest of this paper is organised as follows.
We introduce rectifier neural networks with sign constrained
weights in Section 2, and investigate the capacity of sign constrained single hidden layer rectifier neural networks for classification and pattern decomposition in Section 3. Section 4
investigates the universal classification power and pattern decomposition capacity of two hidden layer rectifier neural networks with sign constraints on the output layer and on the last
hidden layer. Such sign constraints can be used to control the
strategy how a two-hidden-layer neural network to achieve linear separability. In Section 5, we first introduce the general MM
algorithm, and then presents how MM algorithms can be used
to train sign constrained neural networks. Experimental results
are reported in Section 6 to demonstrate the benefits of sign
constraints and the efficiency of the proposed MM algorithm.
Section 7 concludes this paper.

tion wherein the nonlinearity is imposed by the simplest nonlinear function max(0, x).
A rectifier neural network with m hidden layers can be described as a chain of m ReLUs.

 z1 , ReLU(x; W1 , b1 )
(ReNN)
z , ReLU(zk−1 ; Wk , bk ), 2 ≤ k ≤ m
 k
y , AT z m + c
(2)
where x, y and zk are the input, the final output and the output
of the k th hidden layer respectively.
In particular, this paper considers a special class of rectifier
neural networks with sign constraints on the weights of the output layer and the last hidden layer. The sign constraints are used
to decompose the pattern sets for discriminate factor analysis.
A single hidden layer sign constrained ReNN imposes nonpositiveness on the weights in the output layer and is defined as
below:

 z , ReLU(x; W, b)
(SCReNN1)
(3)
y , AT z + c

A  0

where x ∈ Rn , y ∈ Rm are the input and the output respectively, W ∈ Rn×l , A ∈ Rl×m are the weight matrices and
b ∈ Rl , c ∈ Rm are the bias vectors in the hidden layer and
output layer respectively.
For two hidden layer sign constrained ReNNs, we impose
non-negativeness on the weights of the output layer and impose
non-positiveness on the weights of the second hidden layer. A
two hidden layer sign constrained ReNN can be described as
below.

z1 , ReLU(x; W1 , b1 )




 z2 , ReLU(z1 ; W2 , b2 )
(4)
(SCReNN2)
y , AT z2 + c



W

0

 2
A  0

where x ∈ Rn , y ∈ Rn are the input and output , W1 ∈
Rn×l1 , W2 ∈ Rl1 ×l2 , A ∈ Rl2 ×m are the weight matrices and
bk ∈ Rlk (k = 1, 2), c ∈ Rm are the bias vectors in the first
hidden layer, the second hidden layer and the output layer.
Next, we present the properties of sign constrained rectifier
networks. A real valued function f (x) from Rn to R is called a
convex function if
f (λx1 + (1 − λ)x0 ) ≤ λf (x1 ) + (1 − λ)f (x0 )

holds for any λ ∈ [0, 1], x1 , x0 ∈ Rn . A real-valued function
f (x) is called concave if its negative −f (x) is convex. The following lemma addresses the relationship between the convexity
(or concavity) of a single hidden layer rectifier network and the
signs of its weights in the output layer.

2. Rectifier Neural Networks with Sign Constrained
Weights
A hidden layer in a rectifier neural network can be described
by a rectified linear unit (ReLU) as below
ReLU(x; W, b) , max(0, W T x + b)

(5)

(1)

Lemma 1. Let f (x; a, W, b, c) = aT max{0, W T x + b} + c
be a real-valued function from Rn to R. Then the following
statements are true:

where W is the weight matrix and b is the bias vector.
ReLU(x; W, b) is a simple yet powerful nonlinear transforma3

(i) When the parameters a, W, b, c are fixed, f (x; a, W, b, c)
is convex as a function of x if a  0, and is concave if
a  0.

3. The Capacity of Sign Constrained Rectifier Neural Networks with Single Hidden Layers

(ii) When x, a are fixed, f (x; a, W, b, c) is convex as a
function of W and b if a  0, and is concave if a  0.

The complexity of pattern recognition problems can be quite
different in practice. In Section 3.1, We first examine the different categories of classification problems based on the complexities of the patterns’ separating boundaries. Then, we investigate
the capacity of single hidden layer nets in Section 3.2.

Proof: We only need to prove the first statement (i).
The proof of (ii) is similar and thus omitted. Denote
a = [a1 , a2 , · · · , am ], W = [w1 , w2 , · · · , wm ] and b =
[b1 , b2 , · · · , bm ], then

3.1. Separability of Pattern Sets
Let X1 , X2 be two disjoint pattern sets, that is, X1 ∩ X2 = ∅.
We introduce the following three categories of binary classification problems.

f (x) =

m
X
i=1

ai max{0, wiT x + bi } + c.

Linear-Separability of Two Categories: We say X1 is
linearly-separable from X2 if there is a hyperplane in the vector space to separate X1 from X2 . Note that, if X1 is linearlyseparable from X2 , then X2 is also linearly-separable from X1 ,
so linear-separability is mutual. It is also known that, X1 and X2
are linearly-separable if and only if CH{X1 } ∩ CH{X2 } = ∅.

(6)

Let x0 and x1 be two points in Ω, i.e., f (x0 ) > 0 and f (x1 ) >
0, and let xλ = λx1 + (1 − λ)x0 . Denote zi (λ) = wiT xλ + bi .
Note that
max{0, zi (λ)} ≤ λ max{0, zi (0)} + (1 − λ) max{0, zi (1)}
(7)
holds for any λ ∈ [0, 1]. When ai ≥ 0 for any i ∈ [m], we have
f (xλ )

=
≤

m
X

ai
i=1
m
X

λ

max{0, zi (λ)} + c

ai max{0, zi (1)}

i=1

+(1 − λ)
=

Unidirectional Convex-Separability of Two Categories:
X1 is called convexly-separable from X2 if there is a convex
region including all the points in X1 while excluding all the
points in X2 . X1 is convexly-separable from X2 if and only if
CH{X1 } ∩ X2 = ∅.

m
X

Mutual Convex-Separability of Two Categories: X1 and
X2 are called mutually convexly-separable from each other if
each of them is convexly-separable from the other. They are
mutually convexly-separable if and only if CH{X1 } ∩ X2 = ∅
and CH{X2 } ∩ X1 = ∅. Note that mutual convex-separability
is weaker than linear separability, that is, any two linearlyseparable pattern sets are mutually convexly-separable but mutually convexly-separable pattern sets may not be linearlyseparable.

(8)

ai max{0, zi (0)} + c

i=1

λf (x1 ) + (1 − λ)f (x0 )

for any λ ∈ [0, 1], and this implies that f (x) is convex when
a  0.


3.1.1. Separability of Multiple Pattern Sets
For multiple category data sets X1 , X2 , · · · , Xm , an mdimensional function is usually used to classify the patterns.
We call f (x) = [f1 (x), f2 (x), · · · , fm (x)] an m−dimensional
separator of m disjoint pattern sets {Xk , k ∈ [m]} if, for each
k ∈ S[m], fk (x) > 0 for all x ∈ Xk and fk (x) < 0 for all
x ∈ j,k Xj .

From Lemma 1, we have the following two corollaries for the
properties of sign constrained rectifier networks.
Corollary 2. Let SCReNN1 be defined as in Eq. (3). Then
every element of the output y is a concave function of x.
Corollary 3. Let SCReNN2 be defined as in Eq. (4). Then
every element of the output y is a concave function of z1 (i.e.
the output of the first hidden layer).

Pairwise Linear-Separability of Multiple Categories: We
say m pattern sets {Xi }m
i=1 are pairwise linearly-separable if
every two pattern sets are linearly-separable, that is,

There are two useful properties of convex/concave functions.
First, when a classifier is a convex/concave function, it separates the domain into two regions with one being a convex set:
the set {x : f (x) < 0} is a convex set when f (x) is a convex function, and the set {x : f (x) > 0} is a convex set if
f (x) is concave. Second, a convex/concave function can be
approximated by the minimum/maximum of a number of linear classifiers. These two properties make the sign-constrained
rectifier networks more geometrically interpretable. In Section
3 and Section 4, we will investigate how to use these properties
to decompose the data for discriminant factor analysis.

CH{Xi } ∩ CH {Xj } = ∅, ∀ i , j.

(9)

Pairwise Convex-Separability of Multiple Categories: We
say m pattern sets {Xi }m
i=1 are pairwise convexly-separable if
every two pattern sets are mutually convexly-separable, that is,
CH{Xi } ∩ Xj = ∅, ∀ i , j
CH{Xj } ∩ Xi = ∅, ∀ i , j.
4

(10)

Linear-Separability of Multiple Categories: We say m
pattern sets {Xi }m
i=1 are linearly-separable if every pattern set
Xi is linearly-separable from the union of all the other pattern
sets, that is,
CH{Xi } ∩ CH {∪j,i Xj } = ∅.

Note that the responses of positive patterns are negative, making X+ shrinking into a single point 0.
Denote
W = [w1 , w2 , · · · , wn− ]
b = [b1 , b2 , · · · , bn− ]T
(16)
z = max(0, W T x + b).

(11)

According to this definition, there exists an m-dimensional linear classifier such that each pattern is positive in one axis and
all of the other patterns are negative in this axis.
For multiple category classification, linear separability is
much stronger than pairwise linear separability.

Then we have

3.1.2. Separability of Multiple Pattern Sets with ReNN
Given m pattern sets, namely Xi , i ∈ [m], we call them separable by ReNNs, which may have additional sign constraints,
if an ReNN (with corresponding constraints if any) exists such
that

> 0, ∀ x ∈S
Xi
yi (x)
(12)
< 0, ∀x ∈ j,i Xj

where

Z+
Z−

γmin

f (x) = −

0.

(18)

2 T
1 max(0, W T x + b) + 1
γmin

satisfies

For binary classification, we only need one dimensional classifiers, and the sign-constrained ReNN defined in Eq. (3) can
be described as

f (x) ≤ −1
f (x) = 1

< 0, ∀ x ∈ X− ,
> 0, ∀ x ∈ X+

(19)

which implies that X+ and X− can be separated by a signconstrained single-hidden-layer binary classifier.
(Necessity). Suppose that X+ , X− can be separated by
a sign-constrained single-hidden-layer binary classifier with
a  0, c ≥ 0 such that f (x), as defined in Eq. (13), satisfies Eq. (14). Next, we will prove the convexity of the set
{x : f (x) > 0} and show that f (x) > 0 holds for all x in the
convex hull of X+ .
Let z0 , z1 be two arbitrary real numbers and let zλ = λz1 +
(1 − λ)z0 be their linear combination. Since

(13)

where the output layer weight matrix A is reduced to a vector
a ∈ Rm and the bias vector c is reduced to be a scalar c.
Next, we establish the connections between sign constrained
rectifier networks and convexly-separable pattern sets. For pattern sets X+ and X− labelled positive and negative respectively,
a single-hidden-layer binary classifier f (x), as defined in Eq.
(13), is called a single hidden layer separator of X+ and X− if
it satisfies
f (x) > 0, ∀ x ∈ X+
(14)
f (x) < 0, ∀ x ∈ X− .

max(0, zλ ) ≤ λ max(0, z1 )+(1−λ) max(0, z0 ), ∀ λ ∈ [0, 1],
(20)
we have

If it further satisfies a  0, c ≥ 0, we call it a sign-constrained
single-hidden-layer separator of X+ and X− .

aT max(0, zλ ) ≥ λaT max(0, z0 ) + (1 − λ)aT max(0, z1 ),
∀ λ ∈ [0, 1]
(21)
for any a  0 and any z0 , z1 with the same dimensions, where
zλ , λz1 + (1 − λ)z0 .
In particular, let zλ = W T xλ +b with xλ = λx1 +(1−λ)x0 .
Then we have

Lemma 4. Let X+ , X− be a pair of finite pattern sets in Rn and
be labelled positive and negative respectively. Then X+ , X−
can be separated by a sign-constrained single-hidden-layer
classifier, as defined in Eq. (13) and satisfying c ≥ 0 and a  0,
if and only if the positive pattern set X+ is convexly-separable
from the negative pattern set X− , i.e., X− ∩ CH(X+ ) = ∅.

f (xλ )

Proof: (Sufficiency). Suppose CH(X+ ) ∩ X− = ∅. Let n−
be the number of training patterns in X− and xi− be the ith
member of X− . Since xi− < CH(X+ ) for any i ∈ [n− ], there
exists wi , bi , i ∈ [n− ] such that
> 0
< 0, ∀ x ∈ X+ .

min 1T max(0, W T x + b)

x∈X−

For a single-hidden-layer binary classifier f (x), as described
2
in Eq. (13), if we choose c = 1 and a = − γmin
1  0, then

3.2. Binary Classification Capacity of Single Hidden Layer
Networks

wiT xi− + bi
wiT x + bi

,
>

hold for all i ∈ [m].

f (x) , aT max(0, W T x + b) + c

{z = max(0, W T x + b) : x ∈ X+ }
{0}
{z = max(0, W T x + b) : x ∈ X− }
{z : 1T z > γmin , z , 0, zi ≥ 0, ∀ i ∈ [n− ].}
(17)

,
=
,
⊂

= aT max(0, zλ ) + β 
≥ λ aT max(0,
z0 ) + β + 

(1 − λ) aT max(0, z1 ) + β
= λf (x0 ) + (1 − λ)f (x1 ), ∀ λ ∈ [0, 1]

and therefore

(15)
5

f (xλ ) > 0, ∀ λ ∈ [0, 1]

(22)

(23)

if and only if

f (xλ ) > 0, ∀ λ = 0, 1.

(24)

f (x) > 0, ∀ x ∈ CH(X+ )

(25)

Hence {x : f (x) > 0} is a convex set, and thus

3.3.1. Disjoint Subset Decomposition
There are (2l − 1) non-empty subsets in [l] , {1, 2, · · · , l}
and therefore X− can be decomposed into (2l −1) subsets using
Eq. (28) in Lemma 5. However, if the number of patterns in X−
is smaller than (2l − 1), many of the subsets X−I in Eq. (28) are
empty or redundant. Next, we present an efficient algorithm to
decompose X− into a number of disjoint subsets, wherein each
subset is linearly separable from X+ .
Let x be a given example in the dataset X− and let

follows from f (x) > 0, ∀ x ∈ X+ . Note that f (x) < 0 for all
x ∈ X− (from Eq. (14)). So X− and CH(X+ ) are separable
and thus CH(X+ ) ∩ X− = ∅, which completes the proof.


I(x) , {i : wiT x + bi > 0, i ∈ [l]}

(33)

3.3. Data Decomposition
The following Lemma shows the capacity of signconstrained single-hidden-layer classifiers in decomposing the
negative pattern set into several subsets so that each subset is
linearly separable from the positive pattern set.

denote the set of nodes where the responses of x are positive.
Then we have
f (x) = fI(x) (x).
(34)

Lemma 5. Let X+ be a pattern set which is convexly-separable
from X− , and let f (x) , as defined in Eq.(13) with l hidden
nodes and satisfying a  0, c ≥ 0, be one of their signconstrained single-hidden-layer separators. for any subset of
[l] , {1, 2, · · · , l}, namely I ⊂ [l], define
!
X
T
fI (x) ,
ai (wi x + bi ) + c
(26)

has the largest number of patterns. In the second step, we discard the patterns in Ω1 and search for

Based on this relationship, the first step of the proposed decomposition algorithm is to search for I1 ∈ {I(x) : x ∈ X− }
so that
Ω1 , {x ∈ X− : fI1 (x) < 0}
(35)

I2 ∈ {I(x) : x ∈ X− \Ω1 }
so that the number of patterns in

i∈I

and

Then we have

X−I , {x : fI (x) < 0, x ∈ X− } .
X− =

and

[

I⊂[l]

X−I


CH X−I ∩ CH(X+ ) = ∅,

Ω2 , {x ∈ X− \Ω1 : fIj (x) < 0, j = 1, 2}

(27)

fI (x)
fI (x)

< 0, ∀ x ∈ X−I
> 0, ∀ x ∈ X+ .

Proof: From a  0, it follows that

(28)

(29)

j=1

to maximize the number of patterns in


k−1


[
Ωk , x ∈ X− \
Ωj : fIj (x) < 0, 1 ≤ j ≤ k .



(30)

(39)

j=1

fI (x) ≥ f (x), ∀ I ⊂ [l], x ∈ Rn

(31)

0, ∀ I ⊂ [l], x ∈ X+ .

(32)

Since the sets Ωj (j = 1, 2, · · · , k) are disjoint and nonempty, this procedure converges and there exists an integer K
such that
K
[
X− =
Ωj .
(40)

and consequently

fI (x) >

(37)

is the largest. Similarly, in the k th step, we discard all the patterns in Ωj (j = 1, 2, · · · , k − 1), and search for


k−1

[ 
Ik ∈ I(x) : x ∈ X− \
Ωj
(38)



i.e,
and X+ are linearly-separable, and furthermore, fI (x)
is their linear separator satisfying
X−I

(36)

j=1

Let

Then Eq. (30) follows directly from Eq. (32) and the definition
of X−I in Eq. (27). Note that fI (x) is a linear classifier satisfying Eq. (30), fI (x) is a linear separator of X−I and X+ , and Eq.
(29) holds consequently.
To complete the proof, it remains to prove Eq. (28). Let
x ∈ X− be any pattern with negative label and let I ⊂ [l] be the
index set so that wiT x + bi > 0 for all i ∈ I and wiT x + bi ≤ 0
for all i < I. Then fI (x) = f (x) < 0 and thus x ∈ X−I .
This proves that any element in X− is in X−I for some I ⊂ [l].
Hence Eq. (28) is true and the proof is completed.

fˆ(x) = min fIj (x),
K

j=1

(41)

then we have, fˆ(x) > 0 for any x ∈ X+ and fˆ(x) < 0 for any
x ∈ X− . Hence, fˆ(x) is a separator of the pattern sets and is
a good approximation of the original convex classifier f (x). In
Section 6, an example is provided to show that a learnt model,
with l = 500, can be well approximated by the minimum of 40
(i.e., K = 40) linear classifiers, while the original classifier is
the minimum of 2500 −1 ≈ 3×10150 linear classifiers. This decomposition and approximation are useful in analysing the key
discrimination factors of the learnt neural network classifiers.
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S
single-hidden-layer separator of Xi from the set j,i Xj . Then
by Lemma 4, Xi is convexly-separable from the union of all
the other pattern sets, and therefore Xi is convexly-separable
from any other pattern set Xj (j , i). Note that, this is true
for all i ∈ [m] and therefore every pair of the pattern sets are
mutually convexly-separable, which completes the proof for the
necessity of pairwise mutual convex-separability.

3.4. Multiple Category Classification with Single Hidden Layers
This section considers multiple category classification problems. We will show that multiple (equal to or more than three)
sets can be transformed to be linearly separable by a single hidden layer if and only if every pair of the classes are mutually
convexly-separable.
For classification of m classes, an m-dimensional classifier, namely f (x) = [f1 (x), f2 (x), · · · , fm (x)], with signconstrained ReNN can be described as


Note that each element of the m dimensional multiple category classifier is a sign-constrained ReNN to separate one pattern set from the others, the decomposition property of such
sign-constrained multiple category classifiers can be derived directly from Lemma 5.

fi (x) = aiT max(0, W T x + b) + ci , ai  0, i = 1, 2, · · · , m.
(42)
Theorem 6. Multiple pattern sets, namely Xi (i
=
1, 2, · · · , m) can be separated by a sign-constrained singlehidden-layer classifier, as defined in Eq. (42), if and only if
these pattern sets are pairwise mutually convex-separable, i.e.,
CH(Xi ) ∩ Xj = ∅ for any i , j.

4. The Capacity of Sign-Constrained Rectifier Networks
with Two Hidden Layers
In this section, we first investigate the universal classification
power of sign-constrained two-hidden-layer binary classifiers
and their capacity to decompose one pattern set into smaller
subsets so that each subset is convexly separable from the other
pattern set. We then extend this result to multiple category classification problems.

Proof: From CH(Xi ) ∩ Xj = ∅, ∀ j , i, it follows that
CH(Xi ) ∩ {∪j,i Xj } = ∅, ∀ i ∈ [m]

(43)

which implies that each pattern set is convexly-separable from
the union of all the other patterns.
S
Let X+ = Xi and X− = j,i Xj . By Lemma 4, there is a
sign-constrained single-hidden-layer classifier, namely
fi (x) , aiT max{0, WiT x + bi } + ci

4.1. Binary Classification with Two Hidden Layers
A two-hidden-layer binary classifier, with n dimensional input, l1 bottom hidden nodes, l2 top hidden nodes and a single
output, can be described by

(44)

with ai  0 and ci ≥ 0, such that
fi (x) > 0,
fi (x) < 0,

∀x ∈ S
Xi
∀x ∈ j,i Xj .

f {g(x)} =
g(x) =
(45)

W
b
c

f {g(x)}
f {g(x)}

(46)

> 0, ∀ x ∈ X+
< 0, ∀ x ∈ X− .

(50)

If it further satisfies a  0 and W2  0, we call it a signconstrained two-hidden-layer separator of X+ and X− .
Lemma 7. For any two disjoint pattern sets, namely X+ and
X− , in Rn , there exists a sign-constrained two-hidden-layer binary classifier f {g(x)}, as defined in Eq. (49) and satisfying
a  0, c ≥ 0, W2  0, b2  0, such that f {g(x)} > 0 for all
x ∈ X+ and f {g(x)} < 0 for all x ∈ X− .

Then the output at the ith node, namely yi , equals to fi (x), and
therefore
yi > 0,
∀x∈S
Xi
(47)
yi < 0,
∀ x ∈ j,i Xj
hold for all i ∈ [m]. This proves the sufficiency of mutual
convex-separability for multiple category pattern sets to be separable by a single-hidden-layer SCReNN. Next, we prove its
necessity. Suppose a single-hidden-layer SCReNN exists to
separate m category pattern sets {Xi }m
i=1 such that
yi (x) , aiT max{0, W T x + b} + ci

(49)

where c is a scalar number, a ∈ Rl2 , b ∈ Rl2 , b1 ∈ Rl1 , W2 ∈
Rl1 ×l2 and W1 ∈ Rn×l1 .
We say that a two-hidden-layer binary classifier f {g(x)}, as
defined in Eq. (49), is a two-hidden-layer separator of X+ and
X− if it satisfies

Let the multiple output SCReNN1 in Eq. (3) be defined with


a1


..
A = 

.
am
= [W1 , W2 , · · · , Wm ]
T

= bT1 , bT2 , · · · , bTm
T
= [c1 , c2 , · · · , cm ] .

aT max(0, W2T g(x) + b2 ) + c
max(0, W1T x + b1 )

Proof: Let
X+ =

(48)

satisfies:
S yi (x) > 0 for all x ∈ Xi and yi (x) < 0 for all
x ∈ j,i Xj . Note that ai  0, yi (x) is a sign constrained

L1
[

i=1

X+i , X− =

L2
[

j=1

X−j

(51)

be the disjoint convex hull decomposition [33] of X+ and X− .
Then we have
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CH(X+i ) ∩ CH(X−j ) , ∅, ∀ i ∈ [L1 ], j ∈ [L2 ]

(52)

for any subset, namely I, in [l2 ]. Then we have
[
X− =
X−I

which implies that
X+ ∩

CH(X−i )

, ∅, ∀ i ∈ [L2 ].

(53)

Apply Lemma 4 on X−i and X+ where X−i is treated as the
positive pattern set and X+ is treated as the negative pattern set.
Then, for each i, there exists a sign-constrained single-hiddenlayer separator between X+ and X−i . More precisely, there exist
wi  0, bi ≥ 0, W1 , b1 such that

where

gi (x) < 0, ∀x ∈ X+
gi (x) > 0, ∀x ∈ X−i

(54)

gi (x) , wiT max(0, W1T x + b1 ) + bi .

(55)

Let W2
=
[w1 , w2 , · · · , wL2 ]

0, b2
[b1 , b2 , · · · , bL2 ]T  0 and consider the transformation
z = g(x) , max(0, W2T max(0, W1T x + b1 ) + b2 ).

and

Z−

(62)

i.e,
is convexly-separable from X+ .
Furthermore,
fI {g(x)} is their single-hidden-layer separator satisfying
fI {g(x)}
fI {g(x)}

=

> 0, ∀ x ∈ X+
< 0, ∀ x ∈ X−I .

(63)

Proof: Note that ai ≤ 0, we have

(56)

fI {g(x)} ≥ f {g(x)}, ∀ x ∈ Rn

(64)

fI {g(x)} > 0, ∀ x ∈ X+

(65)

and therefore

, {z : z = g(x), x ∈ X+ }
= {0}
, {z : z = g(x), x ∈ X− }
⊂ {z : 1T z > γmin , z , 0, zi ≥ 0, ∀i ∈ [L1 ]}

(57)

which proves the first inequality of Eq. (63) while the second
one follows from the definition of X−I in Eq. (60). Hence,
fI {g(x)} is a single-hidden-layer separator of X+ and X−I .
Note that

where
γmin


CH X−I ∩ X+ = ∅,

X−I

Denote
Z+

(61)

I⊂[m]

,

min 1T max(0, W2T g(x) − b2 )

x∈X−

> 0.

fI {g(x)}

(58)

2
1  0, c = 1 and f (z) , aT z + c. Then
Let a = − γmin
f (z) ≤ −1 for any z ∈ Z− and f (z) = 1 for any z ∈ Z+ .
Hence

f {g(x)} , a

T

max(0, W2T g(x)

+ b2 ) + c

where

(59)


4.2. Data Decomposition with Two Hidden Layers
Next, we investigate the applications of the two-hidden-layer
sign constrained ReNN classifier to decompose one pattern set
(labelled positive) into several subsets so that each subset is
convexly separable from the other pattern set.

aI

=

cI

=

X
i∈I
X

ai wi  0
ai bi + c.

(66)

(67)

i∈I


Lemma 8 states that the negative pattern set can be decomposed into several subsets by a two-hidden-layer SCReNN,
t
[
namely, X− =
X−i , so that each X−i is convexly-separable

Lemma 8. Let X+ , X− be two disjoint pattern sets and let
f {g(x)}, as defined in Eq. (49) and satisfying a  0, c ≥
0, W2  0, b2  0, be one of their sign-constrained twohidden-layer binary separators with l2 top hidden nodes and
satisfying Eq. (50). Let wi denote the ith column of W2 , bi
denote the ith element of b2 , and define
!
X
fI {g(x)} ,
ai [wiT g(x) + bi ] + c
(60)

i=1

from X+ . Then by labelling X−i as positive and X+ as negative, and from Lemma 4, X+ can be decomposed into a number, namely ti , of subsets by a single-hidden-layer SCReNN,
ti
[
namely, X+ =
X+j , so that X+i and X−j are linearlyj=1

i∈I

, {x : fI {g(x)} < 0, x ∈ X− }

aIT g(x) + cI
aIT max(0, W1T x + b1 ) + cI

which imply that (−fI {g(x)}) is a sign-constrained singlehidden-layer separator of X−I from X+ . Then by Lemma 4,
we have Eq. (62).
Now it remains to prove Eq. (61). It suffices to prove that,
for any x ∈ X− , there exists I ⊂ [l2 ] such that x ∈ X−I . Let
x be a member in X− and let I ⊂ [l2 ], I , ∅ be the index set
such that wiT g(x) + bi > 0 for all i ∈ I and wiT g(x) + bi ≤ 0
for all i < I. Then fI {g(x)} = f {g(x)} < 0 and thus x is in
X−I .

satisfies: f {g(x)} > 0 for x ∈ X+ and f {g(x)} < 0 for
x ∈ X− . Note that W2  0, b2  0, a  0, c > 0, f {g(x)}
is a sign-constrained two-hidden-layer binary classifier, and the
proof is completed.

X−I

=
=

separable. Hence, one can investigate the discriminant features
8



of the two patterns by using the linear classifiers of these subsets of the patterns. With the decomposed subsets, one can
investigate the pattern structures. The numbers of the subsets
are determined by the numbers of hidden nodes in the top hidden layers of the two-hidden-layer SCReNNs and the numbers
of the hidden nodes of the single-hidden-layer SCReNNs. To
find compact pattern structures and meaningful discriminant
features, one may apply the efficient decomposition algorithm
presented in Sec 3.3.1.

Next we address the decomposition capacity of two-hiddenlayer rectifier neural networks. Suppose a two-hidden-layer
SCReNN (as defined in Eq. (68)) is a separator of m pattern
sets Xi such that the ith output yi satisfies yi (x) > 0 for any
x ∈ Xi and yi (x) < 0 for any x in the other pattern sets. Hence
yi (x) = aiT max(0, W2T max{0, W1T x + b1 } + b2 ) + c (73)

is a binary two-hidden-layer
sign constrained ReNN separator
S
for Xi andSthe set j,i Xj . By Lemma 8, one can decompose
the union j,i Xj into a number of subsets that are convexlyseparable from Xi . Then, for each such subset, namely X̂ , of
the union, one can use a single-hidden-layer SCReNN to separate X̂ and Xi , and decomposed Xi into several subsets which
are linearly separable from X̂ . One can use the linear separators of these decomposed subsets to analyse the data and the
key discriminant factors.

4.3. Multiple Category Classification
This section extends the results of the last section to multiple category classification problems. An m-dimensional
classifier with two-hidden-layer SCReNN, namely f (x) =
[f1 (x), f2 (x), · · · , fm (x)], can be described as
fk (x) =
ak 

aiT max(0, W2T max{0, W1T x + b1 } + b2 ) + c
0, W2  0, k = 1, 2, · · · , m.
(68)

Theorem 9. Let {Xk , k = 1, 2, · · · , m} be m disjoint pattern sets with a finite number of points, then there exists an
m-dimensional classifier with two-hidden-layer SCReNN, as
defined in Eq. (68), such that for each k = 1, 2, · · · , m,fk (x)
is positive for any x ∈ Xk , and negative for any x from other
pattern sets.
Sm
Proof: Denote X̂k , l=1,l,k Xl . So Xk and X̂k are disjoint.
From Lemma 7, there exists two hidden layer SCReNNs
fk {Gk (x)} = ākT max(0, UkT Gk (x) + b1,k ) + ck
Gk (x) = max(0, VkT x + b2,k )
ā  0,
Uk  0

such that

Denote

W1
b1
b2
c

and
W2

A

,
,
,
,

(70)

[V1 , V2 , · · · , Vm ]
[bT1,1 , bT1,2 , · · · , bT1,m ]T
[bT2,1 , bT2,2 , · · · , bT2,m ]T
[c1 , c2 , · · · , cm ]2

(71)





= 


U1
0
..
.

 0
ā1
 0

=  .
 ..
0

0
U2
..
.

0
0
ā2
..
.
0

···
···
..
.
···
···
···
..
.
···

0
0
..
.

In this section, we first introduce the well known MM algorithm for non-convex optimization problems, and then show
how the convexity/concavity properties of SCRNs can be used
to design convex surrogate functions in order to apply the MM
algorithms to learn the parameters of the proposed SCRNs.
5.1. The MM Algorithm
The MM algorithm is an iterative algorithm for minimization
of non-convex objective functions, with each of its iterations
consisting of two steps: the majorization step which finds a surrogate function that upperbounds the objective function, and the
minimization step which minimizes the surrogate function. Let
f (x) be a real-valued function, x(l) represent a fixed value of
the parameter x, and let g(x; x(l) ) denote a real-valued function of x whose form depends on x(l) . The function g(x; x(l) )
is said to majorize a real-valued function f (x) at the point x(l)
if

f (x) ≤ g(x; x(l) ), ∀ x ∈ Ω
(74)
f (x(l) ) = g(x(l) ; x(l) )

(69)

> 0, ∀ x ∈ Xk
< 0, ∀ x ∈ X̂k .

fk {Gk (x)}
fk {Gk (x)}

5. Training of Sign Constrained Rectifier Networks

where Ω ⊂ Rn is a closed convex set. The general idea of the
MM procedure to solve the minimization problem







Um 
0
0 

..  .
. 
ām

min f (x)
x∈Ω

(75)

is to construct a majorization function g(x; x(l) ) and update x
at iteration l by

(72)

x(l+1) = arg min g(x; x(l) ).
x∈Ω

(76)

In practice, convex majorization functions are usually used so
that the minimization problem at each iteration has no local
minima and can be solved efficiently. It is easy to show that the
above iterative scheme decreases the objective function monotonically in each iteration, i.e.,

Now let the weights and bias of the two-hidden-layer ReNN,
defined in Eq. (68), be chosen as in Eq. (71) and Eq. (72), then
the output y of the network satisfies yk = fk {Gk (x)}. Note
that A  0, W2  0. The defined ReNN is a two-hidden-layer
sign-constrained ReNN and this completes the proof of the universal classification power of two-hidden-layer SCReNN.
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f (x(l+1) ) ≤ g(x(l+1) ; x(l) ) ≤ g(x(l) ; x(l) ) = f (x(l) ), (77)

where the first inequality and the last equality follow from (74)
while the sandwiched inequality follows from (76). Hence the
objective function decreases until it converges to a stationary
point. Moreover, many local minima of the objective function
can be avoided if they have larger values than the minimum of
one of the majorization functions in the iterations of the MM
algorithm. Hence, the MM algorithm usually finds a good solution even though it cannot guarantee to find the global minima.
Next, we use the MM algorithm to address the training of
single hidden layer SCRNs.

At each iteration, one needs to solve a convex minimization
problem and the cost function decreases until convergence, i.e.,
R(W (l+1) ) + J+ (W (l+1) ) + J− (W (l+1) )
≤ R(W (l) ) + J+ (W (l) ) + J− (W (l) ).

In our experiments, we implement the MM algorithm and
update the weights of the neural networks as follows. First, we
compute the derivatives of the majorized cost function at the
current state, namely
∆W (l) ,

5.2. Training of Single Hidden Layer SCRNs
Consider the following single hidden layer SCRN
T
T
f (x; W) = b0 − 1
Pmmax{0, W xT+ b}
= b0 − k=1 max(0, wk x + bk )

W (l+1) = W (l) + α∗ ∆W (l) .

x∈X−

is not convex, it is bounded by the following convex function
X
Jb− (W; W0 ) ,
max{0, 1 + fb(x; W, W0 )} (81)
x∈X−

where W0 = {b0,0 , wk,0 , bk,0 , k ∈ [m]} is a fixed set of parameters, and
X
fb(x; W, W0 ) , b0 −
wkT x + bk
k∈K(x,W0 )

max{0, wkT x + bk }

= n
f (x; W)
o
T
K(x, W0 ) ,
k : 1 ≤ k ≤ m, wk,0
x + bk,0 > 0 .
(82)
Therefore the total hinge loss satisfies the following inequality
J(W) =
≤

J+ (W) + J− (W)
J+ (W) + Jb− (W; W0 ).

5.3. Training of Two-Hidden-Layer SCRNs
Let
f (x; W) = b0 − 1T max(0, z2 )
z2 = W2T max(0, z1 ) + b2
z1 = W1T x + b1
W2  0

(83)

That is, J(W) is bounded by a convex function of W, i.e.,
J+ (W) + Jb− (W; W0 ).
Hence, the minimization problem of the hinge loss J(W),
with some convex regularization term R(W), can be solved
with the efficient MM algorithm as below
W (l+1) = arg min
W

R(W) + J+ (W) + Jb− (W; W (l) ).

(88)

Since fl (α) is convex, it has a unique minima α∗ . Furthermore, fl (α) is monotonically decreasing when α ≤ α∗ and
monotonically increasing when α ≥ α∗ . Using this property,
we apply the following bisection method to find the unique
minima α∗ : 1) we first set α∗ = 0 and find a sufficiently
large α1 such that fl (α1 + η) > fl (α1 ) where η is a small
step size and we set η = 0.0001 in our implementation; 2) let
α = (α∗ + α1 )/2 and compute f (α) and f (α + η). Update
α1 = α if f (α + η) > f (α) and update α∗ = α otherwise.
This procedure continues until |f (α1 ) − f (α∗ )| ≤  where  is
a threshold which is set to 0.0001 in our implementation.
Compared to the conventional gradient-descent based optimization methods which requires small step sizes for convergence, the proposed MM algorithm can find the optimal step
size to speed up the convergence at each iteration. Our experimental results are provided in Section 6 to show the efficiency
of the proposed MM algorithm.
Next, we consider the training of SCRNs with two hidden
layers.

is a convex function of W. Although the hinge loss of the negative patterns, namely
X
J− (W) ,
max{0, 1 + f (x; W)}
(80)

k∈[m]

(86)
W=W (l)

and update W as

x∈X+

X

ˆ
dJ(W;
W (l) )
dW

ˆ
where J(W;
W (l) ) = R(W) + J+ (W) + Jˆ− (W; W (l) ). We
then solve the following one-dimensional minimization problem
α∗ = arg min fl (α)
α
(87)
ˆ (l) + α∆W (l) ; W (l) )
fl (α) , J(W

(78)

for binary classification, where W , {b0 , wk , bk , k ∈ [m]}
is the set of weights and biases. By Lemma 1, f (x; W) is a
concave function of W when x is fixed. Therefore, the hinge
loss of the positive patterns
X
J+ (W) ,
max{0, 1 − f (x; W)}
(79)

≥ b0 −

(85)

(89)

be a two-hidden-layer SCRN. We learn its weight matrices and
bias vectors by minimizing the following cost function
J(W) , R(W)
X + J+ (W) + J− (W)
J+ (W) ,
max {0, 1 − f (x; W)}

J− (W) ,

(84)
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x∈X+

X

x∈X−

max {0, 1 + f (x; W)}

(90)

where W , {b0 , W1 , W2 , b1 , b2 } is the set of the parameters
in the network, R(W) is a convex regularisation term, X+ and
X− are the pattern sets with labels 1 and −1 respectively.
When the first layer weight matrix W1 and the bias vector
b1 are fixed, the learning of the other parameters in W is essentially a training problem of a single hidden layer SCRN and
thus can be optimized by using the algorithm presented in Section 5.2. Next, we consider the optimization of (W1 , b1 ) when
the other parameters are fixed. The following Lemma provides
the foundation for the algorithm to be presented.

Jb+ (W, W (l) )

Jb− (W, , W (l) )

and

b0 − 1T max(0, ẑ2 )
W2T diag{a1 }z1 + b2
W1T x + b1

(91)

f2 (x; W, a2 ) =
z2 =
z1 =

b0 − a2T z2
W2T max(0, z1 ) + b2
W1T x + b1 .

(92)

X

x∈X−

max{0, 1 − f1 (x; W, a1,l (x))}
max{0, 1 + f2 (x; W, a2,l (x))}.

.

(95)
Jb+ (W, W (l) )
Jb− (W, W (l) ).

(96)

Furthermore, Jb+ (W, W (l) ) and Jb− (W, W (l) ) are convex functions of (W1 , b1 ) when the other parameters are fixed. Hence
W can be updated as
W (l+1) = arg min

W1 ,b1

(l)
(l)
c
R(W) + Jc
+ (W; W ) + J− (W; W ).

(97)
From Eq. (96), the cost function is strictly decreasing until
convergence, that is
R(W (l+1) ) + J+ (W (l+1) ) + J− (W (l+1) )
≤ R(W (l) ) + J+ (W (l) ) + J− (W (l) ).

(98)

The whole set of parameters W can be learnt by optimizing
(b0 , W2 , b2 ) and (W1 , b1 ) alternatively.

(i) f1 (x; W, a1 ) is a concave function of (W1 , b1 ) when the
other parameters in W are fixed, and furthermore

6. Experimental Results

(93)

Experiments were conducted on the MNIST database of
handwritten digits [45] to demonstrate the benefit of sign constraints and the effectiveness of the proposed algorithm. The
MNIST dataset consists of 28×28 grey scale images of handwritten digits. The total number of images in the dataset is
70,000, of which 50,000 are used for training, 10,000 for validation and the remaining 10,000 are used for testing. These
images belong to 10 different classes (corresponding to digits
from 0 to 9).
In our experiments, we used two baseline deep learning networks, referred by baseline (BL) and batch normalization (BN)
respectively, from MatConvNet [46] for MNIST database. BL
is a eight-layer neural network consisting of two convolution
neural networks each followed by a max-pooling layer, a fully
connected layer followed by a rectifier layer and an output layer
followed by a softmax layer. BN includes all the layers of BL
but three batch normalization layers are added after the rectifier layer and the two max-pooling layers. To show the benefits of sign-constraints, we restricted the output layer to have
non-positive elements and restricted the fully connected layer
to have non-negative constraints. The performances of the signconstrained neural networks, namely BL+SC and BN+SC, are
reported in Table 1 with comparisons to the performances of the
baseline neural networks BL and BN. The baseline networks
and the sign-constrained networks are all trained for 50 epochs
using the same learning rates. The best model is selected by using the validation performances and the corresponding training
and testing performances are reported.

(ii) f2 (x; W, a2 ) is a convex function of (W1 , b1 ) when the
other parameters in W are fixed, and furthermore
f2 (x; W, a2 ) ≥ f (x; W).

x∈X+

J+ (W) ≤
J− (W) ≤

Then we have

f1 (x; W, a1 ) ≤ f (x; W).

,

X

Then, from Lemma 10, we have

Lemma 10. Let a1 ∈ {0, 1}l1 , a2 ∈ {0, 1}l2 be two arbitrary
activation patterns for the first layer nodes and for the second
layer nodes respectively. Denote
f1 (x; W, a1 ) =
ẑ2 =
z1 =

,

(94)

Proof: Note that ẑ2 is a linear function of (W1 , b1 ) and
−1  0. From Lemma 1, it follows that f1 (x; W, a1 ) is a
concave function of (W1 , b1 ). Furthermore, since W2  0 and
diag{a1 }z1 ≤ max(0, z1 ), we have ẑ2  z2 and therefore Eq.
(93) holds. This proves the first statement (i).
For the proof of statement (ii), Eq. (94) is true due to the
fact that a2T z2 ≤ 1T max(0, z2 ). To prove the convexity of
f2 (x; W, a2 ) as a function of (W1 , b1 ), let b̂0 = b0 − a2T b2
and â2T = −a2T W2  0. Then f2 (x; W, a2 ) = b̂0 +
â2 max(0, W1T x + b1 ). Therefore, by Lemma 1, f2 (x; W, a2 )
is a convex function of (W1 , b1 ) when x and the other parameters in W are fixed. This proves the statement (ii) and completes the proof.

Based on Lemma 10, (W1 , b1 ) can be optimized iteratively
using the MM algorithm as follows. Let W (l) be the parameter
set at step l. W (0) can be any arbitrary initialization. Let a1,l (x)
and a2,l (x) be the activation patterns of z1 (x) and z2 (x) respectively at step l, and denote
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Training
0%
0%
0%
0%

Validation
0.88%
0.81%
0.80%
0.77%

Testing
0.91%
0.81%
0.85%
0.75%

3 iterations for all the training, validation and testing performances. After 10 iterations, the training error rate drops to
0.1%, while the validation and test performances drop to 0.21%
and 0.31% respectively.
15

Error Rates (%)

BL
BL+SC
BN
BN+SC

Table 1: Performance (error rate) comparison between neural networks with
sign constraints (SC) and those without constraints. BL stands for the baseline
neural network, while BN stands for the neural network with batch normalization layers.

Training
Validation
Testing

10
5
0
1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

Number of Iterations
0.6

Error Rates (%)

Table 1 shows that the sign constraints consistently improve
classification accuracy for both validation and testing and for
both BL and BN.
Next, we show the benefit of the sign constraints in the understanding of the geometrical properties of the separating boundaries of the learnt neural network BN+SC. Since the output
layer has non-positive weights, the learnt classifier is a sign constrained neural network with a single hidden layer if we treat the
features of the second last hidden layer as inputs. Since it has
500 nodes, the learnt classifier is the minimum of up to 2500
linear classifiers in the feature space. We applied the efficient
subset decomposition algorithm presented in Section 3.3.1 and
approximated the learnt classifier with the minimum of up to
50 linear classifiers. The performances of the approximations
with different numbers of linear classifiers are reported in Figure 1. With 10 linear classifiers, the test error rate is below 1%
and with 40 linear classifiers, the test error rate is 0.76%, which
is close 0.75%, the performance of the original classifier. This
shows that the separating boundaries in the feature space can be
well approximated by 40 linear classifiers.
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Number of Iterations

Figure 2: Convergence of MM algorithms on the MNIST Database. The error
rates of first three iterations are shown in the top figure.
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Figure 3: Adaptive Step Sizes of the MM algorithm on the MNIST Database.
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7. Concluding Remarks

Error Rates (%)

1.1
Val
Test

1

We have shown that, with sign constraints on the weights
of the output and the second hidden layers, two-hidden-layer
SCRNs are still universal classifiers and are capable of decomposing each class of patterns into several subsets so that each
subset is convexly separable from the other pattern set. In addition, single-hidden-layer SCRNs are capable of separating any
two (or more) convexly separable pattern sets as well as decomposing one of them into several subsets so that each subset
is linearly separable from the other pattern set. The proposed
SCRN not only enables pattern and feature analysis for model
interpretability and knowledge discovery but also enables efficient training with the well known MM algorithms to reduce the
risks of local minima. Experimental results demonstrate that
the sign constraints also improve classification accuracy. Future potential research directions include investigating the applications of this work to dynamic neural networks for feedback
control systems.
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Figure 1: Performances Versus Number of Linear Classifiers used in the Approximations of the Sign Constrained Neural Network.

To show the advantages of the proposed MM algorithms,
we conducted experiments on a binary classification problem,
which separates digit 0 from the other nine digits on the MNIST
database. At each iteration, we used the convexity of the majorized cost function to find the best step size using the bisection method proposed in Section 5.2. Figure 3 shows the optimal step sizes of the proposed MM algorithm in the training,
and Figure 2 shows its fast convergence. With the optimal step
sizes, the MM algorithm achieves error rates below 1% within
12
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