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ABSTRACT

Cognitive Maps (CMs) have shown promise as tools for modelling and simulation of
knowledge in computers as representation of real objects, concepts, perceptions or
events and their relations. This thesis examines the application of fuzzy theory to the
expression of these relations, and investigates the development of a framework to
better manage the operations of these relations.

The Fuzzy Cognitive Map (FCM) was introduced in 1986 but little progress has been
made since. This is because of the difficulty of modifying or extending its reasoning
mechanism from causality to relations other than causality, such as associative and
deductive reasoning. The ability to express the complex relations between objects and
concepts determines the usefulness of the maps.

Structuring these concepts and

relations in a model so that they can be consistently represented and quickly accessed
and manipulated by a computer is the goal of knowledge representation. This forms
the main motivation of this research.

In this thesis, a novel framework is proposed whereby single-antecedent fuzzy rules
can be applied to a directed graph, and reasoning ability is extended to include noncausality. The framework provides a hierarchical structure where a graph in a higher
layer represents knowledge at a high level of abstraction, and graphs in a lower layer
represent the knowledge in more detail. The framework allows a modular design of
knowledge representation and facilitates the creation of a more complex structure for
modelling and reasoning.

The experiments conducted in this thesis show that the proposed framework is
effective and useful for deriving inferences from input data, solving certain
classification problems, and for prediction and decision-making.
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CHAPTER 1
I n t r o du c t i on

1.1 OVERVIEW
Knowledge representation (KR) may be thought of as a surrogate [1], that is, a
substitute of a real object, concept or event.

As it is not possible to represent

everything in the world, KR is necessarily an approximation of the real world that
focuses on certain properties of an object, concept or event while ignoring others.
Since the focus is only on a subset of the real world, it is necessary that this subset be
relevant to form a useful view of the world to be modelled. KR is therefore a medium
for expressing our perception of objects, ideas, imaginations and events within certain
contexts, as well as the relations among these perceptions. For example, we may have
certain knowledge regarding the relation between the force of braking applied to a car
and its speed. We can then represent these concepts of braking force and speed, and
the relation between them by certain means, for example, word expressions, and
symbols.

Structuring these concepts and relations in a model so that they can be consistently
represented and quickly accessed and manipulated by a computer, is the goal of KR
[2].

The purpose is to derive certain inferences, interpretations, predictions and/or

decisions from the model.

In the 1970s social scientists used the Cognitive Map [3] to capture the structure of
arguments and claimed that it offered insights into policy practice. However, its use
does not appear to be widespread in political science [4].

It is a graphical

representation of concepts and relations, using arcs with symbolic labels to describe
the positive or negative causal relations, and nodes to describe the concepts. However,
as will be discussed in Chapter 2, using symbols introduces imbalance to Cognitive
Map [3].

Kosko proposed the Fuzzy Cognitive Map (FCM) [5] as an extension to the Cognitive
Map in order to overcome its shortcomings. Instead of using symbols to represent
positive and negative causalities, FCM provides a numeric description to the causal
influences. It has been used in many studies because it is a convenient vehicle for
expressing causal knowledge and making inferences [6]. However, its scope is limited
to representation of monotonic causality between concepts [7], where the causal effects
increase with increasing causal influence or decrease with increasing causal influence,
or vice versa.

FCM expresses the causal influence of a concept on another as weights in the interval
[-1, 1], and uses a step transformation function to map the causal influence from one
concept to another. FCM is sometimes regarded as a paradigm similar to that of
artificial neural networks (ANN). However, FCM is not an ANN [8], as will be
discussed in Chapter 2. Carvalho and Tomé observes that feedback loops (which are
often present in an FCM, though not mandatory) actually aggravate the errors present
in the network as the simulation progresses [9].

Later, other authors introduced

FCMs with continuous nonlinear transformation functions such as the sigmoid and
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tanh functions. However, as will be explained in Chapter 2, the use of these functions
actually introduces more system errors.

Some attempts have been made to extend the FCM. Hagiwara proposed non-linear
and time-delay arcs[10];

Satur

introduced the contextual FCM for geographic

information systems[11].

Carvalho and Tomé

proposed a Rule-Based Fuzzy

Cognitive Map (RBFCM) [12] that implements a fuzzy rule-base in each arc
connecting the nodes instead of the numeric weights and transformation functions as
found in the FCM.

Reasoning using fuzzy rules is based on fuzzy theory. The theory is a departure from
the conventional thinking of truth and falsehood. In conventional logic, a statement is
either true or false, with nothing in between. This principle of true or false was
formulated by Aristotle some 2000 years ago as the Law of the Excluded Middle, and
has dominated Western logic ever since. In reality, however, there are cases where
something cannot be classified as wholly true or false. For example, an 80-year-old
person may be classified as old, but a 45-year-old may or may not – if we were to
follow the conventional logic. Zadeh [13] introduced the fuzzy theory to account for
such cases. It allows for the expression of the age of a person in terms of degrees of
‘oldness’. Fuzzy rules are used for reasoning in a multi-valued logic environment
instead of the conventional logic.

However, the RBFCM does not allow singleton inputs [12] where the inputs are
single-valued or crisp. Furthermore, since the fuzzy rule is based on a single fuzzy
membership function, RBFCM can only perform linear transformation and thus
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conforms only weakly to fuzzy theory. These will be discussed further in Chapter 2.
Other than these minor extensions, the literature reveals very little progress towards
extending the FCM further, even though it is considered by many in the research
community as a useful tool for modelling.

1.2 MOTIVATION
Developing a new ‘FCM’ that conforms to fuzzy theory will allow reasoning
capability beyond mere causal relationships. It will allow reasoning in causality as
well as non-causality, thus greatly extending the power and usefulness of FCM. This
forms the primary motivation of this thesis.

However, it is well known that fuzzy rules inherently give rise to the combinatorial
rule explosion problem [14-16]. Thus the second motivation behind this thesis is to
investigate the application of single-antecedent fuzzy rules instead of multi-antecedent
fuzzy rules in knowledge representation. This thesis presents a schema called the
Fuzzy Knowledge Map (or FKM) as a result of the investigation.

As the number of concepts and relations increases, the design and maintenance of the
knowledge representation can become a challenge. This forms the third motivation of
this thesis. A framework is presented as a collection of FKMs (or FKM modules)
arranged in a hierarchical manner such that some nodes in the higher level can
encapsulate the FKM modules in a lower level to allow for the abstraction of concepts
and their relations. This will be explained in more details in Chapter 4.

4

1.3 PRINCIPAL CONTRIBUTIONS
The key contributions of this thesis towards the development of a new framework for
knowledge representation are as follows:
•

The FKM implements single-antecedent fuzzy rules, thus avoiding the potential
rule explosion problem usually associated with multi-antecedent fuzzy rules,
and improving the interpretability and maintainability of the rule base.

•

Implementation of the fuzzy rules also broadens the reasoning capability of the
FKM to include non-causality, thus broadening the area of applications.

•

The FKM framework allows abstraction of FKM modules in a hierarchical
manner so that designing an FKM can be more modular, ignoring the details of
the lower level FKM modules. It allows reuse of FKM modules so that they do
not have to be rebuilt from scratch. As the scope of the fuzzy rules is confined
to each module, there is no ambiguity as to which rules are applied. This
reduces the costs of maintenance of the rule-bases. With the framework, a
more complex model for simulation in a well structured manner can be built.

1.4 STRUCTURE OF THESIS
This thesis is organised as follows. In Chapter 2, a review of the Cognitive Map (CM),
Fuzzy Cognitive Map (FCM) and Rule-Based Fuzzy Cognitive Map (RBFCM) is
presented. This review includes the history of the evolution of the CM, FCM and
RBFCM. The problems relating to feedback loops in FCM, and the unsuitability of the
use of transformation functions such as the sigmoid and tanh functions are discussed.

In Chapter 3, the theoretical basis of this thesis is established. This includes arguments
for the approximation of a polynomial function as an alternative to the approximation
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of a continuous function defined within an interval; and establishment of the basis for
the replacement of a set of multi-antecedent fuzzy rules with a set of single-antecedent
fuzzy rules.

In Chapter 4, the Fuzzy Knowledge Map module is presented. Some methodologies
for the construction of single-antecedent fuzzy rules based on policies, expert
knowledge, and data are also presented.

The chapter is concluded with the

presentation of some experimental results to substantiate the discussion.

Chapter 5 presents the workings of the FKM framework, how the FKM modules
interact with each other and how they are encapsulated for abstraction of concepts.
Some experimental results are also presented to show the performance of the FKM as
compared with the FCM and other models that are based on multi-antecedent fuzzy
rules.

Chapter 6 presents the experiment on decision making on share investment and
trading, based on an FKM framework using data from the Australian Stock Exchange.

Finally Chapter 7 presents the conclusion of the thesis, and the discussion of some
possible directions of future research.
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CHAPTER 2
L i t er a t u re R e v i e w

2.1 OVERVIEW
Knowledge representation (KR) has been introduced in Chapter 1 as necessarily an
approximation of the real world, by means of an abstraction of the properties of an
object, concept or event. In this thesis, the term concept is used as a short-hand
notation, referring to the representation of not just a concept, but also a perception,
an object or an event.

This chapter begins with a review of how Axelrod’s Cognitive Map (CM) [1] has
been used for knowledge representation that allows a user to visualise the relations
between the various concepts, including its strengths and weaknesses.

Then

follows an account of how the Fuzzy Cognitive Map (FCM) was used to extend
the CM to overcome its weaknesses. Finally, the Rule-Based Fuzzy Cognitive
Map (RBFCM) is discussed. The weaknesses in both the FCM and the RBFCM
will be highlighted, which leads to the motivation of this thesis.

2.2 COGNITIVE MAP
Axelrod’s Cognitive Map (CM) [1] is an attempt at using graphical representation
of concepts and relations in political and social sciences. It was introduced as a
formal tool for analysis of policy-making behaviour. It is a signed graph with
nodes (or circles) to represent the concepts and signed arcs (or edges) joining these

nodes to represent the causal influence from one node to another. A positive or
negative sign is used with the arcs to indicate positive or negative causality. In the
1970s social scientists used it to capture the structure of arguments and claimed
that it offered insights into policy practice. For example, the Cognitive Map in
Figure 2-1 taken from Levi and Tetlock [2] represents the reasoning behind the
Japanese decision to bomb Pearl Harbour. The figure depicts that the Japanese
success in the war will be reduced if the Japanese remain idle. This is because
remaining idle will increase their attrition as well as the American preparedness.
Note that in this case the concept domains are not defined precisely. For example,
remaining idle may denote the binary proposition of idle or busy, or it may denote
the amount of time of idleness. There is also no scale of measurement of what is
meant by American preparedness, Japanese strength or their success in war.
However, the intended meaning of arguments and signed relations are easily
understood.

Despite its simplicity and strength in conveying its arguments, the use of Cognitive
Maps does not seem to be widespread in political science [3].

This is because of

the simplistic nature of expressing the causality between two concepts using
symbols + or – to indicate a positive or negative causal influence, respectively.
Where a concept is subject to the causal influence of more than one concept, there
may be a problem of imbalance [1]. For example, in Figure 2-2, taking the path A
to C will result in a positive causal inference of A on B. However, taking the path
A—B—C will show a negative causal inference of A on B. In this case, the CM is
said to be inconclusive.
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Japanese
attrition
+

_

Japanese
remains idle

Japanese
success in war
+

_
US
preparedness

Figure 2-1: Cognitive Map of Japanese bombing of Pearl Harbour [2]

+

A

C

+

_
B

Figure 2-2: A Cognitive Map showing the problem of imbalance.

2.3 FUZZY COGNITIVE MAP
Kosko proposed the Fuzzy Cognitive Map (FCM) [4, 5] as an extension to the
CM. Instead of using positive and negative symbols to describe the causality,
FCM provides a numeric description of the causal influences. It is a directed
graph with or without feedback. It uses nodes to represent concepts and arcs to
represent the causal influence of one node on another. A node that has a causal
influence on another node is called an antecedent (or causal) node and a node that
is subject to that influence is called the consequent (or effect) node. Causality is
usually expressed as a weight value (or strength) in the interval [-1, +1]. The
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direction of the arcs indicates the direction of the causal influence. The strength of
an arc is usually expressed by domain experts using fuzzy linguistic expressions
such as moderate positive, weak negative and so on. When the weight is 0, the
antecedent node has no influence on the consequent node, in which case, the arc
between the nodes is not shown in the graph. On causal reasoning, it is assumed
that on the premise that concept A causes concept B, an occurrence of A will be
accompanied by or closely followed by that of B.

2.3.1 Structure and inference process of FCM
In the example FCM shown in Figure 2-3, the antecedent node N1 has a causal
effect on node N2 represented by the weight w12, but the nodes N1, N2, and N3 all
have causal influences on the node N4, represented by the weights w1,4 , w2,4 and
w3,4, respectively.
w1,4
N4

N1
w2,4

w1,2

w3,4
N2

w4,5
N5

N3

w3,2

Figure 2-3: A simple example of a Fuzzy Cognitive Map

The combined effect of antecedent nodes Ni on a consequent node Nj is known as
the activation of node Nj, and is given by

aj =

n

∑c
i =1

i

• w ij
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(2- 1)

where, ci is the state of antecedent node Nj and wij represents the weights from
node Ni to the consequent node Nj, and n is the total number of antecedent nodes.

The activation a j is then transformed using a transformation function S to produce
the new state cj of the consequent node Nj.
c j = S (a j ) .

(2- 2)

A commonly used transformation function is the step function:
if x ≤ T

 0
S (x) = 
1

if x > T

(2- 3)

for some real threshold value T, usually having a value of 0 if the weights of the
arcs are in the interval [-1, 1 ], and 0.5 if the weights are in the interval [0, 1].

These FCMs are called bivalent FCMs.

They express the state of a node as a

representation of the presence/absence or increase/decrease of the state of a
concept.

By having two threshold values, we can force the activation of FCM nodes into
one of the three values (-1, 0, 1) in a trivalent FCM:
 −1

S ( x) =  0
 1


if x ≤ T1
if T1 < x < T2

(2- 4)

if x ≥ T2

Simulation is performed by computing the activation of a consequent node by
summing the state values of all antecedent nodes to a consequent node as input
using equation (2-1), and then applying an appropriate transformation function as
in equation (2-2) to produce the new state as output of the consequent node. Thus,
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given the state vector, C(k) , representing all node states at any time step k,
calculation of the state vector C(k

+ 1)

at the next time step is performed by

multiplying C by the FCM weight matrix E, and then transforming the result as
follows:
C(k + 1)

=

S[C(k) • E]

(2- 5)

This new state vector becomes the input in the next time step of the simulation.
Simulation continues until one of the following attractors is reached (an attractor is
the end-state of a dynamic system):
1. Fixed point attractor. The states of the FCM remain unchanged for successive
iterations.
2. Limit cycle. A sequence of FCM states keeps repeating indefinitely.
3. Chaotic attractor. The FCM states keep changing with each iteration [6].
Repeating states are never found.

The feedback mechanism of an FCM as evident from the presence of any cycle in
the graph, allows dynamic expression of knowledge over time. Where feedback is
absent, the FCM is said to be trivial [7], in which case the FCM inferencing is
static (that is, not cyclical) and the simulation terminates after the first iteration.

In Section 2.2 we mentioned the path imbalance problem in cognitive maps, which
is caused by the possible existence of inclusive path symbols leading to a node.
To understand how the imbalance problem is resolved, let us assume that the
cognitive map of Figure 2-2 is presented as a bivalent FCM with the weights
between the nodes as arbitrarily assigned. This is shown in Figure 2-4.
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+0.5
A

C
+0.5

-0.6
B

Figure 2-4: A hypothetical bivalent FCM version of the cognitive map of Figure 2-2

Suppose initially all the nodes have a state value of 1. Then at time step 1,
according to equation (2-1), the activation of Node B (due to Node A) is 1 * 0.5 =
0.5; the activation of Node C (due to Node A and Node B) is {1 * 0.5 + 1 * (-0.6)}
= -0.1. Applying the step function of equation (2-3), the state values of Node B
becomes +1 and that of Node C is 0. The state of Node A remains the same at 1, as
there is no causal effect on it from any other node.

Similarly, the states of the nodes at subsequent steps can be computed. We see
that in subsequent time steps, the states of the nodes A, B, and C remain constant at
1, 1 and 0, respectively; that is, the simulation reaches a fixed attractor. Hence
there is no imbalance problem.

Unlike CMs, FCMs use numeric description

instead of symbolic description, and an FCM is an additive fuzzy system [8].
Since for all cases, the net state value of every node in any FCM can always be
computed, the imbalance problem never arises.

Thus the FCM is a convenient vehicle for expressing causal knowledge, and it has
a simple inference mechanism.

At its core is an unrestricted network.

The

feedback mechanism allows it to express knowledge dynamically over time

15

sequences. Consequently, it is ideal for expressing causal knowledge and dynamic
representation of decision-makers’ cause-driven forward reasoning processes.
FCMs have been proposed in scenario planning and strategic planning [9-11].
Bryson et al. proposed using FCM for generating consensus [12]. Perusich used
FCM for policy analysis [13], and Taber proposed FCM for modelling social systems
[14].

Many attempts have also been made to extend the FCM. Hagiwara proposed nonlinear and time-delay arcs [15]; Satur and Liu introduced the contextual FCM for
geographic information systems [16].

FCMs were further extended with the

introduction of continuous non-linear transformation functions. These FCMs are
called continuous FCMs and the states of the nodes are commonly expressed in the
real interval [0, 1] or [-1, 1]. The two most common functions are firstly the
sigmoid (logistic) function as shown in equation (2-6):
C

j

= 1 /( 1 + e

− ax

j

)

(2- 6)

where Cj is an output to the jth consequent node with an input value x, and
parameter a determines how quickly the output approaches the limiting values of 0
and 1;

and secondly tanh function as in equation (2-7):
Cj =

e x − e −x
e x + e−x

where Cj is an output to the jth node and x is the input.
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(2- 7)

These FCMs are aimed at meeting the demands of real world applications which
exhibit fuzzy and non-linear relationships, and the states of the nodes are real
values. Carvalho and Tomé had reservations about the results of the simulations
of continuous FCMs [17]. In the next sub-section the results of some simulations
of continuous FCMs that produce spurious results will be discussed.

2.3.2 Limitations of FCM
There are several shortcomings of FCMs that have limited their scope of
applications. These are discussed in the following subsections.

2.3.2.1 Limitation on representation of relations
FCMs are used to describe the causal relations between concepts. These relations
are monotonic [18]. For example, if there is a positive causal arc of a certain
strength WAB between an antecedent node A and a consequent node B, the state
value of B will increase (decrease) with every increase (decrease) in the state value
of A.

However, in the real world, causal relationships may not be monotonic. Consider
for example the relationship between the distance run by an athlete and her
instantaneous running speed as depicted in the FCM in Figure 2-5. In reality,
initially her speed will increase with increasing distance, but as more distance is
covered, her speed will drop. A more realistic relation of her speed and distance
run is as shown in Figure 2-6.

17

wAB
Distance run

Speed
Node B

Node A

Instantaneous Speed

Figure 2-5: A non-monotonic relationship

Distance run

Figure 2-6: Relation between speed and distance run by an athlete.

It is difficult for the conventional FCM such as the one shown in Figure 2-5 to
simulate such a situation. To improve on such limitation, Hagiwara [15] proposed
an Extended FCM with non-linear arcs by imposing a positive weight and a
negative weight on an arc such that when the causal influence is below a certain
value, the first weight is used for computation of the activation, and when the
influence is above certain value, the second weight is used instead. An example of
the Extended FCM adopted from [15] is shown in Figure 2-7, which models the
effects of population migration on the public health system. As can be seen, the
causality from Nodes C1 to C3, C1 to C4, and C3 to C2 are initially linearly
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increasing and then linearly decreasing.

Other arcs have causality of either

linearly increasing or decreasing. It is an improvement over the conventional
FCM. However, such a method is still hardly adequate if the causality between
two nodes is a quadratic or higher-order polynomial such as that shown in Figure
2-6.

Figure 2-7: An example of an extended FCM adopted from [15]

2.3.2.2 Inability to eliminate error propagation
FCMs are often regarded as a paradigm similar to that of artificial neural networks
(ANN). Typically, neural networks contain many arcs (usually in the 10s and
some cases 100s) joining the nodes together. The assumption is that, with a large
number of nodes and their interconnections, ANNs become more tolerant of any
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distortion (error) in the network. Any distortion in one part of the network is
compensated for in other parts. However, FCMs do not have this advantage in that
the number of arcs to a node is small, often just one to three. Carvalho and Tomé
[17] observes that feedback loops (which are often present in an FCM, though not
mandatory) actually aggravate the errors present in the network as the simulation
progresses.

Errors in FCMs may be introduced from many sources. For example, the initial
state values of nodes may not be exactly representative of the concept states of the
real world. Furthermore, the determination of the weights in the causal arcs by an
expert (as often is the case) is often very subjective, and therefore is an
approximation of the relations in the real world. Once these errors are introduced
into the system, there is no mechanism of eliminating or reducing them, which is
quite unlike the ANN where the errors are reduced at successive training iterations.
We now study a hypothetical case of an error introduced in a weight between two
nodes.

Suppose the error in the weight wi from nodes ci to cj is ξij. Then the activation of
node Nj, is:
a j + θ j = ∑ ci • (wij + ξ ij )

(2- 8)

where aj is the correct or expected activation and θj is the difference between
expected activation and actual activation, that is, the activation due to the error ξij
in the causal link from nodes Ci to Cj.
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If the signs of the weight wij and the error ξij, are the same, the total activation (a j +
θj) at consequent node cj tends to increase, and if the signs are opposite to each
other, the total activation tends to be reduced. In other words, positive activation
error θj will increase the total activation (a j + θj) while negative θj will decrease it.

In the case of bivalent FCMs, the output cj of an consequent node Nj is given by:
1 if (a j + θ j ) > T
cj = 
0 if (a j + θ j ) ≤ T

(2- 9)

where aj is the expected activation, θj is the activation error, and T is the threshold.

We see that positive activation error θj tends to increase and push the total
activation over the transformation threshold T. If that happens, then - when the
step function is applied - the new state of the consequent node (output) will be
elevated to 1 instead of 0. Figure 2-8 illustrates a possible scenario where positive
error θj may alter the final state of the consequent node. In the case of a negative
activation error -θj, the total activation may be decreased below T instead of
remaining above T, in which case the reverse holds. Figure 2-9 illustrates a
possible scenario of the result of a negative activation error.

At any time step, activation error θj may be assumed to be small, and there are
only a few arcs leading into a consequent node. Hence only those consequent
nodes having activation close to the threshold T will produce erroneous results. As
the activations at each time step are mapped to the discrete interval {0, 1}, the
error θj is squashed, producing either a correct state or an incorrect state for the
consequent node. However, at the next time step, the error ξij due to the incorrect
weight in the edge still remains and will result in a new activation error θj as given
21

in equation (2-8). Similar arguments can also be applied to the simulation of a
trivalent FCM. Since bivalent and trivalent FCMs produce discrete outputs of {0,
1} and {-1, 0, 1} respectively, an expert may easily detect such errors and adjust
the weights accordingly.

Activation

1.

0.

+ve Error
θj

0.

Expected
activation
aj
Expected
activation

Activation
pushed above
threshold after
adding +ve
error θj

Expected activation aj
+ Positive error θj

(a)

(b)

Final state after
applying step
function
(c)

Figure 2-8: Effect of positive error in the computation of the total activation of an
FCM node: (a) the amount of expected activation; (b) the total activation ‘pushed’
over the threshold of 0.5 after addition of the positive error; (c) the state of the
consequent node elevated to 1 after application of a step function to the total
activation.

Activation

1.
-ve error θj

0.

Activation
reduced below
threshold after
adding –ve error
-θj

Expected
activation
aj

0.
Expected
activation

(a)

Expected activation aj
+ negative error -θj

(b)

Final state
after applying
step function
(c)

Figure 2-9: Effect of negative error in the computation of the total activation of an
FCM node: (a) the amount of expected activation; (b) the activation ‘reduced’ below
the threshold of 0.5 after subtraction of the negative error; (c) the state of the
consequent node after application of a step function to the total activation.
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However, in the case of continuous FCMs, the situation is quite different. This is
because a different transformation function is used, which maps the activation of a
consequent node to the real interval [0, 1] or [-1, 1], depending on the
transformation function used, for example, a sigmoid function or a tanh function.

Take the sigmoid function (equation 2-6) as an illustration. Suppose the error in
the weight wi from nodes ci to cj is ξij. The activation of node Nj, is as given in
equation 2-5. Then the sigmoid transformation function incorporating the error is:
c

j

= 1 /( 1 + e

− a ( x j +θ

j

)

)

(2- 10)

where a is the gradient (slope) of the transformation function; xj is the correct or
expected activation to the jth node; and θj is the activation error.

The activation error θj has the effect of displacing the state of the consequent node
from the expected position in the output space for the state of cj. The error of
displacement is carried forward to the next time step as input to the next
consequent node. Thus the error propagates along the paths of the arcs from node
to node. Furthermore, at each time step new errors are generated due to the error
ξij in the weights. Thus the errors are compounded at each time step, further
displacing the states of the consequent nodes in the output space.

Step function does, to some extent, manage to reduce/eliminate the side effects of
errors inherited in the weights during the process of transforming the activations to
1 or 0. Only those cases where the activations are close to the threshold prove
problematic.

However, the errors associated with continuous FCM are more

problematic since the errors tend to propagate along the paths and accumulate at

23

each successive time step.

Unlike ANNs where the errors are adjusted during

training, the output to a consequent node of an FCM is not adjusted for errors.

2.3.2.3 The issues of transformation functions in continuous FCMs
Another problem associated with continuous FCMs is the continuous
transformation functions used in the FCM. Only the sigmoid function will be
discussed, as this is the most common transformation function used.

The

problems for other types of continuous transformation functions follow similar
lines of arguments. The formula of sigmoid function was briefly introduced in
equation 2-6. Figure 2-10 shows the effect of three different gradients (2, 1, and
0.5) of a sigmoid function on the output state of a consequent node.

As can be

seen, the input activation of a consequent node is mapped onto the output state
space [0, 1] with the gradient determining the degree of the dispersion in the
output state space.

In other words, for the same set of initial node states and

causal weights in the arcs, different gradients will result in different outputs. Since
FCMs do not possess any correction mechanism (unlike ANNs), the disparity will
remain as is. A review of the literature shows that no known criteria exist for
determining the value of the gradient of a sigmoid function appropriate for certain
scenarios or problem domains, despite the fact that we can obtain totally different
outcomes of FCM simulations using different gradients. Figure 2-10 also shows
that when the input activation is 0, the output state is 0.5.

This is a rather

unexpected outcome, because the domain experts who usually determine the
weights would generally expect it to be 0, since there is no causal influence from
the antecedent node to the consequent node.

It is possible to prepossess the input

before applying the sigmoid function, for example by subtracting the input by 0.5
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(a) Sigmoid function with gradient = 2

(b) Sigmoid function with gradient = 1

(c) Sigmoid function with gradient = 0.5

Figure 2-10: Sigmoid functions with gradient = (a) 2, (b) 1, and (c) 0.5

25

and then multiplying the result by 2. This will shift the 0.5 output down to 0.
However, other problems are introduced. For example, negative output is possible
unless some arbitrary preventive measure is also introduced.

Transformation functions are used extensively in artificial neural networks
(ANNs), the operation of which is known as a “black box” process. Very often the
initial weights in an ANN are either randomly assigned (for example,
backpropagation neural network [19]) or assigned with a small value (for example,
ART [20, 21]).

For each iteration, these weights are adjusted such that the

resultant outputs approach the target outputs. The weights are recognised in the
ANN community as the knowledge or information stored in the network, but how
they are arrived at and their semantics/meanings are not well understood.

In the case of FCM, the weights are not assigned randomly but are chosen by the
experts, or are “learnt” using an algorithm such as the Differential Hebbian
Learning [6, 22], such that they represent the causal strengths from the antecedent
nodes to the consequent nodes. However, as far as we are aware, the learning
algorithm is only applicable to non-continuous FCMs, such as the bivalent FCM
[8].

In the construction of continuous FCMs, experts often only provide the

causal weights with little consideration of the outputs to the consequent nodes,
unlike the fuzzy systems where an expert expresses his or her knowledge both on
the input and the output (for example, If A is small then B is medium). For
instance, in a continuous FCM, an expert may state that the weight from nodes A
to B is 1, to mean A has a casual influence on B with a causal strength of 1. The
expected output is never stated and often assumed to be directly proportionate to
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the causal strength. This may be true for a non-continuous FCM such as the
bivalent FCM, but not so for a continuous FCM. Take the case of an FCM with a
sigmoid function as the transformation function. Suppose the state value of A is 1
and it has a causal influence of (maximum) weight = 1 on node B. Then applying
the sigmoid transformation function with a gradient of 1 will result in a state value
at B of 0.7. The causal influence actually results in a decrease in the state value of
the consequent node B rather than an increase (or maximum value), as might be
expected. We need a method that allows an expert to express his or her knowledge
both on the input and the output, for example, using fuzzy rules.

As can also be observed, the simulation outputs of a continuous FCM using
sigmoid function are different from, for example, the tanh function.
observation is in agreement with that of

This

[17] in that different models using

different transformation functions produce different long-term results, and that
feedback loops actually aggravate the problem. The question, naturally, is: which
set is the “right” set of outputs? and how do we justify/verify it to be “right”?

2.3.2.4 Issues relating to FCM topology
It is observed that the topology of continuous FCMs plays an important role in the
simulation, whereas the initial states of the nodes are often irrelevant. To verify
this, an FCM simulation using the hypothetical model was performed. The FCM
is as shown in Figure 2-11.

27

B

0.5
A

1.0
0.2

1.0

C

D

1.0
-0.6

0.6
E

Figure 2-11: Hypothetical FCM model for testing the effects of using sigmoid
transformation function.

The sigmoid transformation function was used, as given by equation (2-6) with the
slope x set equal to 1. The initial states of all the nodes were set to 0. The results
of the simulation for the first six time steps are as shown in TABLE 2-1.

TABLE 2-1: Results of simulating the FCM shown in Figure 2-11 using sigmoid
function and with initial node states set at 0.

Time
Step
0
1
2
3
4
5
6

Node A
0
0.5
0.525
0.533
0.535
0.535
0.535

Node B
0
0.5
0.562
0.565
0.566
0.566
0.566

Node C
0
0.5
0.622
0.637
0.638
0.638
0.638

Node D
0
0.5
0.668
0.698
0.700
0.700
0.700

Node E
0
0.5
0.574
0.592
0.594
0.594
0.595

The simulation was then repeated but with all initial states set to 1 instead. The
results are as shown in TABLE 2-2.

The results of the simulation at time step 6 are similar to those in TABLE 2-1, with
the states rounded to the nearest 3 decimals. To further confirm that the problem
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is not confined to a particular set of initial state values, the simulation was
repeated, this time with the initial states of the nodes set to 0 except node E which
was set to 1. The results are as shown in TABLE 2-3.

TABLE 2-2: Results of simulating the FCM shown in Figure 2-11 using sigmoid
function and with initial node states set at 1.

Time
Step

Node A
0
1
2
3
4
5
6

1
0.550
0.540
0.536
0.535
0.535
0.535

Node B
1
0.622
0.568
0.567
0.567
0.566
0.566

Node C
1
0.731
0.651
0.638
0.638
0.638
0.638

Node D
1
0.802
0.724
0.701
0.700
0.700
0.700

Node E
1
0.646
0.608
0.596
0.595
0.595
0.595

TABLE 2-3: Results of simulating the FCM shown in Figure 2-11 using sigmoid
function and with initial states set at 0 except E which is set to 1.

Time
Step

Node A
0
1
2
3
4
5
6

0
0.5
0.518
0.533
0.535
0.535
0.535

Node B
0
0.5
0.562
0.564
0.566
0.566
0.566

Node C Node D Node E
0
0.5
0.622
0.637
0.637
0.638
0.638

0
0.354
0.668
0.698
0.700
0.700
0.700

1
0.5
0.574
0.592
0.594
0.594
0.595

Again, the simulation results are similar to those in the previous two cases. This
highlights the serious short-comings of the continuous FCM. One can easily
perform such simulations using FCMs with other non-linear transformation
functions such as the tanh function, and come to the conclusion that the results of
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simulations of these continuous FCMs do not depend on the initial states of the
nodes. TABLES 2-4 and 2-5 shows the simulation results of the FCM using tanh
function instead of sigmoid function.

TABLE 2-4: Results of simulating the FCM shown in Figure 2-11 using tanh
function and with initial node states set at 0.

Time
Step

Node A
0
1
2

0
0
0

Node B Node C Node D Node E
0
0
0

0
0
0

0
0
0

0
0
0

TABLE 2-5: Results of simulating the FCM shown in Figure 2-11 using tanh
function and with initial node states set at 1.

Time
Step
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Node A
1
0.197
0.175
0.142
0.053
0.007
0.024
0.013
0.001
0.001
0.004
0.001
0.000
0.000
0.000
0.000

Node B
1
0.462
0.098
0.087
0.071
0.027
0.003
0.012
0.007
0.000
0.001
0.002
0.000
0.000
0.000
0.000

Node C
1
0.762
0.432
0.098
0.087
0.071
0.027
0.003
0.012
0.007
0.000
0.001
0.002
0.000
0.000
0.000
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Node D
1
0.885
0.717
0.267
0.033
0.122
0.066
0.004
0.006
0.018
0.003
-0.001
0.002
0.002
-0.001
0.000

Node E
1
0.537
0.428
0.253
0.059
0.052
0.043
0.016
0.002
0.007
0.004
0.000
0.000
0.001
0.000
0.000

To verify that the simulation results of continuous FCMs depend on the topology
of the FCMs, the topology of the FCM in the example in Figure 2-5 was changed
by reversing the direction of the arc between nodes B and C as shown in Figure 212. The simulation was repeated as before, first with all the node states set to 0
and then with them set to 1. TABLES 2-6 and 2-7 show the results of the
simulation. As can be seen, the final results at time step 6 are identical, but they
are different from those in TABLES 2-1 and 2-2.

B

0.5
A

1.0
0.2
C

1.0
D

1.0
-0.6

0.6
E

Figure 2-12: Hypothetical continuous FCM modified from Figure 2-6 for testing the
effects of change in topology of the FCM.

While the experimental simulations of continuous FCMs are not exhaustive, it
suffices to say that unless there is a mechanism for error correction, using
continuous transformation functions in FCMs is invalid and the simulations
produce erroneous results.
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TABLE 2-6: Results of simulating the FCM shown in Figure 2-12 using sigmoid
function and with initial node states set at 0.

Time
Step

Node A
0
1
2
3
4
5
6

0
0.5
0.525
0.527
0.528
0.529
0.529

Node B Node C Node D Node E
0
0.5
0.679
0.693
0.697
0.699
0.699

0
0.5
0.622
0.664
0.667
0.668
0.668

0
0.5
0.550
0.569
0.576
0.576
0.576

0
0.5
0.574
0.592
0.598
0.599
0.599

TABLE 2-7: Results of simulating the FCM shown in Figure 2-11 using sigmoid
function and with initial node states set at 1.

Time
Step

Node A
0
1
2
3
4
5
6

1
0.550
0.530
0.529
0.529
0.529
0.529

Node B Node C Node D Node E
1
0.818
0.705
0.701
0.700
0.699
0.699

1
0.731
0.694
0.669
0.668
0.668
0.668

1
0.599
0.585
0.582
0.576
0.577
0.577

1
0.646
0.608
0.603
0.599
0.599
0.599

From the simulations performed, it is reasonable to conclude that the real values of
the states of continuous FCMs give the illusion that they are fuzzy, but in reality
they are not.

It is evident that continuous transformation functions are not

adequate or suitable for modelling in FCM. Carvalho and Tomé observe that
FCM is not fuzzy in the traditional sense, in that it does not share the properties of
the conventional fuzzy systems nor does it perform any fuzzy operation [18].
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2.4 RULE-BASED FUZZY COGNITIVE MAP
Carvalho and Tomé proposed a Rule-Based Fuzzy Cognitive Map (RBFCM) [23]
as an extension of the FCM by implementing a rule base in each arc instead of the
weight and transformation function as originally used in FCM. An example of an
RBFCM is shown in Fig. 2-13.

RB

RB

B

A

RB
RB

C

D
Figure 2-13: An example of RBFCM. RBs are the rule bases; A, B, C and D are the
nodes.

An RBFCM also has a so-called fuzzy carry accumulation mechanism. At each
time step the fuzzy inference outputs are accumulated at each node.

If the

accumulation is less than a certain maximum value (usually 1), then the output at
the consequent node is the accumulated value. If the accumulation exceeds the
maximum value, the consequent node attains the maximum value and the excess or
‘overflow’ is ‘carried over’ to the ‘next point in the universe of discourse’ (or next
point in the UoD) [18, p.5]. This may apparently happen in a multiple-inputsingle-output situation where the cumulation of the outputs from the multiple
antecedent nodes may result in an ‘overflow’. It is not clear what the authors
meant by the ‘next point in the universe of discourse’. Nevertheless, the authors
did not give any justification as to why the next point in the UoD should be
affected by the ‘overflow’ at current node. The view taken here is that each node
has a maximum and a minimum state limit. As in a conventional artificial neural
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networks, the purpose of transformation function is to ensure that all input spaces
are mapped to the output space within the maximum and minimum state limits
(that is, without the so-called ‘overflow’ situation), usually [0, 1] or [-1, 1]. The
problem of continuous FCMs does not concern the maximum and minimum limits,
but rather that of errors generated due to the transformation functions used and the
propagation of these errors.

According to [18], under certain condition (for example, where a consequent node
is linked from two antecedent nodes with different fuzzy membership functions,
such as Increase and Increase_Much), RBFCM does not allow singleton or crisp
inputs, that is, inputs that are not fuzzy. This greatly constrains the usefulness of
the system as in the real world most inputs are singletons.

RBFCM operates only on single antecedent rules. Each arc contains a fuzzy rule
base consisting of a single fuzzy rule. RBFCM does not have any mechanism to
cope with multi-antecedent rules. Its applications are limited to simple operations,
much the same as is the Extended FCM proposed by Hagiwara [15].

From the reasons given above, it can be observed that RBFCM conforms only
weakly to the fuzzy theory, and it can only model simple problems.

2.5 SUMMARY
The Fuzzy Cognitive Map was introduced to extend the Cognitive Map and to
overcome its shortcomings. The FCM in its simplest form (that is, bivalent and
trivalent FCMs) is a useful tool in that it can present the concepts and their
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relations in an easily understandable way. However, the paradigm of continuous
FCM contains some weaknesses that stall its further progress. One way to rectify
these weaknesses is to replace its transformation functions with some other
mechanism of reasoning.

The rule-Based FCM is an attempt in this direction. However, RBFCM only
implements single fuzzy membership function for the rule base in each arc, and
thus its reasoning ability is limited to simple cases. Its proponents did not provide
any evidence that the ‘carry-over’ of the ‘overflow’ is justifiable and reasonable.
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CHAPTER 3
S i n g l e - A n t e c e d e n t Fu z z y R u l e

3.1 OVERVIEW
Until recently, it has generally been perceived that systems implementing fuzzy
modelling [1] provide better transparency than the black box models such as
artificial neural networks. By transparency is meant the interpretability of rules
and outputs. The main reason for this perception is that most conventional rulebased fuzzy systems are abstracted from human experts or heuristics, and they
are usually easy to comprehend. This provides the transparency enabling one to
gain insights into the system and acquire important knowledge. However, as
more and more fuzzy rules are automatically generated using training or
experimental data, fuzzy modelling becomes less easily understood by humans.
Conventional fuzzy inference methodology relies on the mapping of the input
spaces to the output space by partitioning the spaces with membership functions.
In cases where there are more than one input variables an intersection of these
memberships is adopted.

However, the strategy of using membership intersection yields combinatorial
exponential growth in the number of rules as inputs are added to the system,
quickly reducing the performance to unacceptable levels – a problem commonly
called the combinatorial rule explosion [2, 3]. Thus the number of inputs has to
be kept low because the dimension of the input space and complexity grows

exponentially with the number of input variables [4, 5]. This creates a dilemma:
on one hand, the requirement of accuracy calls for the use of dense rule bases
with large numbers of variables and linguistic terms; on the other hand,
exponential growth in the size of the rule base creates problems with
computational time, storage space requirements and maintenance costs.
Reduction of rules is desirable but limiting the number of rules may destroy the
property of the model as a universal approximator [6].

Many approaches have been proposed to address the rule explosion problem.
One approach is to focus on feature selection process and improved inference
algorithms, such as using neural networks, clustering techniques, similarity
measures, genetic algorithms, and singular value decomposition [5, 7-11].
Another approach aims at rule reduction, and rule interpolation [12-14].
Waldock, Carse and Melhuish.[15] proposed an ‘expansion policy’ in a

Hierarchical Fuzzy Rule Based System (HFEBS) by generating additional fuzzy
rules only in the areas of the decision space that are identified as inaccurate, thus
keeping the number of rules small.

However, the potential lack of

transparency, and the rule explosion problems still remain. Kosko [3] observed
that optimal rules did not prevent rule explosion. They merely ease the burden
of computation. This is because multi-antecedent fuzzy rules are still in use.
Multi-antecedent fuzzy rules are defined as one of the form:
If x1 is A1, and x2 is A2, and … and xk is Ak then y is B

(3- 1)

where xi is the ith input to the fuzzy system, which is defined on the universe of
discourse Xi; Ai is a fuzzy set on Xi; y is the system output defined on a universe
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of discourse Y, and B is a fuzzy set on Y.

Single-antecedent fuzzy rules are

fuzzy rules of the form:
If xi is Ai then y is B

(3- 2)

The consequent of the rule can also be expressed as a function as in equation
(3-3):
If xi is Ai then y = f(xi ).

(3- 3)

In this chapter a new approach is proposed whereby single-antecedent fuzzy
rules are used for reasoning instead of transformation functions as in an FCM.
This chapter will show that problems that can be expressed as polynomial or
continuous functions can be approximated by single-antecedent fuzzy rules.
Thus the problems associated with combinatorial rule explosion can be avoided
if single-antecedent fuzzy rules can be used instead. The transparency of rules,
which is often a problem with data-driven derivation of multi-antecedent fuzzy
rules, is also preserved.

Some background formalism and concepts of the proposed method of reasoning
using single-antecedent fuzzy rule are presented in the next section.

The

properties of some of the major fuzzy systems, the conventional approaches to
construction of fuzzy rules, and the relevant unresolved issues are presented
next. Finally, an outline is given of how single-antecedent fuzzy rules can be
used to approximate a function.
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3.2 PRELIMINARIES
In this section, some definitions are provided as background to the proposed
approach to fuzzy inferencing. These definitions are based on fuzzy theory [1,
16] and can be found from many sources [for example, 17, 18].

For ease of

discussion, Ai, 1 ≤ i ≤ n, denotes the fuzzy sets in X ⊂ ℜ, and Ai(x) the
corresponding fuzzy membership function.

Definition 3-A: Pseudotrapezoidal shaped membership function, or simply
PTS function: Let [a, d] ⊂ X ⊂ ℜ. Then a PTS function is defined as a
membership function A(x) = A(x, a, b, c, d) where a ≤ b ≤ c ≤ d, x ∈ X, and
the membership grade M = A(x) ∈ (0, 1] for x ∈ [b, c]; strictly
monotonically increasing in [a, b]; strictly unimodal in [b, c]; strictly
monotonically decreasing in [c, d]; and M = 0 for x ∈ X - [a , d].

Figure 3-1 shows some examples of PTS functions. As can be seen, a triangular
shaped function is a special case of trapezoidal shaped function where b = c.
We can express a normal triangular shaped function as Ai (x, a, b, d). The flank
[b, c] forms the core of the function. Where b = c, the core is a point. The flank
[a, d] is the support. The edge sustaining the flank [a, b] is called the left
shoulder, and that sustaining the flank [c, d] is called the right shoulder.

For a fuzzy set A in X ⊂ ℜ, by definition 3-A, the membership grade M(A) is
defined as:
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M(A) = {x ∈ X | A(x) = sup A(x)}

(3-4)

Therefore, M(A) = [b, c] if A is a PTS function.

Membership

1

X

Flanks
1

1

X

0
1
2
1
2
3
Support
(b): A2 (x, 0, 1, 1, 2) or,
(a): A1 (x, 0, 1, 2, 3)
A2 (x, 0 1, 2)

Membership

Right
shoulder

Membership

Left shoulder
Core

X

0

0

1

2

(c): A3 (x, 0, 1, 1, 2), or
A3 (x, 0, 1, 2)

Figure 3-1: Examples of Pseudotrapezoidal shaped (PTS) membership functions:
(a) trapezoidal shaped; (b) triangular shaped; and (c) Gaussian shaped.

Definition 3-B: Completeness of partition: If for any x ∈ X ⊂ ℜ, there
exists a fuzzy set Ai such that Ai(x) > 0, for i = 1, 2, . . ., n in the universe of
discourse, then the set of fuzzy sets Ai is said to be a complete partition on
X. In short, we say that the set of fuzzy sets Ai is complete.

Figure 3-2 shows an example of a set of fuzzy sets with A1 < A2 < A3 < A4 < A5,
and the set is complete and consistent. Order and consistency are defined in
definitions 3-C and 3-D respectively.
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A1

A2

A3

A4

A5

Membership

1

X

b1 c1 a2 d1 b2 a3 d2 b3 a4 c3 b4 d3 a 5 d4 b 5

c5

Figure 3-2: An example of a set of fuzzy sets, illustrating its completeness,
consistency, and order.

In practical applications, every x ∈ X has a possible input and should therefore
have a corresponding output [19]. Completeness ensures at least one of the
fuzzy rules will be triggered for every x ∈ X. This is also known as a dense
fuzzy rule base.

Definition 3-C: Order between fuzzy sets. Let A and B be two fuzzy sets
in X⊂ ℜ. A < B if M(A) < M(B), that is, ∀ xa ∈ M(A) and ∀xb ∈ M(B), xa <
xb.

Figure 3-2 shows that fuzzy sets A1 < A2 < A3 < A4 < A5. It follows that in this
case,[b1, c1] ≤ [b 2, c2] ≤ [b3, c3] ≤ [b 4, c4] ≤ [b5, c5].

Lemma 3.1: Let Ai be n number of fuzzy sets in X ⊂ ℜ where i = 1, 2, . . ., n
and PTS membership functions Ai(x) = Ai(x, ai, bi, ci, di). Then A1 < A2 < . . .<
An iff [b 1, c1] < [b 2, c2] < . . .< [bn, cn], that is, b1 ≤ c1 < b2 ≤ c2 < . . .< bn ≤ cn.
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Furthermore, as can be seen from Figure 3-2, [bi, ci] < [b j, cj], i ≠ j, iff [b i, ci]
∩ [bj, cj] = ∅. That is, Ai < Aj iff [bi, ci] ∩ [bj, cj] = ∅, i ≠ j.

Proof
Let there be n number of fuzzy sets in the universe of discourse X ⊂ ℜ with
PTS membership functions Ai(x) = Ai(x, ai, bi, ci, di,).

Then by definition 3-C, ∀xi ∈ M(Ai) and ∀xj ∈M(Aj), i ≠ j, x ∈ X, if xi < xj,
then Ai < Aj.

From equation (3-1), M(Ai) = [bi, ci] and M(Aj) = [b j, cj]. ∴ [bi, ci] < [b j, cj]
if xi < xj.

Therefore Ai < Aj if [b i, ci] < [bj, cj], that is, [bi, ci] ∉ [bj, cj] and [bj, cj] ∉ [bi,
ci].

Therefore [bi, ci] ∩ [bj, cj] = ∅.

Suppose [bi, ci] ∩ [bj, cj] ≠ ∅. Then there exists an x such that x ∈ [bi, ci]
and x ∈ [bj, cj]. However, definition 3-C requires that all PTS functions are
ordered such that Ai < Aj if xi < xj for all xi ∈ [bi, ci] and xj ∈ [bn, cj].
Therefore, for all xi ∈ [b i, ci] and xj ∈ [bn, cj] and i ≠ j, xi cannot be equal to
xj. That is, [bi, ci] ∩ [b j, cj] = ∅.
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Therefore, A1 < A2 < . . .< An iff [b1, c1] < [b2, c2] < . . .< [bn, cn] and [b i, ci] ∩
[b j, cj] = ∅ where i ≠ j.

Corollary: Lemma 3-1 implies that the cores of normal fuzzy sets in X do
not overlap.

Definition 3-D: Consistency: Let Ai, i = 1, 2, . . .,n be n fuzzy sets in X ⊂
ℜ. If Ai(x0) = 1 for some x0 ∈ X ⊂ ℜ, then ∀j ≠ i (where j = 1, 2, . . ., n, i =
1, 2, . . ., n), Aj(x0) ≠ 1 and the fuzzy sets Ai are said to be consistent on X.

Consistency allows arguments based on human logic [19]. We do not want a
case where, for example, a person is definitely old and at the same time
definitely middle-aged although we do want to be able to express the case where
a person is somewhat old and somewhat middle-aged. This is also to ensure that
the linguistic terms are in an ordered manner, for example, freezing, cold,
moderate, warm, hot.

Definition 3-E: A fuzzy set A is convex if its membership function is
monotonically increasing and/or decreasing without any saddle point in the
middle, that is,
∀r, s ∈ X, λ ∈ [0, 1], A (t) ≥ min[A (r), A (s)]
where t = λr + (1 - λ) s
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Figure 3-3(a) shows an example of a convex fuzzy set and (b) shows a nonconvex fuzzy set.

1

Membership

Membership

1

r t s

r

0

t

s

0
(a)

(b)

Figure 3-3: (a) convex: A (t) ≥ A (r), and (b) non-convex: A (t) < A (r), fuzzy sets.

Definition 3-F: Common flank: Let Ai, i = 1, 2, . . .,n be n fuzzy sets in X
⊂ ℜ. Let Aj be one of the fuzzy sets in Ai. Then Aj-1 and Aj+1 are the
adjacent fuzzy sets, the left-flank of the membership function Aj is equal to
the right-flank of the membership function of Aj-1, and the right-flank of
membership function Aj is equal to the left-flank of membership function
ji+1; and the sum of the left and right flanks of Aj is equal to the length of the
interval between the peak values of the two adjacent membership functions
Aj-1, Aj+1.
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input xj
Aj-1

Membership

1

Aj

Aj+1

Aj+2
cross points

0.5

X

Left-flank Right-flank

Figure 3-4: Common flank. The left-flank of A j is also the right-flank of Aj-1, and
the right-flank of Aj is also the left-flank of A j+1. Left-flank + right-flank = interval
between peaks of Aj-1 and Aj+1 .

Figure 3-4 shows the common flank of the membership function of fuzzy set Aj.
The common flank as defined in definition 3-F ensures smooth changing values
from one membership function to the next [20]. As can be seen in Figure 3-4, it
can be easily shown mathematically that fuzzy sets that conform to definition
3-F will have cross points at mid-points of the right and of the left flanks, and
that the membership grade at these cross points is 0.5 [21]. Cross points are the
intersections of two flanks of adjacent membership functions.

Lemma 3.2: Let there be a set of n number of fuzzy sets in X ⊂ ℜ, 1 ≤ i ≤ n
and PTS membership functions Ai(x) = Ai(x, ai, bi, ci, di) that are complete,
ordered, consistent and convex, and conform to the common flank defined in
definition 3-F. Then any crisp input (represented by a vertical line in Figure
3-4) will ‘cut’ through one to two at most, membership functions.
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Proof:
Let there be a set of n number of fuzzy sets in X ⊂ ℜ where i = 1, 2, . . ., n
and PTS membership functions Ai(x) = Ai(x, a i, bi, ci, di) that are complete,
ordered, consistent, convex and conform to the common width defined in
definition 3-F.

Let any input xj be at the core of any normal PTS

membership function fj, that is, a j ≤xj ≤ bj. Then, xj ∈ fj, with unity degree of
membership. Since the membership functions are ordered and the cores of
the functions never overlap (see Lemma 3-1), xj ∉ fi, where fi is the ith
membership function, and i ≠ j. Therefore at the core, xj belongs to one and
only one membership function fj. If function fj = f0 is the first function in the
universe of discourse, then there is no adjacent membership function to its
left. If the input xj = x0 lies within the left width of function f0, that is, a0 <
x0 < b0, then the input x0 can only intersect the left shoulder of function f0 at
one point. Similarly an input xn at the right shoulder of the last function fn
can only intersect at one point.

Any function fj which is not the first

membership function or the last function, that is, 1 < j < n, will have
common flanks for its left and right shoulders. That is, the left shoulder will
have a common flank shared with exactly one neighbour on its left, and right
shoulder will similarly have a common flank shared with exactly one
neighbour on its right. An input xj on the left shoulder of such a function fj
will therefore exactly intersect the left shoulder of fj and that of right
shoulder of the neighbouring function fj-1, that is, a j < xj < bj, cj-1 < xj-1 < d j-1,
and xj = xj-1, as shown in Figure 3-4. Similar reasoning can be applied to the
right shoulder of function fj.

49

Corollary: Lemma 3-2 implies that a crisp input fires one to at most two
fuzzy rules since it can only cut at most two points in the universe of
discourse where the memberships are complete, ordered, consistent and
convex, and conform to the common flank as defined in definition 3-F.

Definition 3-G: Simple multivariate polynomial: In this thesis, a simple
multivariate polynomial is defined as a polynomial function that contains
more than one variable, but no summands that are formed by the product of
two or more of these variables. In other words, it contains only monomials,
that is, the individual summands with the coefficients only.

Lemma 3.3: A simple multivariate polynomial can always be decomposed
into univariate polynomials. Similarly, two or more univariate polynomials
can be composed into a single simple multivariate polynomial.

Corollary: A simple multivariate polynomial can thus be considered as a
composite polynomial comprising two or more univariate polynomials.

Definition 3-H: A single-antecedent fuzzy rule is defined as a fuzzy rule of
the form “if x is A, then y = f(x)”, in the product space R = X × Y, where x ∈
X and y ∈ Y, and has a relationship membership function R (x, y).
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The antecedent (or IF-part) of a fuzzy rule is often referred to as the rule
antecedent or premise, and the consequent (or THEN-part) is referred to as the
rule consequent or conclusion.

In a multi-antecedent fuzzy rule, the rule antecedent consists of two or more
input variables xi, 1 ≤ i ≤ n. A class of operators called the triangular norms or tnorms are applied to aggregate the antecedents to derive the firing strength of
the antecedents. Depending on the inference mechanism used, a defuzzification
process may be needed to determine the output of the consequent.

3.3 FUZZY SYSTEMS
Fuzzy systems involve the transformation (or mapping) of inputs to output using
fuzzy rules. By allowing partial memberships, it is possible to represent a
smooth transition from one rule to another. This is known as interpolation
between rules, the criteria of which is discussed further in the next section.
There are many papers in the literature, that show that Mamdani [22] and
Takagi–Sugeno (TS) [23] fuzzy systems are good universal approximators.
They can uniformly approximate any continuous functions to any degree of
accuracy [for example, 19, 24-28]. However, evaluating a continuous function
using a computer is difficult because the continuous function is computationally
expensive and at times may not be readily available or derived.

An alternative is to approximate a polynomial function. The widely studied
Weierstrass approximation theorem states that any continuous function defined
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on an interval [a, b] can be uniformly approximated as closely as desired by a
polynomial function [29].

Given a set of n data points, a function can be plotted such as to pass through
n

these data points in the form of an n - 1 degree polynomial in x, Pn ( x) = ∑ ai x i .
i =1

Thus, instead of a continuous function, a polynomial function can be derived
that approximates the continuous function to a degree of closeness as desired
[24, 28, 30]. It is therefore possible to approximate the polynomial instead of a
continuous function. In this chapter the discussion focuses on using singleantecedent fuzzy rules to approximate polynomials and assumes that the
approach applies equally well to approximating continuous functions since it is
possible to derive a polynomial that approximates as close to a continuous
function as required.

Mamdani and TS are the two major types of fuzzy systems. As shown in Figure
3-5, a conventional fuzzy system consists of a fuzzifier, an inference engine, a
knowledge base, and a defuzzifier. Strictly speaking, there is no defuzzifier in a
TS type fuzzy system as the outputs are already crisp.

However, we need to

combine and apply certain technique to produce a single crisp output for each
set of inputs. In the literature, many authors have referred to this process as
defuzzification. Although it is strictly not the same as that in a Mamdani type
fuzzy system, the same convention as that found in the literature is followed
here.
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Knowledge
base

Crisp
Input

Fuzzifier

Defuzzifier

Inference
engine

Crisp
Output

Figure 3-5: Components of a fuzzy system

The fuzzifier is a process of converting a crisp input value into a fuzzy input.
Two types of inputs are possible: a singleton or crisp input, and a fuzzy input.
As the concern here is with fuzzy inferencing, for simplicity, the input data are
assumed to be singletons. Figure 3-6 shows the fuzzification of a singleton
input x ∈ X ⊂ ℜ, with a degree of membership of A(x) ∈ [0, 1].

Membership

1
A(x)

Membership
grade of crisp
input x

Fuzzy

X

Singleton (crisp)
input x

Figure 3-6: Fuzzification example: Derivation of membership grade of a crisp
input x in the fuzzy set expressed by the trapezoidal membership function
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The fuzzy inference engine is a decision-making logic model which employs
fuzzy rules from the fuzzy-rule base to determine a mapping from the fuzzy sets
in the input space X ⊂ ℜ to the output space Y ⊂ ℜ.

The knowledge base, also called the fuzzy-rule base, is a collection of m fuzzy
rules {R1, R2,, . . ., Rm}. In both Mamdani and TS systems, the antecedent of the
rules is fuzzy. However, the main difference between these two systems lies in
the consequent of the fuzzy rules used in them. Mamdani fuzzy systems use
fuzzy sets in the rule consequent as shown in equation (3-5).
If x1 is A1, and x2 is A2, and . . .,and xn is An then yj is Cj

(3-5)

where xi is the ith input on X, i=1,. . .,n; yj, is the system output defined on a
universe of discourse Y, j=1, . . , m; and Ai and Cj are fuzzy sets on X ⊂ ℜ and Y
⊂ ℜ respectively.

TS fuzzy systems employ linear functions of input variables in the rule
consequent [31] which yield crisp outputs as shown in equation (3-6) below:
If x1 is A1, and x2 is A2, and . . ., and xn is An then yi is fi (x1, x2 , . . .,xn)

(3-6)

where xi is the ith input on X, i=1,. . .,n; yj is the system output defined on a
universe of discourse Y, j=1, . . , m; Ai fuzzy sets on X ⊂ ℜ; fj(.) is a function of
the input vector x.

The function in the consequent can be zero-ordered, in which case yj is a
constant.
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The fuzzy rule as expressed in the form as in equations (3-5) and (3-6) is
commonly called the multi-antecedent fuzzy rule, as mentioned earlier – that is,
equations (3-1) to (3-3).

The defuzzifier in the Mamdani type fuzzy systems converts output fuzzy sets
into a crisp point. The defuzzification methods are discussed in Section 3.5.

3.4 CONVENTIONAL APPROACHES TO FUZZY
RULES CONSTRUCTION
To derive the fuzzy rules, several approaches have been proposed. Some of the
common approaches are outlined in the following subsections:

3.4.1 Grid Partitioning
The most common method used to construct fuzzy rules is to partition the input
space into a specified number of membership functions in the form of a lattice
or grid. The fuzzy sets of these functions are normal convex fuzzy sets. The
rule base is then constructed to cover the input space by using logical
combinations of the antecedent terms. For the conjunctive form of the rules’
antecedents, the number of rules k needed to cover the universe of discourse is
k=p n, where p is the number of partitions in the input space. A clear drawback
of this approach is that the number of rules, k, in the model grows exponentially
with the number of partitions, p, in the input space and the number of antecedent
variables n. This is an actively researched area, the main aim of which is to
reduce the number of rules, and to optimize the input space. Some of the
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reported approaches towards this aim include evolutionary computing
techniques [32], hierarchical construction of rules [15, 33], and identification of
redundant input variables [34].

Other forms of combining rule antecedents

have also been attempted, including the disjunctive form, but with arguable
success [35, 36].

3.4.2 Tree Partitioning
Tree partitioning is a method that eliminates the problems associated with gridpartitioning. It can be used to build the decision rules based on a hierarchical
structure, for example, fuzzy decision trees [37] or quad trees [38]. Although
these methods curtail the explosion of rules, they tend to have a lot of nonuniform overlapping membership functions, thus rendering these partitions in a
non-linear ordering fashion. Hence sequential ordering of labels of membership
functions is meaningless. Furthermore, in order to improve their performance,
the fuzzy rules that are abstracted from experts are often updated by using
different learning methods. This also tends to lead to the loss of interpretability
of the fuzzy model.

3.4.3 Scatter Partitioning
The scatter partitioning method [38, 39] allows the antecedents of the fuzzy
rules to be positioned at arbitrary locations in the input space. The Gaussian
membership function (often used in scatter partitioning) can cover across several
partitions but only in the subset of the input space where data exist. Thus,
assigning meaningful linguistic labels to these functions is also difficult if not
impossible.
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In conclusion, there is probably no single satisfactory solution to the problems
associated with the construction of fuzzy rules. Resolving the complexity and
transparency issues associated with fuzzy rules is still an important on-going
research area. Mendel and Liang [40] are of the opinion that replacing the
multi-antecedent rules will be a significant contribution towards eliminating the
associated rule explosion.

3.5 TRADITIONAL DEFUZZIFICATION METHODS
The purpose of the final output of a fuzzy system is a crisp output point in the
output space such that it represents a point on a graph of a function of the input
variables. As the output of the fuzzy rules of a Mamdani fuzzy system is a set
of fuzzy sets, it is necessary to defuzzify the fuzzy sets.

There are many

defuzzifiers such as centre of gravity (or COG), and mean of maxima (MOM).
A typical discrete output of COG method is given by:
n

y =
*

∑ y C( y )
i =1
n

i

i

∑ C( y )

(3-7)

i

i =1

where y* denotes the defuzzified output value of the membership grades of the
set of fuzzy sets C(y) [18], n is the number of discrete values in the universe of
discourse.

Sugeno used linear combinations of inputs as output functions yj:
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n

y j = c j ,0 + ∑ c j ,i xi

(3-8)

i =1

where cj,i are real parameters for jth rule.

The final output is obtained by a weighted summation function:
n

y ( x) =
*

∑α
j =1

j

yj
(3-9)

n

∑α
j =1

j

where y* (x) is the defuzzified discrete output for the input x, and αj is the weight
for rule j.

The degree of satisfaction of the antecedent (or premise) of the rule determines
the firing strength of the rule.

Often this degree of satisfaction Aj(x) as

expressed below is used to compute this weight:
Aj(x) = Aj1(x1) × Aj2 (x2 ) × . . . × Ajn(xn)

(3- 10)

where Aji(.) is the membership function of the antecedent linguistic value Aji,
1 ≤ i ≤ n.

Equation (3-9) can then be expressed as:
n

∑ A ( x) y
j

y * ( x) =

j =1
n

∑ A ( x)
j

j =1
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j

(3-11)

n

When the degree of satisfaction Aj(x) is normalized, that is, ∑Aj(x) = 1 at any x,
j=1

it has the effect of weighting the outputs. Replacing Aj(x) with wj equation
(3-11) becomes:
n

y (x) =
*

∑w
j =1
n

j

∑w
j =1

yj

(3-12)
j

wj is called the relative firing strength or significance of the rule.

If we have two fuzzy rules, then equation (3-12) becomes:

y * (x) =

w1 y 1 + w 2 y 2
w1 + w 2

(3-13)

3.6 APPROXIMATION OF A FUNCTION
The purpose of defuzzification in Mamdani or TS type fuzzy systems is to
produce a point on a curve that represents a continuous function. As mentioned
in Section 3.3, there exists a polynomial that approximates a continuous
function. It is possible, therefore, to approximate this polynomial instead of the
continuous function. The following subsections show that the approach of using
single-antecedent fuzzy rules for approximation of a polynomial produces the
same result using a TS type fuzzy system.
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3.6.1 Lagrange interpolation
Consider the case where there exist n data points (xi, yi) where no two xi are the
same. Then there exists at most a polynomial of n - 1 degree of the form y
n

= Pn ( x) = ∑ ai x . We can then substitute all the data points in Pn (x) and solve
i =1

the n linear simultaneous equations to obtain the coefficients ai. An alternative
method is to make use of Lagrange interpolation to obtain the coefficients. In
this case, we can express the polynomial as:

n

Pn (x) = L1(x)y1 + L2(x)y2 + . . . + Ln(x)yn = ∑ Li (x) yi

(3-14)

i=1

where

Lk ( x ) =

n
x − xi
( x − x1 )( x − x 2 )...( x − x n )
=∏
( x k − x1 )( x k − x 2 )...( x k − x n ) i =1 x k − x i

(3-15)

i ≠k

where i, k = 1, 2, . . ., n, and such that L k ( x i ) =  1
0

if k = i
if k ≠ i

.

For the case of degree = 1 (that is, first order or linear) with the polynomial
passing through two points (x1, y1) and (x2, y2), the Lagrange polynomial is
given by:
P1 ( x ) = L1 ( x ) y1 + L 2 ( x ) y 2
=

( x − x2 )
( x − x1 )
y1 +
y2
( x1 − x 2 )
( x 2 − x1 )

For x = x1, L1 = 1 and L2 = 0, so P1(x1) = y1, that is, it contains (x1, y1).
For x = x2, L1 = 0 and L2 = 1, so P1(x2) = y2, that is, it contains (x2, y2).
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(3-16)

3.6.2 Case of a univariate polynomial
Suppose there exists a set of fuzzy sets that partitions the input space
completely, and the membership functions are ordered, consistent, and convex.
Suppose that these functions share the common flanks as defined in definition
3-F, and they are PTS functions. Then by Lemma 3.2, an input singleton x
belongs to one or at most two PTS functions. Suppose the PTS functions are
normal. Then x will have a degree of membership in [0, 1].

Then it is possible to create a set of single-antecedent fuzzy rules. Since the
fuzzy membership functions are ordered, consistent and convex, (referring to
Figure 3-4) an input will trigger the rules in two situations:

In the case where the input x cuts at one point in the set of membership
functions, the output is determined by the consequent of a single-antecedent
fuzzy rule.
Rule 1: If x is A then y = f (x)

In the case where the input x cuts at two points, the output is determined by two
rules:
Rule 1: If x is A1, then y1 = f1 (x)
Rule 2: If x is A2, then y2 = f2 (x)

According to the Takagi-Sugeno (TS) fuzzy system and as given in equation
(3-13), the defuzzified system output y* is given by:
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y * ( x) =

w1 y1 + w 2 y 2
w1 + w 2

(3-17)

2

When ∑wj = 1 (that is, in this case w1 + w2 = 1) for normalized w, equation
j=1

(3-17) becomes:
y* (x) = w1 y1 + w2 y2

The functions y1 and y2 can be constants or linear functions.

(3-18)

As may be

observed, this is a case of SISO (single input-single output) model.

The

inference and defuzzification of an input singleton is shown in Figure 3-7. As
can be seen, w1 = (x - x2)/(x1 - x2), and w2 = (x - x1)/(x2 - x1). Substituting these
in equation(3-17), we have:

y* (x) =

(x - x1)
(x - x2)
y +
y
(x1 - x2) 1 (x2 - x1) 2

(3-19)

The result, as shown in equation (3-19), is the same as equation (3-16); that is,
the crisp output of a TS fuzzy system of a univariate input is a point on the
polynomial function.
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1
w1

w2
x1

x2

X

y1

y2

X

x
y=

w1 y1 + w2 y2
w1 + w2

Figure 3-7: Fuzzy inference of an input singleton x by two fuzzy rules to produce
a crisp output

3.6.3 Case of a simple multivariate polynomial
Consider the case of a simple multivariate polynomial (as per definition 3-G)
with two or more input variables.

It is always possible to decompose the

multivariate polynomial into univariate polynomials such that each of these
polynomials contains only one input variable (Lemma 3-3).

Subsequently, a

set of fuzzy rules can be formed for each of these univariate polynomials. The
sum of the outputs of these sets of fuzzy rules for each set of inputs yield a point
on the original simple multivariate polynomial.

Often it is desirable to express the total output in terms of a normalized output
within an interval say, [0, 1]. Therefore, the contribution of each term may be
weighted such that the sum of these contributions falls within [0, 1] as given by
the equation:
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y = β1 y*1 + β 2 y*2 ... +βn y*n

(3-20)

n

where ∑βj = 1.
j=1

β is the weighting of the contribution of each term. In many situations, the
contributions can be equal, or some terms may have higher contributions at the
expense of others.

1
w1
y* 1
w2
x1,1

x1,2

X

y1,1 y1,2

X

x1
1
w1

y*2

x2,1

x2,2

X

y2,,2

x2

X
y = β 1 y* 1 + β 2 y* 2

Figure 3-8: Fuzzy inference of two independent input variables to produce a crisp
output.

An example of the process involving two input variables is shown in Figure 3-8.
As can be seen, equation (3-20) in this case is reduced to y = β1 y*1 + β2 y*2.
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3.6.4 Case of a multivariate polynomial
In a multivariate polynomial, there may be summands that are products of two
or more variables.

In such cases, it may be difficult to decompose the

polynomial into simple multivariate or univariate polynomials. However, in a
close interval [a, b], each variable may contribute different values towards the
polynomial at different points in the universes of discourse. For example, in the
equation: y = 5x5 - 9x4 + x³z + xz3, 5x5 dominates the contributions towards
output y for large absolute values of x. For variables closer to the origin, the
polynomial may wiggle up and down, hitting many highs and lows. Thus, the
interval [a, b] determines the overall dominance of the variables.

In the

example, if [a, b] includes points where x is large, then x dominates. Otherwise
either x or z may dominate, or both may equally dominate.

Suppose the contribution by one variable dominates. Then its contribution can
be approximated and subtracted from the total contribution to arrive at the net
contributions for the rest of the variables. This is sometime known as input
variables mining. In the Sugeno Yasukawa method [41], it is called the type 1b
structure identification. By repeatedly eliminating the contribution of the next
dominant input variable, we can eventually evaluate the last variable. Such a
method as adopted from [41] is presented in the experiments which are outlined
in Chapter 4.

Suppose the contributions of two or more input variables are equal, it is still
possible to approximate their contributions. We can arbitrarily select a variable,
say x, to be the dominant variable and approximate its contribution. Since we
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arbitrarily choose x to be the dominant variable, excess contribution would have
been allotted to x at the expense of other variables. This means that the rest of
the variables will also have been allotted smaller or even negative contributions.
The result is that the contributions for all the variables will cancel each other out
such that the final output of the model approximates closely to the polynomial
function. This approach is demonstrated in our experiments in Chapter 6.

As in fuzzy systems, the input spaces are partitioned such that the membership
functions are ordered, consistent, and convex, and they share common flanks.
Each partition thus forms an interval [a i' , bi' ] where i is the ith partition. Then
the membership function for each partition can be approximated. Kosko [42]
terms such fuzzy inferencing outputs that are based on partitions as fuzzy
patches. Figure 3-9 shows an example of fuzzy patches of a function y with a
single variable x.

Y

X

Figure 3-1: Fuzzy relations in the product space X × Y
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For each membership function, fuzzy rules are constructed. In general, fuzzy
rules can be constructed either based on data or expert knowledge.

It is worthwhile to investigate further other means of decomposing a
multivariate polynomial within each partition where the polynomial contains
summands of products of terms. For example, it is possible to split the input
spaces such that each data point is attributed with a degree of membership that it
belongs to certain input space, as in [43, 44]. Nevertheless, the experiments
described in Chapters 4 show that the method proposed in this thesis produced
better results than those presented by Sugeno and Yasukawa [41], where
multiple-antecedent fuzzy rules were used.

3.7 SUMMARY
In addition to the fact that the conventional linguistic conjunctive multipleantecedent form of fuzzy rules has been known to cause transparency and
complexity problems in fuzzy systems, they are also not suitable for
implementation in FCM. This is because the topological structure of FCM
requires that only a single input can be allocated at each node and it will be
difficult to reason with multiple antecedents. Hence this thesis proposes a novel
approach of using single-antecedent fuzzy rules for reasoning.

This chapter has shown that single-antecedent fuzzy rules can approximate a
polynomial function and therefore a continuous function.

Thus single-

antecedent fuzzy rules can be implemented in the proposed framework instead
of multi-antecedent fuzzy rules.
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CHAPTER 4
F u zz y K n o w l e d g e M a p

4.1 OVERVIEW
The shortcomings of fuzzy cognitive maps (FCMs) and Rule-Based FCMs
(RBFCMs) have been discussed in Chapter 2. FCM in its simplest form (that is,
bivalent and trivalent FCMs) is a useful tool in that it can present the concepts
and their relations in an easily understandable way. However, it has been shown
that the paradigm of continuous FCM contains some weaknesses that limit its
usefulness and progress.
problems.

The RBFCM is an attempt to overcome these

However, RBFCM only implements single fuzzy membership

function for the rule base in each arc, and thus its reasoning ability is limited to
simple cases.

In Chapter 3, single-antecedent fuzzy rules were shown to be able to
approximate a polynomial and hence a continuous function. The reason for
opting for single-antecedent fuzzy rules is that conventional multi-antecedent
fuzzy rules can cause transparency and complexity problems, and they are
difficult to implement in FCM.

This chapter shows how single-antecedent fuzzy rules can be implemented in
Fuzzy Knowledge Map (FKM). Some methodologies of construction of single-

antecedent fuzzy rules in FKM and FKM operations and experimental
simulations are also presented and compared.

4.2 FUZZY KNOWLEDGE MAPS AND THE SINGLEANTECEDENT FUZZY RULE
Fuzzy Knowledge Map (or simply FKM) is a graphical representation scheme to
visualise the perceptions of objects, events, or idea (or concepts for simplicity)
and their relationships.

It uses fuzzy reasoning to derive the states of the

concepts for a given set of input values. It consists of nodes to represent
concepts and directed arcs linking one node to another to represent the relation
between these nodes.

Each arc is associated with a set of fuzzy rules that expresses this relationship
using imprecise linguistic terms. The direction of an arc indicates the direction
of influence or inference from a node (called the antecedent node) to another
node (called the consequent node). An antecedent node reasons through the set
of fuzzy rules in the arc connecting it to the consequent node to produce an
output in the latter. A node may accept an external input, in which case its state
is changed to match the input value. In the absence of an external input, its state
remains the same until it is changed by either an external input or by one or
more antecedent nodes connected to it. The reasoning process involves the
fuzzification of input values using fuzzy set membership functions and
execution of relevant fuzzy rules. This is followed by the aggregation and
defuzzification of the rule outputs to produce a single output value for the
consequent node.
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In Chapter 2, the problems associated with using FCM to model the effect of the
distance run by an athlete on her speed have been highlighted. The relationship
is repeated here to show an overview of how this may be modelled using FKM.
Figure 4-1 shows the FKM equivalence. As can be seen, the topology is similar
to that of FCM in Figure 2-5 in Chapter 2. It is a single input-single output
(SISO) topology. It shows the same relation between the distance run by the
athlete and her running speed. Note that the relationship between Distance and
Speed is not causal. Speed is caused (influenced) by other factors such as
fatigue.

Figure 4-1: An example of SISO FKM topology depicting the effect of a distance
run by an athlete on her speed.

A possible set of single-antecedent fuzzy rules for the relationship between
Distance run and Speed may be as follows:
Rule 1: If distance_run is nil, then speed is nil
Rule 2: If distance_run is v_Short, then speed is low
Rule 3: If distance_run is short, then speed is fast
Rule 4: If distance_run is medium, then speed is v_Fast
Rule 5: If distance_run is long, then speed is medium
Rule 6: If distance_run is v_Long, then speed is low
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If A1 then B1

ai

b1

If A2 then B2
b2
•
•
bm
•
If Am then Bm

Defuzzification

di

Figure 4-2: Fuzzy rules and defuzzification process to derive a new state di of a
consequent node B from an input ai of an antecedent node A.

This set of fuzzy rules can be depicted as in Figure 4-2. The figure shows a set
of single-antecedent fuzzy rules used to model the relationship between an
antecedent node with state ai and a consequent node with state di, between
which a relationship R (a, b) exists. Let a ∈ A be the input and b ∈ B be the
output of the relation R (a, b). Then, as shown in the figure, the output of the
fuzzy rules is the entire fuzzy output subset b = {b1, ..., b n}. The aggregate of
these outputs is subjected to a defuzzification process. The purpose of the
defuzzification process is to derive a single output value d j in the interval [0, 1]
for the consequent node B. The output dj represents the state of node B in
response to the state a i of antecedent node A. We may denote d j as d *j to
indicate that it is a defuzzified output.

In the case of SISO, the output d 1* becomes the new state of the consequent
node. However, in the case of Multiple Input-Single Output or MISO (for
example, as shown in Figure 4-3) where two or more antecedent nodes are
linked to a consequent node, the outputs d *j from the entire antecedent nodes
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are aggregated to form the new state of the consequent node. The new state d *
is computed as in equation (3-20) and reproduced below:
d* = β1d 1* + β 2 d 2* + ... + β n d n*

( 4-1)

n

where ∑βj = 1, β is the weighting of the contribution of each term.
j=1

Figure 4-3: Example of multiple antecedent nodes linked to a consequent node
(that is, multiple input single output or MISO).

The weighting assigns the relative degree of contributions of each antecedent
n

node to the consequent node, such that

∑βj = 1.

This is discussed further in

j=1

Section 4.3.3.

The FKM model differs from the Standard Additive Model (SAM) [1] in two
important aspects.
1. As shown in Figure 4-4, in SAM, each input xi fires all the fuzzy rules to
some degrees and in parallel. In FKM, a set of rules relates specifically
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to an arc linking from an antecedent node to a consequent node. The
rules are fired only when the input relates specifically to the arc.
According to the Lemma 3-2 in Chapter 3, where the membership
functions are complete, ordered, consistent and convex, and conform to
the common flank defined in definition 3-6, a crisp input can cut the
membership functions only at two points at most. Hence, it can fire only
one to at most two of the rules. Other sets of rules target other arcs
linking the antecedent and consequent nodes.

If X1 then Y1

xi

If X2 then Y2
•
•
•
If Xm then Ym

y1
w1
y2
ym

w2

Defuzzification

y

wm

Figure 4-4: The Standard Additive Model (SAM)

2. In SAM the weight wi scales the output from each rule to reflect the rule
credibility or significance.

The outputs are then summed and

defuzzified. In FKM, the summation and defuzzification is over a single
set of fuzzy rules between an antecedent node and a consequent node.
The defuzzified outputs of all antecedent nodes that are linked to a
consequent node are then weighted and accumulated (added) in the
consequent node. Thus the SAM sums and weights the outputs at the
level before defuzzification, whereas the FKM sums and defuzzifies the
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set of outputs from each set of fuzzy rules, and then weights these crisp
outputs.

4.3 CONSTRUCTION OF SINGLE-ANTECEDENT
FUZZY RULES BASED ON POLICIES
In FKM, these rules can be constructed in three ways:
1. Construction based on policies;
2. Construction based on domain experts’ knowledge
3. Construction based on extraction of rules from data

In this section, the first method of constructing fuzzy rules is discussed. The
rule construction based on expert knowledge is presented in Section 4.4, and
rule extraction based on data is given in Section 4.5.

To understand and appreciate the efficiency and transparency of the proposed
technique of constructing fuzzy rules, a hypothetical example is used. Two
defuzzification approaches are presented: the conventional Mamdani type fuzzy
inference; and the conventional TS type fuzzy inference.

Consider a hypothetical case of a restaurant diner giving tips based on the
quality of food and service. We want to give tips in proportion to the two input
variables service and food. In other words, we have two tipping policies as
follows:
1) tip in proportion to quality of food
2) tip in proportion to quality of service
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The conventional operation of fuzzy rules assumes that both input variables (in
this case, service and food) must be present in order to contribute towards the
output tip – hence the need for multi-antecedent fuzzy rules. The fact is that
there is no inter-relationship between service and food. For example, making
tips for quality of service dependent on those for quality of food makes no sense,
even though quality of service and that of food may appear to be correlated. We
can therefore treat the two input variables service and food separately, that is,
we can use single-antecedent fuzzy rules.

The next two subsections shows how the two tipping policies can be enforced
by constructing the fuzzy rules based on Mamdani type inference and TakagiSugeno type inference, respectively.

4.3.1 Construction of single-antecedent fuzzy rules based on
Mamdani type inference for Diner’s tip
First, partition each of the two input variables into three regions – poor, good
and excellent for service, and rancid, good and delicious for food. Without
reducing the number of rules, either heuristically or otherwise, if we are to apply
the conventional grid partitioning method to the input domain, we need 32 = 9
fuzzy rules, for example:
Rule 1: If service is poor and food is rancid then tip is cheap
Rule 2: If service is poor and food is good then tip is better_than_cheap
...
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Rule 8: If service is excellent and food is good then tip is
less_than_generous
Rule 9: If service is excellent and food is delicious then tip is generous

As can be seen from the rules presented above, it is necessary to resort to
intermediate linguistic labelling (qualifiers) in order to define the intermediate
qualities of food and service. Thus, the interpretability of the rules will be
significantly degraded as the number of rules increases.

When multiple

memberships are intersected to form an antecedent of a rule, its transparency is
reduced as the dimension of the input space is proportional to the number of
input variables. Figure 4-5 shows the grid partitions of the relevant input space.
Since there are two input variables, we have a 2-dimensional input space. By
the same token, if there are n input variables, there will be an n-dimensional
space.

Poor

Good

Excellent

Service
Delicious

Good

Food

Rancid

Figure 4-5: Partitions of the input space of the tipping example
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Recalling that the diner’s policy of tipping is in direct proportion to the service
and food, mathematically we can express the amount of tips y as:
y = ws s + wf f

( 4-2)

where ws is the coefficient of the proportion of tips for service, and wf is the
coefficient of the proportion of tips for food. s and f are the crisp outputs of tips
due to quality of service and food respectively.

Equation (4-2) is a simple multivariate polynomial (Definition 3-7). By Lemma
3-3, a simple multivariate polynomial can always be decomposed into univariate
polynomials. We can therefore decompose equation (4-2) into, in this case, two
univariate polynomials as follows:
ys = ws s

( 4-3)

yf = wf f

( 4-4)

y = ys + yf

( 4-5)

where ys is the tips relating to quality of service, and yf is the tips relating to
quality of food.

Effectively the input space has been split into two simpler sub-spaces. It is
implicit that service and food are of same proportional weight, that is,
ws = 0.5

( 4-6)

wf = 0.5

( 4-7)
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Equations (4-3), (4-4) and (4-5) then become:
ys = 0.5 s

( 4-8)

yf = 0.5 f

( 4-9)

y = 0.5 s + 0.5 f

( 4-10)

The significance of weighting is discussed further in Section 4.3.3.2. If we
create a graph of curves of tips for food with services kept constant at 0, 0.6 and
1, we can easily visualise that a change in services causes (in economics term) a
“shift” in the curve for food, as shown in Figure 4-6. It is also true if we plot a
graph of tips for services with food kept constant at various levels. By shift, we
mean the change due to other factors is constant such that the curves are parallel
to each other.

1
0.9

Service at 1.0

0.8

Tips

0.7
0.6

Service at 0.6

0.5
0.4
0.3

Service at 0.0

0.2
0.1

1

0.
9

0.
8

0.
7

0.
6

0.
5

0.
4

0.
3

0.
2

0.
1

0

0

Food

Figure 4-6: Graph of tips for food with services kept constant at 0, 0.6, and 1
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Instead of having a set of multi-antecedent rules for the whole input space, we
can have a set of single-antecedent rules for each of the input sub-spaces. The
two sets of fuzzy rules are as follows:
For service input variable:
Rule 1: If service is poor then tip is cheap
Rule 2: If service is good then tip is average
Rule 3: If service is excellent then tip is generous
For food input variable:
Rule 4: If food is rancid then tip is cheap
Rule 5: If food is good then tip is average
Rule 6: If food is delicious then tip is generous

As can be seen from the sets of fuzzy rules, even without additional techniques
to reduce the fuzzy rules, the number of rules required is reduced, the linguistic
clarity is maintained, and the rules are simple to understand. Figure 4-7 shows
the process of mapping the input variables to the output by the respective set of
fuzzy rules. As can be seen, the input is crisp and the output is also crisp. This
allows us to perform some simple combination of the defuzzified outputs.
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If service is poor
then tip is cheap
Crisp
input
Service

Defuzzification

If service is good
then tip is average

Crisp
output
tip

If service is excellent
then tip is generous

a) Set of fuzzy rules for service, and mapping of input to output
If food is rancid then
tip is cheap
Crisp
input
Service

Defuzzification

If food is good then
tip is average

Crisp
output
tip

If food is delicious
then tip is generous

b) Set of fuzzy rules for food, and mapping of input to output

Figure 4-7: Application of appropriate sets of fuzzy rules to individual input
variables (a) service and (b) food.

The output of the tip for service as in equation (4-8) and the output of tip for
food as in equation (4-9) are added together to produce the total output of tips
for the whole system as in equation (4-10).

4.3.2 Construction of single-antecedent fuzzy rules based on
Takagi-Sugeno type inference for Diner’s tip
In this section, the construction of Takagi-Sugeno (TS) type single-antecedent
fuzzy rules is presented. As given in Chapter 3, a TS type fuzzy rule has its
consequence of a rule expressed as a function. In practice the function usually
is a constant or linear function although theoretically it is possible to express it
as functions of higher order.
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As stated earlier in the two policies, tipping is directly proportionate to the
qualities of food and service. TS type single-antecedent fuzzy rules can be
constructed in two ways.

4.3.2.1 Alternative 1: Using zero ordered function (constant)
The first alternative is to construct the fuzzy rules as a zero-ordered function,
that is, a constant. Then the fuzzy rules may be as follows:
Rule 1: If service is poor then tip is y = 0
Rule 2: If service is excellent then tip is y = 1
Rule 3: If food is rancid then tip is y = 0
Rule 4: If food is delicious then tip is y = 1

We only need to partition the input space for each input variable in two  one
for service quality at minimum (that is, zero) and one for quality at maximum
(that is, 1). The idea is to form a straight line joining these two points on the
extreme ends of the univariate polynomial.

4.3.2.2 Alternative 2: Using linear function
An alternative is to construct the fuzzy rules as a linear function according to the
policies. Thus:
Rule 1: If service is x then tip is y = x
Rule 2: If food is x then tip is y = x

As we can express the whole input space in one linear function, there is no need
to partition the input space at all. If the output is nonlinear, we can partition the
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input space such that within each partition we can construct a linear function to
approximate the output as closely as desired. A more appropriate linguistic
label to each partition can then be given. Since there is only one partition in our
example, we merely use x as our label. Here we see that the rules match with
the tipping policies.

The tipping example shows policies that are of a linear function. In real life,
policies may not be a linear function. Just like the case of a multi-antecedent
fuzzy rule base, we can always partition the input space to approximate the
nonlinear function.

4.3.3 FKM operations
In the tipping example using Mamdani type inference, we have the rule “If
service is excellent then tip is generous”. That does not translate to an overall
maximum tip output. We say that the output tip has been weighted. Service is
only part of the contributions towards tip.
contributions from food.

We also need to consider the

This weighting mechanism also applies to all other

rules, including the TS type inference in the example.

The operation on

combining and weighting the outputs from the set of antecedent nodes to a
consequent node is called the aggregation operation.

4.3.3.1 Aggregation operation
The Aggregation Operation (AO) serves two purposes:
1. weighting of the outputs, and
2. assignment of importance of contributions of the antecedents.
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4.3.3.2 Weighting
The idea of weighting the fuzzy rules or input variables is not new.

For

example, weighting was applied to fuzzy rules to allow for importance weight
factors designated to the different rules in a fuzzy expert system in [2].
Weighting was used in uncertainty reasoning to determine the fuzzy truth values
of conditions in a fuzzy Petri Net [3]. Mention has also been made about
weighting in SAM [1] earlier in this chapter. In all these cases, as revealed in
the literature, generally weighting is applied to the antecedents or before
defuzzification, whereas the weighting in FKM is applied to the consequents
after defuzzification. The Aggregation Operation (AO) is based on the premise
that the total output from various input variables should be confined to certain
predefined limits, usually in the interval [0, 1]. This is not unreasonable in that
in a conventional fuzzy model there is also the requirement that an output lies
within certain interval, for example [0, 1]. The transformation functions in
FCM also comply with this requirement, even though they may produce dubious
outputs as noted in Chapter 2. Thus, the AO allows one to design the fuzzy
rules in two modes.

The first mode, called the local mode, allows one to consider only the relation
from an antecedent node to the consequent node, ignoring the rest of the
relations between the various nodes. Only a single input is considered (as if all
other input variables remain constant). The defuzzified output is taken to lie in
the interval [0, 1] although when considering other factors, one would have
considered the output to lie within some other interval smaller than the interval
[0, 1]. In other words, consideration is made in local context. This is similar to
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the situation when one throws up an object in the air and watches it fall into
one’s palm. The trajectory traced is in local context. We ignore, for example,
the fact that the person may be sitting in a running train, or the effect of the
earth’s rotations.

In the tipping example, “service is good” obviously is

different from “food is good” even though we use the same label good. We are
considering service by itself, and then food.

The second mode, called the global mode, allows one to consider the complete
set of defuzzified crisp outputs from all the antecedent nodes to a consequent
node.

Like a multi-antecedent fuzzy rule where the output is always within

certain maximum and minimum values, the combined effects of the outputs
from all the antecedent nodes to a consequent node should also fall within
certain maximum and minimum values, for example, [0, 1].

Each link represents a
set of fuzzy rules
X1
•
•
•
Xn

Defuzzified
output
Constraint
weight vector
d1
w1
•
•
•
Yj
•
•
wn
dn
Output

Inputs
Figure 4-8: Multiple input variables Xi mapped to the output variable Yj via the
respective sets of fuzzy rules as indicated by the arrow-headed links. The
defuzzified outputs are subjected to the AO for scaling and aggregation

Consider the n antecedent nodes Xi, i = 1, … n, in relation to a consequent node
Yj, together with the associated weights wij, as depicted in Figure 4-8. Then the
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defuzzified outputs di, from the n antecedent nodes are scaled and aggregated as
given by the formula:
n
C (Xi , …, Xn) = ∑wi di
i=1

( 4-11)

n
where W = (w1, w2, …, wn)T , ∑ wi =1.
i=1

If there is no specific importance attached to the antecedent nodes, then a
simpler approach is to treat all antecedent nodes as equally important. Thus, the
weight for ith antecedent node is given by wi, = 1/n.

Obviously, in the case of a SISO topology, the weighting is 1 since there is only
one antecedent node.

4.3.3.3 Importance of contribution.
The importance of the contributions of individual antecedent nodes to a
consequent node may decide the weighting of AO. In normal circumstances, all
antecedent nodes are expected to contribute equally towards the consequent
node. However, there are occasions when emphasis may be placed on the
contribution of certain input variables (factors) such as management policy,
market factors, over other input variables.

Going back to the tipping example, as the tipping policy is to treat both the input
variables service and food as equally important, the weight vector for AO is
therefore (0.5 0.5)T. Suppose now that the policy had changed to one where the
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contribution to tips be skewed, say, 75% towards service and 25% to food. This
could easily be accomplished by merely changing the weights parameter in AO
without making any change to the fuzzy rules, or redesigning all the related
fuzzy rules as would be the case in a conventional multi-antecedent fuzzy rule
based system. This is an advantage in the maintenance of a rule base where the
number of rules is large.

4.4 FUZZY RULE CONSTRUCTION BASED ON
EXPERT KNOWLEDGE
The AO works on the premise that the relations are either univariate or simple
multivariate polynomial (Definition 3-7 in Chapter 3), that is, the summands of
the polynomial are not products of the variables. However, there are cases
where the polynomial function contains variables that are products of each
other; such a case is given below.

Figure 4-9 shows a case where the output is the product of two variables A and
B.

This is an example where the change in the second antecedent causes

different amounts of shifts in the output values.

That is, the output value

attributable to the first antecedent depends on the state value of the second
antecedent.

There are many methods to solve the problem, depending on

whether expert knowledge is available or whether we can derive rules from data.
The method presented here assumes that expert knowledge is available. The
data-driven method is discussed in Section 4.5.
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Figure 4-9: An example of outputs of variable A at various values of another
variable B.

B1

B2

B3

B4

A1
A2
A3
A4
A5

Figure 4-10: Grid partitioning of the input space A × B, where A is the first
antecedent node and B is the second antecedent node. A set of fuzzy rules is
constructed for each B partition (B1 to B4), making a total of 4 sets of fuzzy rules
in the above figure.

The two-dimensional input space A × B is partitioned into a grid, where A is the
first antecedent node and B is the second as shown in Figure 4-10.

In the

example, the B dimension is partitioned into four regions B1 to B4 (as columns in
the figure), and the A dimension is partitioned into five (as rows in the figure),
resulting in one set of five regions for each of the B partitions.

Suppose we

want to locate a data point p = (i, j) corresponding to the intersection of the
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regions Bi and Aj. To reach p, we can traverse the column corresponding to Bi
and then the row corresponding to Aj.

Figure 4-11: Example of an FKM using rule selector to select an appropriate set
of fuzzy rules for transformation of an input dataset of 2 input variables

Figure 4-11 shows how this is implemented in an FKM. The arc between A and
C (or arc A—C for short), which is shown as a directed double link, contains
multiple (in this case, 4) sets of fuzzy single-antecedent fuzzy rules instead of
the normal one set, corresponding to the 4 columns in Figure 4-10. Node B
(which is shown as a double-circle) is called the auxiliary node. It outputs the
criteria for selecting the set of fuzzy rules in the arc A—C for execution. The
Rule Selector or RS (denoted by a bar across the arc A—C) is a function that
takes in an input parameter and returns a pointer to the selected set of fuzzy
rules, according to the input parameter from the auxiliary node B. In other
words, node B outputs a crisp value according to its state value, to the RS.
Based on this parameter, the RS then selects an appropriate set of fuzzy rules in
the arc A—C.

This selected set of fuzzy rules in turn produces the output to

the consequent node B, based on the state value of the antecedent node A. This
approach is used in the experiment in Section 4.6.2
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The same approach can be used for FKMs having input variables greater than 2,
by selecting one variable as the input parameter to an RS, the output of which in
turn forms the input parameter to yet another RS. For example, in an FKM with
3 input variables represented by antecedent nodes, A, B, and C and an output
represented by a consequent node D, suppose the whole input space A × B × C is
partitioned into 3 partitions per dimension, giving a total of 33 = 27 cubic
regions, as shown in Figure 4-12.

Figure 4-12: Partitioning of the input space A × B × C into 3 partitions per
dimension.

For an input dataset (x, y, z), using the approach discussed earlier, it is possible
to select x along one of the dimension, say A (marked blue in the figure) at the
edge of the cube. Then select y along another dimension, say B (marked green)
at the plane, and finally select z along the dimension C (marked yellow) to
arrive at the point representative of the output point (x’, y’, z’). In this case,
there are only 3+3+3 = 9 rules, as compared with 27 multi-antecedent fuzzy
rules for a conventional fuzzy system. Figure 4-13 shows an example FKM
where the input dataset consists of 3 variables. Nodes A, B and C are inputs.
Node D is the output node. Node B is the parameter to RS at node A.
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This approach is based on the assumption that the pseudotrapezoidal shaped
(PTS) fuzzy membership functions are ordered, consistent, convex and
complete, as well as having common flanks, and being able to be constructed
from expert knowledge. Where that is not possible, then alternative methods
should be used, such as the data-driven method, discussed in Section 4.5 below.

A

T

B

D

C

Figure 4-13: Example FKM using rule selector to select an appropriate set of
fuzzy rules for transformation of an input dataset with 3 input variables, A, B, C
and D. Node T represents an intermediate node temporarily storing the output of
Node A.

It is also possible that the expert knowledge may also have already been
expressed as conventional multiple-antecedent fuzzy rules. In that case, these
rules can be used to generate a set of input-output data by computing the outputs
from a set of randomly generated inputs. Extraction of single-antecedent fuzzy
rules and construction of FKMs can then proceed as discussed above, or
alternatively, the fuzzy rules can be extracted using the method in the next
section.
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4.5 FUZZY RULE CONSTRUCTION BASED ON
DATA
In this section we discuss fuzzy rules extraction for the case of SISO and MISO
systems.

The multiple inputs-multiple outputs (MIMO) systems can be

considered as multiple MISO systems, and they are therefore not discussed
further in this chapter.

4.5.1 Single input single output (SISO)
SISO topology in an FKM is one where there is only a single antecedent node
linked to a consequent node, as shown in Figure 4-14 where N is the antecedent
node and M is the consequent node.

N

M

Figure 4-14: An FKM model of a single input-single output (SISO).

The function to be approximated is clearly a univariate polynomial, as there is
only one variable. Any input x in node N is transformed to the output y in node
M by the set of single-antecedent fuzzy rules as represented by the directed arc
linking the two nodes. As there is no difference between the fuzzy rules used in
the FKM and the conventional fuzzy rules for a single input variable, any
suitable rule extraction methodology can be used. For example, we may use
fuzzy c-means clustering [4] to identify the optimal clusters for the input output
spaces. For each of these clusters, we can then construct a fuzzy membership
function and fuzzy rules.
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4.5.2 Multiple inputs single output (MISO)
A function of the form of a multivariate polynomial dictates a MISO topology.
An example of MISO FKM is shown in Figure 4-15.

x1
x2

y

●
●
●
xi

Figure 4-15: An FKM model of a MISO topology.

To extract fuzzy rules from a dataset containing multiple input variables, we
adopted the following steps from the Sugeno-Yasukawa (SY) method [5]:

Step 1. Randomly divide the data from the data set into two groups (Group
A and Group B) such that the two groups contain equal number of data
points. Here, xijA and xijB are denoted as the ith data points for jth input
variable for Groups A and B, respectively.

Step 2. For each group, partition the input output spaces by fuzzy c-means
clustering [4] or any appropriate clustering technique for example,
subtractive clustering[6]. Fuzzy c-means clustering was chosen so that
comparison of performance of the FKM with that of SY method can be
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made. In the experiment in Section 4.6, the initial cluster size was set at 2.
The centre vi of the ith fuzzy cluster is given by:
n

n

k =1

k =1

vi = ∑ (µ ik ) m xk / ∑ (µ ik )

(4-12)

where m is the adjustable weighting exponent which is set at 2 in our
experiments; i µik is the degree of membership of xi in kth cluster; and µik is
given by:
n

 || x − c k
µ ik = 1 / ∑  i
t =1  || x i − c t
c

|| 
, c k =
|| 

∑µ
i =1

m
ik

⋅ xi
(4-13)

n

∑µ
i =1

m
ik

where t is the iteration step, and c is the number of clusters such that

c

∀k: ∑µ ik = 1

(4-14)

k=1

The number of clusters is incremented by 1 and the cluster centres are
recomputed. The iteration stops when || U(t+1) - U(t) || < ε, where U = {µik}
matrix; and ε is a constant set at 0.00001 in the experiments in Section 4.6.

Step 3. Partition the input spaces based on the optimal clusters obtained in
Step 2.

Then construct fuzzy membership functions for each of the

partitions such that they are ordered, consistent, and convex, and share
common flanks.
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Step 4. For each of the input variables j, construct an FKM with a single
input node Nj and an output node M as shown in Figure 4-14. That is, the
number of FKMs for each group should equal to the number of input
variables. For clarity, FKMjA and FKMjB denote the FKMs for Group A
and Group B, respectively, with jth input node.

Step 5. Based on the membership functions in Step 3, construct fuzzy rules
for the FKMs.

Step 6. Perform simulations for the FKMs, by inputting the data in Group
A to FKMjB, and similarly inputting the data from Group B to FKMjA.

Step 7. Calculate the regularity criterion [5] (RC for short) of the simulated
outputs for each input variable j from Groups A and B, which is given by:
kA

kB

i=1

i=1

RC j = 12 {∑ ( yiA − yiAB ) / k A + ∑( yiB − yiBA ) / k B }

( 4-15)

where kA and kB are the number of data points in the two groups A and B;
yiA and yiB are the outputs of groups A and B, respectively; and yiAB is the
simulated output of FKMjA using Group B data as inputs, and yiBA is the
simulated output of FKMjB using Group A data as input.

Step 8. Pick the FKM having the smallest RC as being the winning FKMj*
with the Nj* input node as the winner for the jth input variable.
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Step 9. Compute simulated output yiAA* by performing FKM simulations
using the winning FKMj* with input data from Group A.

Similarly

compute output yiBB* using FKM* with Group B data.

Step 10. Compute the new input data sets for Group A for the next potential
input node Nj using the formula: xijA = yiA − yiAA* where Nj ≠ Nj*. Similarly
compute the new input data set for Group B using the formula:
xijB = yiB − yiBB* .

( 4-16)

Step 11. Repeat from Step 2, but with the following modifications:
For the purpose of partitioning of the input-output spaces in Step 2, set the
new input data sets for Groups A and B as computed in Step 10.
•

In Step 4, for each of the loser input variables, take a copy of the
winning FKMi* and add a loser node to form a MISO FKM. The
number of FKMs will be less than that of the previous iteration
by 1.

•

Note that in Step 6, the input data are those of the original data sets.

•

In Step 8, if the smallest RC is greater than that in the previous
iteration, the terminating condition has been reached. The iteration
is terminated and the last winning node is discarded since it does
not contribute towards reducing RC. If the smallest RC is still
smaller than that in the previous iteration, the process continues
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until all the input variables have been added to the last winning
FKM.

4.6 EXPERIMENTS AND RESULTS
In this chapter four experiments are outlined to show that the proposed
approaches are effective and efficient. The first experiment was based on expert
knowledge and the polynomial function was assumed to be simple multivariate;
the second experiment was based on expert knowledge but the polynomial
function was not simple multivariate; the third experiment was based a
polynomial function derived from noisy datasets; and the last experiment was
based on a non-linear function derived from noisy datasets.

4.6.1 Optimum corn yield by regulating four essential factors
The University of Missouri Extension Soil Testing labs has analysed various
soil and plant samples, and has drawn some findings regarding the best crop
yield factors [7]. The findings of the effects are tabulated in TABLE 4-1 as
percentages of the samples of the corn grains yield. Figure 4-16 shows the
FKM of the relations of corn yield and the four factors identified as essential for
optimum corn crop yield: potassium, organic matter, phosphorus, and pH level
of soil. The constraint weighting was even for all the four factors, that is, each
with a weighting of 0.25.
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Corn Yield

Phosphorus
Ph level

Figure 4-16: Fuzzy Knowledge Map of the four essential factors and corn yield

TABLE 4-1: Findings of the four essential factors and their effects on corn yield.

pH of soil
Percentage of samples

< 4.4
1

4.5-5.3
13

5.4-6.0
34

6.1-7.5
52

>7.5
0

Organic matter

<0.9

1.0-1.9

2.0-2.9

3.0-3.9

>3.9

4

31

40

21

4

<14

15-20

23-45

46-70

>70

6

8

28

28

30

<65

66-110

111-220 221-330

>330

0

3

Percentage of samples
Phosporus
Percentage of samples
Potassium
Percentage of samples

29

38

29

The findings only take four factors into account. There are many other factors
that can dramatically change the results of the findings, for example, sunlight,
rain, and temperature. Therefore, it is important not to take the findings out of
context, that is, the findings are only valid in the local Missouri Central Region
where all other factors may be assumed to be constant or at certain optimal
levels which the farmers are maintaining.
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TABLE 4-2: Fuzzy rules relating the four yield factors to corn crop yield:
potassium, organic matter, phosphorus and pH level of soil. VL denotes very low,
L denotes low, M denotes medium, H denotes high, and VH denotes very high.

Potassium (K)

Organic Matter
(OM)

Phosphorus (P)

pH levels (pH)

If K is VL,
then yield is VL
If K is L,
then yield is VL
If K is M,
then yield is H
If K is H,
then yield is VH
If K is VH,
then yield is H

If OM is VL,
then yield is VL
If OM is L,
then yield is H
If OM is M,
then yield is VH
If OM is H,
then yield is M
If OM is VH,
then yield is VL

If P is VL,
then yield is L
If P is L,
then yield is L
If P is M,
then yield is VH
If P is H,
then yield is VH
If P is VH,
then yield is VH

If pH is VL,
then yield is VL
If pH is L,
then yield is L
If pH is M,
then yield is H
If pH is H,
then yield is VH
If pH is VH,
then yield is VL

The findings were normalized to the interval [0, 1] by dividing the findings in
TABLE 4-1 by the maximum of the ranges as follows:
•

for pH levels, by 14;

•

for Organic Matter, by 5;

•

for Phosphorus, by 100; and

•

for Potassium, by 400.

•

For each of the essential factors (represented by each of the arcs in
Figure 4-16), the input space was divided into five partitions according
to the findings in TABLE 4-1. Fuzzy rules were then constructed, as
tabulated in TABLE 4-2.

Simulations were conducted to study the effects of varying the membership
grade of one essential factor, while keeping the other three factors constant at
0.1. This was done by varying the membership grades from 0 to 1 at fixed
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intervals to generate 25 samples for the simulation.

The results of the

simulations are shown in Figure 4-17.

Figure 4-17: FKM predicted variations in corn crop yield for each of the four
yield factors: Potassium (K), Phosphorus (P), Organic Matter (OM), and pH levels
of soil (pH).

As can be seen, among the four factors, pH level of the soil plays the most
crucial role in corn crop yield, and it has a narrower effective range. The yield
due to phosphorus and potassium plateau after certain levels of input. On the
other hand, excessive organic matter is bad as yield actually drops quite
significantly.

Thus, the FKM has the capacity to model non-monotonic

situations effectively. As shown in Figure 4-17, the optimal range of pH levels
is between 0.36 and 0.53. Multiplying these figures by 14 gives the actual
optimal range of 5.0 to 7.4. The recommended optimal value of 5.4 of pH level
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of soil in [7] falls within this simulated optimal range of pH level. The FKM
model in the experiment not only indicates the lower limit but also the upper
limit, beyond which the crop yield drops dramatically.

4.6.2 Wind speed estimation
Wind energy has increasingly become an important source of renewable energy.
In Australia there are remote areas where electricity supply is not connected to
the main grid, and wind energy is an important alternative. Wind energy is
captured by installing a wind mill at an appropriate location so as to harness the
optimum wind energy. This requires that the average speed of the wind to reach
certain minimum speed before it is feasible to harness the energy. However,
wind speed estimation is a very complex problem to solve. There are many
factors involved and these factors contain a lot of uncertainties.

This experiment was an attempt to estimate the approximate wind speed at a
location by extrapolating the wind speed at another location such as the airport.
However, because of the complexity of various factors and issues that are not
incorporated into the FKM model, the experiment was limited to applications
within the range of level grounds and based on the assumption that the site
complies with the general ideal location requirements. For more information
concerning other issues and suitability of a site, interested readers are referred to
other sources such as [8, 9].
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The most important factor that affects wind speed is the ground elements [9] or
ground surface characteristics.

These are generally grouped into seven

categories:
•

Smooth: Smooth, hard ground; lake or ocean

•

Flat: Short grass on untilled ground

•

Grass or Open: Level country with maximum foot high grass

•

Woods: Tall crops and hedges

•

Forest: Many trees and forests, with occasional buildings

•

Suburb: Small town and suburbs

•

Urban: Urban areas with tall buildings

The effects of ground elements on wind speed are expressed in what is termed
the surface friction coefficient.

That is, each of the categories of ground

elements has a certain surface friction that affects the wind speed
disproportionately (in the form of turbulences) as the height of wind above
ground level increases or decreases. The height is another factor that determines
the speed of wind. To correct the effect due to the friction coefficient, a wind
height correction factor‡ can be found for each category. A detailed data of the
correction factors can be found at [10]. The height of the wind against these
correction factors for the various categories of ground elements was plotted, as
shown in the graph in Figure 4-18. As can be seen, for each category of ground
elements, the correction factors increase disproportionately to each other as the
height increases.

‡

Wind height correction factor is the wind shear factor caused by wind turbulences due
to ground surfaces. Interested readers are referred to [C. J. Walcek, 2004; M.
Sagrillo, 1994]
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Figure 4-18: Wind height correction factors against wind heights for various
ground elements.
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Figure 4-19: FKM for estimating wind speed correction factor

To test the performance of the FKM in estimating the correction factors and
hence the wind speeds, the wind speed data recorded at Jandakot Airport in
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Perth§ and the wind data recorded at Murdoch University** for the period from
1st June 2004 to 24th June 2004 were used for this experiment. The ground
element for Jandakot Airport is the Grass (or Open) category and that for
Murdoch University is the Suburb category.

The measuring instruments are

located at a height of 100 meters above ground level at both sites.

The

correction factors of the two sites were then estimated by running the FKM
simulation twice, once with the Grass ground element and once with the Suburb
element. Given that the two locations are not far apart, by discounting the
effects due to the different ground elements, the wind speed at Murdoch
University can then be estimated. The following formula is used to estimate the
wind speed s1 at Murdoch University by computing from the wind speed s2 at
Jandakot Airport:
s1 = s2 * f1 / f2

( 4-17)

where f1 and f2 are correction factors at Murdoch University and Jandakot
Airport respectively, after running the simulations. The results are as shown in
TABLE 4-3.

The results show a root mean square error of 0.63. The error is reasonably
small, and as far as we are aware, no accurate method of interpolation exists.
However, the experiment does demonstrate that rule selection operator allows
the selection of a single set of fuzzy rules for the simulation, instead of an

§

Daily wind data at Jandakot may be downloaded from
http://www.bom.gov.au/weather/wa/perth-observations-map.shtml.

**

Wind data at Murdoch University may be accessed at
http://wwwmet.murdoch.edu.au/
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otherwise very much more complex way of computation in a multidimensional
space.

TABLE 4-3:
University

Comparison of estimated wind speed with actual at Murdoch

4.6.3 Simulation of human operation at a chemical plant
Consider the human operation of a chemical plant as illustrated by [5], where
the plant produces a polymer by polymerisation of certain monomers. The
control of the start-up of the plant is by a human. There are five sets of possible
input candidates – monomer concentration, change of monomer concentration,
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monomer flow rate, and two temperature readings inside the plant (denoted as
x1, x2, x3, x4 and x5), and the control of the set point for monomer flow rate as the
single output variable y. By “possible input candidates”, we mean these are
recoded observations which may or may not contribute towards the output y.
There are 70 data points from the actual plant operation as given in [5],
Dividing these into two groups gives us 35 data points per group.

Following the algorithm given in Section 4.5.2, FKMs were first constructed,
each consisting of only one of the input variables, xi and an output variable y,
and an arc linking the antecedent node to the consequent node.

The arc

represents a set of fuzzy rules which maps the input to the output spaces.

The clusters in the input and output spaces were computed by using fuzzy cmeans clustering, and then the input space was partitioned.

Triangular

membership functions were constructed, and fuzzy rules were constructed using
the Takagi–Sugeno model of zero-ordered (constant) function. TABLE 4-2
shows the cluster centres of the input and output spaces. Initially TABLE 4-2
consists of only column Iteration #1 which corresponds to the FKMs with single
input and single output (Column Iteration #2 corresponds to FKMs with two
inputs and single outputs, and so on). From these clusters, the membership
functions and fuzzy rules were constructed.

FKM simulation was then

performed to obtain the output from which the regularity criterion (RC) was
computed as given in equation (4-15).
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This is tabulated in TABLE 4-3. As can be seen, for Iteration #1, input variable
x3 has the smallest RC and is therefore considered as the winner. The rest of the
FKMs were discarded, and the nodes were considered as the loser node.

For the next iteration, for each of the loser nodes, a new FKM was constructed
with similar topology as the winning FKM, and a loser node was added to it to
form a new FKM. The simulation process was then repeated until either the RC
for the current iteration was greater than that in the previous iteration, or when
there was no more loser node to form a new FKM.

TABLE 4-4: Cluster centres of input – output spaces of the operation of the
chemical plant.
Iteration #1

Iteration #2

x1

x1

y

4.60
5.14
6.49 -

275
8
305

x2

y

4.60
5.59
6.22

x2
-

0.10
0.04
0.01

x3
961
3,914
6,673

x4
-

0.09
0.09
0.01

x5
-

0.00
0.01
0.06

y
6,716
3,985
1,043
y
1,041
3,979
6,709
y

- 0.22 0.04

x3

y

1,031
4,045
6,744

N/A

y
1,020
6,700
3,980

- 0.06 - 0.04

y
6,701
3,988
1,041

54
77

Iteration #3

x1

y

N/A

x2

y

0.06
14
- 0.01 - 190
- 0.04
185

x3

y

N/A

x4

y
72
245

x5

y

0.01 0.03

72
247
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x4
y
- 0.08 - 188
0.09
186
- 0.03
14
x5

y

0.01
14
0.03
185
- 0.03 - 188

In this experiment, the process stopped at Iteration #3 when RC = 32,690 which
is greater than RC = 20,563 in Iteration #2. The FKM in the final iteration is
discarded since the RC is greater than the previous RC. As can be seen from
Table 4-3, the final RC is 25,563 for the FKM model as compared with 36,950
for SY method. The result shows that the FKM model performed better than
SY, with an RC 30% less than that of SY.

TABLE 4-5: Simulation results using FKM and the SY method.
RC

Input variable
FKM
Iteration #1

Iteration #2

Iteration #3

x1

606,23

SY
602,715

x2

6,215,368

6,077,539

x3

41,053

60,756

x4

11,828,720

6,663,660

x5

8,329,532

5,570,199

x3 +x1
x3 +x2

20,563

46,178

39,695

41,418

x3 +x4
x3 +x5

50,590

60,124

68,689

60,277

32,690

36,950

x3 +x1 +x2
x3 +x1 +x4
x3 +x1 +x5

52,728
36,206

N/A
41,846

The final winning FKM therefore consists of two input variables x3 + x1. The
FKM model for the chemical plant is a DISO model (Dual Input-Single Output),
as shown in Figure 4-20.
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In FKM, the rules are single-antecedent fuzzy rules.

As such, the rule

transparency problem is avoided. This is apparent from the rules used in the SY
method and FKM.

Figure 4-20: Dual input single output FKM model for Polymerisation Chemical
Plant

The fuzzy rules of the SY method as given in [5] are as follows:
1) If x1 is more or less BIG, and x2 is not INCREASED, and x3 is SMALL,
then y is SMALL or MEDIUM SMALL.
2) If x1 is more or less MEDIUM, and x2 is DECREASED, and x3 is SMALL
or MEDIUM SMALL, then y is MEDIUM SMALL.
3) If x1 is MEDIUM, and x2 shows NO CHANGE, and x3 is MEDIUM
SMALL or MEDIUM, then y is MEDIUM.
4) If x1 is more or less MEDIUM, and x2 is ANY VALUE, and x3 is
MEDIUM, then y is MEDIUM or MEDIUM BIG.
5) If x1 is more or less SMALL, and x2 is very INCREASED, and x3 is
MEDIUM BIG, then y is BIG.
6) If x1 is more or less SMALL, and x2 is sort of INCREASED, and x3 is
BIG, then y is very BIG.
115

As can been seen, the rules are difficult to comprehend. In fact, in [5] finetuning the rules has been performed by implementing additional fuzzy labels
such as “more or less”, “not”, “very”, “more than”, etc. The FKM method did
not need such fine tuning.

The rules used in the FKM are as follows:
1. If x3 is LOW, then yx3 = 1031
2. If x3 is MEDIUM, then yx3 = 4045
3. If x3 is HIGH, then yx3 = 6744
4. If x1 is LOW, then yx1 = 275
5. If x1 is MEDIUM, then yx1 = 8
6. If x1 is HIGH, then yx1 = -305

The first three rules are implemented in the arc between node flow rate and node
control set point, and the next three rules between monomer concentration and
control set point. As can be seen in Figure 4-20, yx3 and yx1 in the above rules
are the outputs from x3 and x1 respectively. These outputs are aggregated to
form the final output y. As can be seen, the above rules are easy to understand,
especially in conjunction with the FKM in Figure 4-21.

4.6.4 Simulation of a nonlinear system
Consider a nonlinear function with two inputs x1 and x2, and a single output y:
y = (1 + x1−2 + x2−1.5 ) 2
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(4-18)

Sugeno and Yasukawa [5] used this formula to generate a set of 50 input-output
data points with two extra dummy input variables x3 and x4 are added as random
noise in the system, where 1 ≤ x1, x2, x3, x4 ≤ 5.

The same dataset available

from [5] was used for the FKM simulation in the experiment. That is, there are
four input candidates, x1 – x4, and we have to find the actual inputs that affect
the output y.

As in the previous experiment, the dataset was divided into two groups, and the
experiment was performed using the algorithm in Section 4.5.2.

In this

experiment, the iteration terminated at the third iteration when the RC was
greater than that at second iteration.

TABLE 4-6 shows the cluster centres of the input-output spaces, and TABLE
4-7 shows that both the FKM model and SY method identified correctly the
input variables x1 and x2. However, the proposed approach was better than the
SY method in that the final RC of the proposed approach was 0.272, whereas
that of SY was 0.424. The final FKM model of the experiment is as shown in
Figure 4-22. In other words, x1 is the winning variable from iteration #1 and x2
is the winning variable from iteration #2. These are highlighted in bold in
TABLE 4-7.
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TABLE 4-6: Cluster centres of input – output spaces of the non-linear function

y = (1 + x1−2 + x2−1.5 ) 2
Iteration #1

Iteration #2

x1

y

1.42
1.88
3.93

4.09
2.58
2.12

N/A

x2

y

x2

1.76
4.23

2.91
2.01

x3

y

1.57
2.50
2.82
4.24
4.47

2.59
2.20
4.68
3.41
2.05

x4

y

1.85
2.06
3.59
4.03

1.64
4.58
1.69
3.34

Iteration #3
N/A

y

0.43
1.76
0.30
4.12

x3

N/A

y

x3

y

2.09 - 0.01
4.22 - 0.02

1.54
2.78
4.42

0.38
0.04
0.30

x4

y

x4

y

1.54
0.71
2.39 - 0.12
3.80 - 0.22

1.28
2.42
3.58
4.01 -

0.36
0.33
0.48
0.63

TABLE 4-7: Simulation results of FKM and SY methods on non-linear function

y = (1 + x1−2 + x2−1.5 ) 2
Input variable

RC
FKM
0.817
0.845
2.001
1.556

SY
0.630
0.863
0.830
0.937

x1 + x2
x1 + x3
x1 + x4

0.272
0.560
0.652

0.424
0.571
0.583

x1 + x2 + x3
x1 + x2 + x4

0.282
0.294

0.483
0.493

Iteration #1

x1
x2
x3
x4

Iteration #2

Iteration #3
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Y
X1
X2

Figure 4-21: FKM model for non-linear system y = (1 + x1−2 + x 2−1.5 ) 2

Listed below are the fuzzy rules in the SY method:
1) If x1 is more than MEDIUM and x2 is more MEDIUM, then y is
SMALL, ∂y/∂x1 is sort of NEGATIVE, and ∂y/∂x2 is sort of NEGATIVE.

2) If x1 is not SMALL but less than MEDIUM BIG and x2 is not SMALL
but less than MEDIUM BIG, then y is MEDIUM SMALL, ∂y/∂x1 is sort of
NEGATIVE, and ∂y/∂x2 is sort of NEGATIVE.

3) If x1 is not SMALL but less than MEDIUM BIG and x2 is more or less
MEDIUM BIG, then y is more or less MEDIUM SMALL and MEDIUM,
∂y/∂x1 is sort of NEGATIVE, and ∂y/∂x2 is sort of NEGATIVE.

4) If x1 is less than MEDIUM and x2 is less than MEDIUM BIG, then y is
MEDIUM and more or less MEDIUM BIG, ∂y/∂x1 is sort of NEGATIVE,
and ∂y/∂x2 sort of NEGATIVE.
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5) If x1 is more or less MEDIUM SMALL or MEDIUM and x2 is more or
less SMALL, then y is MEDIUM BIG, ∂y/∂x1 is sort of NEGATIVE, and
∂y/∂x2 is NEGATIVE.

6) If x=1 is SMALL and x2 is more or less SMALL or MEDIUM SMALL,
then y is BIG, ∂y/∂x1

is VERY NEGATIVE, and ∂y/∂x2

is very

NEGATIVE.

∂y/∂x1 and ∂y/∂x2 are modifiers of position gradient type used in SY method.
Further description can be found in [5].

The winning variables x1 and x2 as highlighted in bold in TABLE 4-7 form the
basis of construction of the fuzzy rules of the FKM model. These fuzzy rules
are as follows:
1)

If x1 is LOW then y = 4.09

2)

If x1 is MEDIUM then y = 2.58

3)

If x1 is HIGH then y = 2.12

4)

If x2 is LOW then y = 0.43

5)

If x2 is HIGH then y = -0.30

The first three rules are implemented in the arc between nodes X1 and Y in the
FKM (Figure 4-21), whereas the last two rules are implemented in the arc
between X2 and Y.

Although there are only two input variables in this

experiment, the antecedent rules in the FKM model not only perform better than
those in SY method, but also are much easier to comprehend.
120

4.7 SUMMARY
The experiments in this chapter have shown that it is possible to implement
single-antecedent fuzzy rules in place of multi-antecedent rules in FKM. This
eliminates the potential rule explosion problem and significantly simplifies the
logical reasoning processes. Where the multi-antecedent parts are large and the
number of rules is huge, the proposed approach has a clear advantage in terms
of computational overheads and maintenance.

It is observed that generally when fuzzy rules are data-driven, accuracy of
approximation almost always take priority over semantic clarity of labelling of
these rules. Hence the linguistic labels become obscured and more ambiguous.
In an FKM environment, each set of single-antecedent fuzzy rules relates
specifically to each input and output variables, thus eliminating any ambiguity.
The linguistic labels used in single-antecedent fuzzy rules are simpler to
comprehend.
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CHAPTER 5
A n FK M K no wl e dg e Re p re s en ta t i o n Fra me wo rk

5.1 OVERVIEW
In the previous chapter, the properties and basic operations of an FKM have been
presented. In this chapter, a framework is introduced to enable the cooperation
among multiple FKMs. The concepts of modularity and encapsulation are also
presented.

In Section 5.2 some examples of FKM modules are discussed. In Section 5.3 the
FKM framework and its properties are presented. The concept of time delay and
the concept of different time steps at different layers of the FKM framework and
how these are coordinated will also be discussed. In the experiments in Section
5.4, another method of constructing fuzzy rules is introduced.

5.2 FKM MODULE
FKMs as described in the previous chapter are modular in design in the sense that
they can be encapsulated in a node to provide higher level of abstraction to
simplify design and construction of more complex FKMs. The encapsulation and
abstraction techniques will be presented in Section 5.3 when the FKM framework
is discussed. An FKM used in such a framework is called an FKM module.
Figure 5-1 shows an example of an FKM module. It is like an FKM in that it has
a topology consisting of nodes representing concepts and arcs representing the

relations between two concepts. However, it is different from an FKM in that it
also contains input and output terminals that can be connected to other nodes in
another module at a higher layer (or level), or to an external source. An input
terminal allows inputs from an external source (for example, file) or from a node
in another FKM module. An output terminal allows outputs of the module to an
external source (for example, file) or to the input terminal of another FKM
module. As shown in Figure 5-1, the terminals are indicated by a small round
circle – filled for input and unfilled for output.

Output
terminal

G
F
C

E

D
RBC
-ve
A

-ve
B

Input
terminal

Figure 5-1: FKM module for modelling fuzzy ÕR and fuzzy ÃND

In the following subsections some common FKM modules and their construction
are presented.

5.2.1 Fuzzy ÕR module
Figure 5-1 shows an FKM module for modelling fuzzy ÕR, which can be defined
as:

124

~
OR = max (y1 , y2 ) = 12 ( y1 + y2 + | y1 − y2 | )

(5- 1)

where y1 and y2 are two fuzzy values.

The fuzzy rules for ÕR are as follows:
RAC: If xA is positive then yAC = xA
RBC: If xB is positive then yBC = -xA
RAD: If xA is positive then yAD = -xA
RBD: If xB is positive then yBD = xA
RAE: If xA is positive then yAE = xA
RBE: If xB is positive then yBE = xB
RCF: If xC is positive then yCF = xC
RDF: If xd is positive then yDF = xd
REF: If xE is positive then yEF = xE
RFG: If xF is positive then yFG = 0.5 * xF

The notation Rij denotes the fuzzy rule for the arc from node i to node j; yij denotes
output for the rule Rij; and xi is the input to the node i. The arc linking node A to
node D (or for simplicity arc A—D), and arc B—C are labelled as “-ve” to denote
that the fuzzy rules in these arcs negate the outputs to nodes D and C,
respectively, as can be seen from rules RAD and RBC above. Just like labelling of
nodes, all arcs can be provided with suitable labels for identification or clarity
purposes. From the figure, one can see that node C stores the difference of A and
B; node D stores the difference of B and A; and node E stores the sum A + B.
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Node F accumulates the positive value of the difference and the sum; and node G
halves the state value of F, as indicated by the equation (5-1).

5.2.2 Fuzzy ÃND module
Using the same FKM configuration as in Figure 5-1, a fuzzy ÃND can also be
implemented, which is defined as:

~
AND = min (y1, y2) = 12 (y1 + y2 −| y1 − y2 | )

(5- 2)

The rules should be the same as those for fuzzy ÕR except for the following two:
RCF: If xC is negative then yCF = xC
RDF: If xD is negative then yDF = xD

Boolean OR and AND are considered as special discrete cases of the fuzzy
equivalents.

To implement them, we just need to make the following

modifications to the fuzzy ÕR and fuzzy ÃND FKM modules:
•

Change positive membership functions to a spike or singleton† at x = 1.
Change negative membership functions to a singleton at x = -1.

•

Set yij = 1 for all positive y. Set yij = -1 for all negative y.

•

The universe of discourse not covered by a spike membership function
should be set to zero; that is, for each of the arcs, add another rule as
follows:
Ø For

arc

with

positive

membership

function:

Rij: If xi is non-positive then yjj = 0

†

A spike or singleton membership function is a membership function that is unity at a
one particular point and zero everywhere else.
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Ø For

arc

with

negative

membership

function:

Rij: If xi is non-negative then yij = 0.
This is to ensure that the fuzzy membership functions complete cover the
input space, as required by Definition 3-B.

~

5.2.3 Fuzzy XOR module
~
Figure 5-2 shows the topology of a fuzzy XOR module. The fuzzy rules are as
follows:
RAC: If xA is positive then yC = xA
RAD: If xA is positive then yD = -xA
RBC: If xB is positive then yC = -xB
RBD: If xB is positive then yD = xB
RCE: If xC is positive then yE = xC
RDE: If xD is positive then yE = xD
REF: If xE is positive then yF = xE

Again we can easily implement a Boolean XOR by making similar modifications
as in the AND and OR modules.

As these FKM modules discussed so far are common modules, they can be
predefined so that they can be reused in an FKM application.
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F
E
C

D

A

B

~

Figure 5-2: An FKM module modelling a fuzzy XOR .

5.3 FKM FRAMEWORK

Figure 5-3: An example FKM of 2-layered configuration – the top layer contains
one FKM module; the bottom layer contains three FKM modules. The small round
filled circles are the input terminals and those small unfilled circles are the output
terminals.

An FKM framework is a structure that contains two or more FKM modules,
usually arranged in hierarchical layers where a node in a top-layer FKM module
links to a lower-layer FKM module. A node in this lower-layer FKM module
may in turn link yet to another lower-layer FKM module. Figure 5-3 shows an
example of an FKM consisting of two layers of FKM modules. The FKM module
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in the top layer has three nodes linking to and from FKM modules in the bottom
layer.

5.3.1 Encapsulation
Linking of FKM modules is useful because it allows reuse of modules and each
module serves a specific purpose. The inputs to a module are processed and
passed on to another module or modules for further actions. Thus each module
behaves as if they are nodes that are specialized in certain function or process.
For example, we may have two fuzzy ÕR modules linked together to perform a
max function (more on this function later).

In the framework in this thesis,

linking of modules is done through a process called encapsulation.

Instead of

linking module to module, a node in a module is used to contain the other module,
much the same way as in Object Oriented Programming where an object is
contained within another object. The node that contains the other module behaves
as if it takes the inputs, performs the simulation, and outputs the results. This is
called encapsulation, as it hides away the complexity of the FKM module that it
contains within. The FKM that links to the other module is considered as an
upper-layer FKM, and the FKM module that is linked to, is the lower-layer FKM.
The node in the upper layer FKM is said to encapsulate the lower layer FKM
module. Thus encapsulation allows abstraction of concepts so that the designer of
the FKM can focus on the higher level concepts while ignoring the details at the
lower levels. An example is presented in the experiments in Section 5.4 and in
Chapter 6.
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5.3.2 Properties of an FKM module
An FKM module has the following properties:
•

An FKM module always executes until the simulation reaches a steady
stage which is either a fixed point attractor, limit cycle or chaotic attractor
(see Section 2.3.1 in Chapter 2).

Where the module is acyclic, the

simulation always terminates after the first iteration. The outputs of the
module are the final outputs at the nodes at the terminals.
•

Even though the encapsulated module may take many time steps to
perform the simulation, the time step at the higher layer is just 1 time step.
For example, Figure 5-4 shows that a fuzzy MAX module can be
constructed from two nodes (ÕR1 and ÕR2) each encapsulating a fuzzy
ÕR FKM module. Two inputs to node ÕR1 produces an output according
to the rules of the fuzzy ÕR module. The Tmp node serves as a temporary
holder of the third input so that the input to the ÕR2 can be synchronized.
The output from ÕR1 and that from Tmp node form the inputs to the
second node ÕR2 which produces the final output.

As shown in Figure

5-1, the fuzzy ÕR module at the lower level needs four time steps to
perform the fuzzy ÕR operation. However, at the encapsulating node (for
example, ÕR1 in Figure 5-4), the time step as from an input entering the
ÕR module to that when an output is obtained is 1. Similarly in Figure
5-4, we see that it requires only two time steps to execute the MAX
module. When data enter ÕR1, ÕR1 invokes the encapsulated ÕR module
and waits for its returned output before outputting this result to ÕR2. We
can encapsulate this module to a node in yet a higher level, thus reducing
the time step to one. Thus the layered structured of the FKM framework
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simplifies the design of a knowledge representation model by simplifying
the timing consideration.
•

FKM framework allows ‘drilling’ down on a node to view the
encapsulated FKM module. A node with encapsulated module is shown
with a thick border as in ÕR1 and ÕR2 in Figure 5-4.
T
ÕR1
ÕR2
Tmp

Figure 5-4: Three-input fuzzy MAX FKM module with three inputs and one output.

5.3.3 Time delay
Like the Extended FCM [1], the FKM has a time delay mechanism. Time delay
allows the effect of a node on another to be delayed for a certain number of time
steps. In the experiments in this thesis, the time delay is implemented in the FKM
as a queue at the end of an arc. The length of the queue determines the number of
time steps to be delayed. The values in the queue are 0 by default, but may be
changed before the execution of the simulation. During simulation, a value is
removed from the front of the queue and input into the consequent node and a
defuzzified output from the antecedent node is pushed into the rear of the queue.
An arc with a queue is labelled with a “∆” symbol in an FKM.
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5.4 EXPERIMENTS AND RESULTS
We present some experimental simulations using FKMs instead of FCMs. The
first experiment demonstrates simulation of a fixed point attractor, and the second
shows the presence of a chaotic attractor. The third experiment demonstrates that
FKM can be used for data classification.

5.4.1 Simulation of fixed point attractors
In FCM, simulation of fixed point attractors is one where the states of the FCM
remain unchanged for successive iterations. To simulate such an attractor in FKM,
the conventional FCM as given by [1] for a director of public health was adopted,
and the FKM model was constructed as shown in Figure 5-5. The weights in the
arcs are shown in TABLE 5-1 as a ‘connection matrix’, as given by the authors.
The rows indicate the antecedent nodes and the columns indicate the consequent
nodes. The value αij at the intersection of ith row and jth column in the table is

Figure 5-5: FKM modelling public health issues of a city as adopted from [1].
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the weight of the arc between the nodes i and j at the intersections. When αij >0,
there exists an arc between the nodes. When αij = 0, there is no arc linking the
nodes.

TABLE 5-1: Connection matrix for FCM simulation of public health system as
given in [1]

C1
C2
C3
C4
C5
C6
C7

C1
0
0.1
0
0
0
-0.3
0

C2
0
0
0.7
0
0
0
0

C3
0.6
0
0
0
0
0
0

C4
0.9
0
0
0
0
0
0

C5
0
0
0.9
0
0
0
0

C6
0
0
0
0
-0.9
0
0.8

C7
0
0
0
0.9
-0.9
0
0

In the perspective of FKM, we may view the weights as the slopes or gradients of
transformation from the antecedent nodes to the consequent nodes. The gradient
can be expressed as the coefficient α of a linear function in the fuzzy rule:
If xi is Ai then yij = αij xi

(5- 3)

where xi is the input value to the ith antecedent node; yij is the output from the ith
node to the jth consequent node; and αij is the coefficient of the function and is
equal to the weight from the ith antecedent node to the jth consequent node as
given in TABLE 5-1.

TABLE 5-2 shows that the simulation is a fixed attractor, with C1 to C5 attaining
a value of 1, and C6 and C7 a value of 0. These are similar to the Extended FCM
of [1]. The results demonstrate that FKMs can perform simulation with feedback
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cycles. The main advantage over FCMs is that the fuzzy rules in an FKM allow
implementation of more complex transformation.

TABLE 5-2: Simulation results of public health issues

C1

C2

C3

C4

C5

C6

C7

Time City
MigratSanita- Diseases
Bacteria
popul- ion into Moderni- Garbage tion
per 1000
per area
ation city
sation per area facilities residents
0
0.3
0.3
0.3
0.3
0.3
0.3
0.3
1
0.24
0.51
0.48
0.57
0.57
0.27
0.3
2
0.21 0.846
0.624
0.786
0.785
0
0.003
3 0.295
1
0.75
0.975
0.97
0
0
4 0.395
1
0.927
1
1
0
0
5 0.495
1
1
1
1
0
0
6 0.595
1
1
1
1
0
0
7 0.695
1
1
1
1
0
0
8 0.795
1
1
1
1
0
0
9 0.895
1
1
1
1
0
0
10 0.995
1
1
1
1
0
0
11
1
1
1
1
1
0
0

5.4.2 Simulation of a limit cycle attractor
The simple FKM in Figure 5-6 was adopted from [2] to demonstrate the freeway
conditions during rush hour. The connection matrix is shown in TABLE 5-3.
Again one may view the weights as gradients of transformation from the
antecedent nodes to the consequent nodes, and hence the fuzzy rules are as
expressed in equation (5-3).

As mentioned in Chapter 2, a simulation of a chaotic attractor is one where the
FCM states keep changing with each iteration with no repeating states [3]. In
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practice, a large iteration cycle is set as the limit to confirm the existence of a
chaotic attractor. In this experiment a limit of 2,000 iterations was set. TABLE 5-4
shows part of the simulation results as evidence of the existence of a chaotic
attractor.

Figure 5-6: An FKM simulation of freeway conditions during rush hour as adapted
from [2].

TABLE 5-3: Connection matrix for FCM simulation of traffic accident as given in
[2]

C1
C2
C3
C4
C5

C1
0
0
0
0
0

C2
0.5
0
0
1
0

C3
0
1
0
0
0
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C4
0.2
0
1
0
-0.6

C5
0
0
0.6
0
0

TABLE 5-4: Simulation results of freeway conditions during rush hour, showing
evidence of presence of a chaotic attractor.
Time
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001

5.4.3

Simulation

C1
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500
0.500

of

C2
1.000
0.904
0.914
1.000
0.894
0.939
1.000
0.884
0.967
1.000
0.874
0.999
1.000
0.864
1.000
0.990
0.854
1.000
0.980

C3
0.893
1.000
0.904
0.914
1.000
0.894
0.939
1.000
0.884
0.967
1.000
0.874
0.999
1.000
0.864
1.000
0.990
0.854
1.000

classification

C4
0.654
0.664
0.778
0.644
0.689
0.771
0.634
0.717
0.762
0.624
0.749
0.752
0.614
0.784
0.740
0.604
0.789
0.730
0.597

C5
0.548
0.536
0.600
0.542
0.549
0.600
0.536
0.563
0.600
0.530
0.580
0.600
0.524
0.599
0.600
0.518
0.600
0.594
0.512

problem

using

FKM

encapsulation technique
The purpose of this last experiment was to demonstrate the use of the FKM
encapsulation technique and the solving of a classification problem. The Fisher
well-known iris dataset (made available by Michael Marshal) was chosen for the
experiment. The dataset consists of 4 variables made up of 3 classes (clusters) of
50 instances each, making a total of 150 observations. A few techniques of
constructing fuzzy rules were presented in Chapter 4. In this experiment, another
technique of construction of fuzzy rules is introduced: the binning method as
proposed by [4].
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In the case of one-to-one mapping of the output cluster to the input cluster, the
membership function of the input data is determined by the grade of the input data
as belonging to the input cluster that corresponds to the output cluster. However,
where the mapping is from one output cluster to many input clusters, a common
concern in fuzzy systems is the exponential time and space complexity in terms of
the number of input variables [5].

The binning method of [4] solves this

clustering problem, which will be described in the following sub-sections.

Input Nodes

Accumulator

Cluster Nodes

Figure 5-7: FKM for iris clustering – top layer.

Figure 5-7 shows the top-layered FKM for the clustering of the iris dataset.
Nodes C1 to C4 are the Input Nodes where SL is the input variable Sepal Length,
SW is the Sepal Width, PL is the Petal Length, and PW is the Petal Width. A total
of twelve sets of fuzzy rules were constructed, each corresponding to the arcs
between the input nodes and their respective consequent nodes C5 to C7 (referred
to as the Accumulator Nodes). The construction of the rules will be presented
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later in this section. C5 accumulates the membership grades of an input that
belongs to cluster Sentosa. Similarly C6 accumulates membership grades for
Versicolour and C7 for Virginica. The resultant states in the Accumulator Nodes
were then fed into C8. C8 is a node encapsulating a fuzzy MAX FKM module. It
determines the winning Accumulator Node, by finding the maximum value of the
inputs. This is done by the encapsulated lower-layer fuzzy MAX module (see
Figure 5-4) that takes three inputs and outputs the maximum value. Nodes C9 to
C11 are called the Cluster Nodes, each of which encapsulates a Boolean AND
module (see Section 5.2.2). They compare the output from C8 with the respective
output from the Accumulator Nodes to decide which cluster matches and is
therefore the winner. The symbol ∆ denotes a time delay of one time step. This is
to ensure the inputs to the Cluster Nodes for comparison are synchronized. The
end result is that for each input data point, there is only a single winner cluster.

The experiment was conducted as follows:

5.4.2.1 Step 1: Partitioning
The input variables were partitioned into intervals (called bins in [4], and as
shown in Figure 5-8) so that the frequencies of the inputs to the bins in each of the
input cluster could be counted.

The number of bins is determined by the partial completeness measure K [6],
given by:
Number of bins = 2k / m * (K – 1)
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(5- 4)

where k is the number of input variables, m is the minimum support (as a
fraction), and K is the partial completeness measure.

Figure 5-8: Example of the projections and counters in the bins for two input
variables.

K measures the amount of information loss that one is prepared to tolerate. The
smaller the K, the smaller is the information loss. This is a “catch-22 situation”.
If we increase the number of bins, the support for some bins is low – hence some
rules involving these bins may not be found because they lack minimum support.
If we increase the size of the bins (at the expense of more bins), some information
is lost due to merging of data values into a more general interval value. As a
consequence, some rules will not be found as they depend on the information that
exists before the merge. Srikant and Agrawal [6] dubbed this phenomenon the
“mapping woes”. After some preliminary investigations, a bin size of 16 was
used as it gave sufficient support in each bin.

The input variables involve

measurements of sizes of sepal and petals, hence the large number of partitions.
In this experiment, the minimum support was set to 1 and the partial completeness
measure K was set to 1.5.

139

5.4.2.2 Step 2: Binning
The raw dataset was prepossessed to find the frequency counts of the bins. The
resultant dataset of binning frequencies was then normalized by the following
formula:
bijk = xijk / maxjk

(5- 5)

where x is the frequency of input variable j at ith bin in the cluster k; max is the
maximum frequency for the input variable j in the cluster k.

This is shown in TABLE 5-5. Only bins having the highest values of all bins of
the same bin# of the same input variable but different clusters were retained.
Those with less than the highest values were set to 0. For example, in TABLE
5-5, bin# 7 of input variable SL of Cluster# 2 is the winner among the three
candidates circled in the table. That is, for each bin# i∈{1, 2, ..., 16}, input
variable j ∈ {SL, SW, PL, PW}, the bin value xijk is set to:

b if bijk = max{bijk | k = 1,...,m}
xijk =  ijk
 0 otherwise
where m is the total number of clusters (in this case 3).

TABLE 5-6 shows bin values after applying equation (5-6).
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(5- 6)

TABLE 5-5: Iris dataset after binning and normalisation, consisting of three classes,
each with four input variables. The input variables SL in Bin# 7 are circled.

TABLE 5-6: Bin values after eliminating less-than-highest values
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5.4.2.3 Step 3: Identification of input cluster
The input clusters are constructed in two steps:
1. For each set of bins, a histogram is constructed and the centres of
distribution are identified by locating the hill-tops (bins with highest hit
values in its immediate neighbourhood).
2. As shown in Figure 5-9, if the hit value of the neighbourhood to the left
and/or right of the centre of a distribution is within a predetermined
threshold, the bins are combined. The threshold in this experiment was
fixed at 0.15.

Figure 5-9: Combination of bins

5.4.2.4 Step 4: Construction of fuzzy membership function
The input clusters then form the PTS membership functions. Figure 5-10 shows
the approximation of the fuzzy membership functions.
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Figure 5-10: PTS membership functions approximation.

There are a few considerations that need to be addressed. Where memberships are
in close proximity, they may be merged into one. The merging depends upon the
prediction index [7] given by:
n 
( y − oi ) 2 
PI = ∑  i

n
i =1 


(5- 7)

where yi is the expected output and oi is the observed output from the system for
the ith input, and n is the total number of inputs.

The prediction index is a measure of the error of the system. Thus, it is possible
to compare the prediction index before the merge and that after the merge. If the
prediction index remains the same or smaller after the merge, then the
memberships remain merged. Otherwise, the memberships are reverted to the
states before the merge. Figure 5-11 shows an example of merging membership
functions.
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Figure 5-11: Merging membership functions.

5.4.2.5 Step 5: Construction of fuzzy rules
Fuzzy rules are constructed from the fuzzy membership functions, each
corresponding to the arcs between the Input Nodes and the consequent
Accumulator Nodes in the FKM as shown in Fig. 5-6. There were altogether
twelve sets of fuzzy rules, one in each of the arcs between the Input and the
Accumulator nodes.

The rules between the Accumulator Nodes, the Winner

Node, and the Cluster Nodes are all simple linear function such that the outputs
from the antecedent nodes become the inputs to the consequent nodes.

5.4.2.6 Step 6: Simulation and results
For each set of input data, each Accumulator Node accumulates the relevant input
membership grades. The cluster having the highest score is declared the winner
for the set of data.
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The results show that the FKM is able to identify the classes with an accuracy of
99% for cluster “Sentosa”, 89% for cluster “Versicolour”, and 85% for cluster
“Virginica”, giving an overall average of 92%. TABLE 5-7 shows a comparison
of the results of FKM with other techniques for clustering iris datasets as reported
by [8].

TABLE 5-7: Comparison of FKM with other techniques in clustering iris dataset.

A lg o rith m

A c c u ra c y

K -M e a n s

75%

Kohonen SO M

91%

K -F L A N N (D e fa u lt)

67%

K -F L A N N (N o n -d e fa u lt)

95%

FKM

92%

The experiment shows that single-antecedent fuzzy rules are effective in
classification application. Rules are fired according to the degree of similarity of
features of the input variable to the input cluster. The output will not be nullified
just because one of the rules does not fire, but rather it is subject to the selection
of the best set of scores from the sets of outputs.

5.5 SUMMARY
In the previous chapter, it was demonstrated how single-antecedent fuzzy rules
could replace the conventional linguistic multi-antecedent fuzzy rules to represent
the relations between simple concepts in an FKM.

In this chapter, it has been

shown that in an FKM framework, these concepts could be encapsulated and
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abstracted as a new concept at a higher level, thus allowing a simpler design of
high-level relationships.

As we need only consider time in the confinement of each layer, ignoring the time
consideration of any lower-layered modules, the design consideration of each
layer is further simplified. Furthermore, the hierarchical structure of the proposed
framework allows reuse of modules, thus saving costs and time.

The experiment shows that FKM can perform simulations with and without
feedback cycles. The advantage of FKMs over FCMs is that it can perform more
complex simulations. Besides those methods introduced in Chapter 4, the binning
method adopted from [4] has also been demonstrated as yet another useful method
of constructing fuzzy rules for the FKM,.
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CHAPTER 6
Tec h ni c a l A n al ys is of S h ar e P rice s Us i n g FK M
Fr a m e wo r k

6.1 OVERVIEW
A number of experiments have been presented in Chapters 4 and 5 to demonstrate
the performance of the FKM and the framework. This chapter demonstrates how
decision-making can be enhanced or reinforced by combining the decisions made
at the individual FKM modules into the FKM framework so that a better decision
can be made.

Share market and technical analysis have been chosen as candidates to
demonstrate the efficiency and effectiveness of the decision-making process using
the FKM framework. The share market is well known for its uncertainty in price
movements. Technical analysis has attracted many controversial arguments as to
its validity for predicting the future price movements of the share market.
However, its predictive capability is based on the expert knowledge and
individual experiences of the technical chartists. Hence it is an ideal candidate to
evaluate the effectiveness of FKM in representing such fuzzy knowledge.

This chapter is not an attempt to prove or disprove the relevance of the techniques
used in technical analysis.

Its primary purpose is to show that the FKM

framework, which is based on the knowledge of the chartists, is useful and

effective in decision making in an environment where the knowledge used for
stock market investments and trading is imprecise or fuzzy.

The objective of the experiment was to evaluate the accuracy of the stock trading
recommendations output by an FKM framework and the effectiveness of the FKM
as a stock market decision support tool. These recommendations were used to
buy, sell or hold on to shares over a 3-year period from 2nd Jan 2002 to 31 st Dec
2004. The net profit or loss incurred as a result of the simulation was compared
with that of the ‘buy and hold’ strategy.

A brief background to stock market technical analysis is presented in Section 6-2
for better appreciation of the application of FKM in knowledge representation and
decision-making. The FKM framework and modules used in the experiment are
described in Section 6-3. The experiment and results are discussed in Section 6-4.

6.2 SOME BACKGROUND ON TECHNICAL
ANALYSIS
Stock market technical analysis has been widely used for investing and trading in
the stock market. It is a set of techniques based on the personal observations,
beliefs, experience and knowledge of the chartists.

It is often difficult to make

decisions based on these attributes and it may vary according to the individual
chartists.

For decades there have been arguments on the validity of technical analysis (also
known as charting technique) for security investment and trading, as opposed to
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fundamental analysis. Some argue that the former has no theoretical basis [1].
Zielonka [2] asserted that it is rooted in psychological and cognitive biases.
Others continue to espouse the theory of market efficiency for fundamental
analysis [3]. The random walk theory suggests that the market behaves in a
random Brownian-motion manner [4]. Technical analysis is a departure from
these theories Despite its apparent lack of theoretical basis, it appears to be a
favoured tool among asset market participants - investors and traders alike [5].

Stock market prediction remains a challenging task due to the complex way
market sentiment varies with time, due to numerous factors. Many attempts to
predict various financial markets have been made, ranging from traditional time
series approaches to artificial intelligence techniques, such as Genetic
Programming [for

example,

6]

and

artificial

neural

network

(ANN)

methodologies [for example, 7, and 8]. With advances in computer technology,
research into stock market technical analysis using artificial intelligence
techniques has attracted increasing attention.

While fundamental analysis considers the cause of market behaviour, technical
analysis studies the effect.

The former includes data related to the market

situation, time of year, company prospects and so forth; whereas the latter is based
only on quantifiable market data.

Thus, technical analysis involves the

identification of recurring patterns in price variations visible in historical data to
determine thresholds for buying, selling or holding on to a stock. It is based
mainly on the personal experience and expert knowledge of individual chartists.
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There are two general approaches to technical analysis: one involves qualitative
techniques, and the other quantitative techniques. The former requires the
interpretation of geometric patterns such as double bottoms, head-and-shoulders,
and support and resistance levels; whilst the latter utilises indicators such as
moving average (MA), relative strength indicators (RSI) to predict a stock’s
movements, and/or signal the time to BUY, SELL or HOLD. BUY, SELL and
HOLD refer to recommendations for buying, selling and holding on to a stock,
respectively. The HOLD recommendation may also be interpreted as advice
against entering the share market if the investor has not done so already. In this
paper, we focus on the quantitative approach. Experiments have been carried out
based on five market indicators, which are explained in Section 6-3.

Technical indicators are indices formed from combinations of current and past
price and volume data. Popular indicators include moving averages, break-out
systems, and oscillators. Ideally these indicators should give definite profitable
signals on a statistically regular basis promptly and unequivocally [9].

This

implies that the market is not totally random and therefore predictable. Beechey,
Gruen and Vickery [5] observed that at times, asset prices appear to be
significantly misaligned for extended periods, and that the evidence of technical
analysis generating excess returns is uncertain.

They further observed that

although stock prices react quickly to news of mergers, stock-splits or changes in
firms’ dividend policies, they do not respond similarly to other unexpected
information such as profit announcements. Chordia, Roll and Subrahmanyam
[10] observed that order imbalances on the same stocks are highly persistent, and
suggested that sophisticated investors could react to the imbalances by
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undertaking enough countervailing trades.

Beechey, Gruen and Vickery [5]

concluded that although efficient market hypothesis can explain some aspects of
asset price formation, there are many important aspects of asset market behaviour
that could not be explained by the hypothesis. These observations may suggest
that to some extent, technical analysis may provide some predictability to market
behaviours, and thus be able to indicate the timing of BUY, SELL or HOLD.

Generally, fundamental analysis focuses around efficient market theory, which
assumes that prices in an efficient market fully reflect all available information
[11]. Since security prices reflect all known information, returns on investments
are fair and as expected, and speculative profits are therefore, on average, nonexistent [12]. Thus, returns on investments based on the ‘buy and hold’ strategy
can be used as a basis for comparison with the returns on investments based on
technical analysis using the FKM model.

6.3 THE FKM FRAMEWORK FOR SHARE MARKET
TECHNICAL ANALYSIS
The FKM framework for stock market decision support consists of multiple layers
of FKM modules. The topmost layer called the Decision FKM module is an FKM
module that accumulates the intermediate decisions of the FKM modules of the
individual market indicators at the lower layer and derives a final and more
accurate decision to recommend on whether to BUY, SELL or HOLD a stock.

The modules in the FKM lower layers are as follows:
•

Fuzzy Gradient module: for detecting change in the direction of a curve;
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•

Momentum: for measuring how fast the price of the share moves over
time;

•

Relative Strength Index: for measuring the relative strength of buying and
selling sentiments;

•

Moving Averages: for measuring the trends of price movements;

•

Bollinger Bands: for detecting overbought and oversold positions; and

•

Stochastic: for measuring the bullish and bearish sentiments of the market.

The FKM modules are discussed in the following sub-sections.

6.3.1 Decision FKM module
The Decision FKM module (as shown in Figure 6-1) is the topmost layer of the
FKM framework for stock analysis.

Nodes C1 to C5 are input nodes

encapsulating an FKM module each that models one of the five market indicators
– Momentum, Relative Strength Index, Moving Average, Bollinger Bands and
Stochastic. These modules are described in the next sub-sections. The number of
inputs is determined by the number of parameters used for the indicator. The
number of outputs is two, representing the strengths of the intermediate inferences
for BUY and SELL. These will become clearer when the indicator modules are
discussed later in the sub-sections.

Nodes C6 (Total Sell) accumulates the intermediate decision recommendations
for SELL from the respective indicators (nodes C1 to C5), and similarly C7 (Total
Buy) accumulates the intermediate decision recommendations for BUY.
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Figure 6-1: The top layer (the Decision FKM module) of FKM framework for
technical analysis of share market. The right panel shows the properties of the node
C6 (Total Sell) with C6 being highlighted.

Node C8 (Winner) encapsulates a fuzzy ÕR FKM module which compares the
outputs from C6 and C7 and outputs the winning signal. Nodes C9 and C10
encapsulate a Boolean AND module each. C9 compares the inputs from C6
(Total Sell) and C8 (Winner) and outputs a discrete signal of 1 for SELL if the
signals match (that is, a winner), and a 0 if they do not match. Similarly C9
compares the signals from C7 and C8 and outputs a signal of 1 for BUY if it is a
winner or 0 otherwise. When both BUY and SELL signals are 0, it is an implied
HOLD. The symbol ∆ indicates a time delay of one time step. This is to ensure
that the comparison is between inputs of the same time step. Time-step delay [13]
is a feature of extended FCM which is adopted in FKM. As discussed in Chapter
4, in FKM, a time-step delay is implemented as a queue where an output is pushed
into the queue and a value is shifted out from the front of the queue. The length
of the queue is the number of time steps to be delayed.
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With the exception of rules in arcs C6—C8 and C7—C8, the fuzzy rules in all the
rest of the arcs are of the form:
Ruleij:

If xij is any_value then yij = xij

where Ruleij is the set of fuzzy rules from ith node to the jth node, x is the input to
the jth node from the ith node, and y is the output to the jth node. Effectively the
rules simply transfer whatever value in the antecedent node to the consequent
node.

For arcs C6—C8 and C7—C8, the rules are:
Rule6,8: If x6,8 is strong then y6,8 = x6,8
If x6,8 is not_strong then y6,8 = 0
Rule7,8: If x7,8 is strong then y7,8 = x7,8
If x7,8 is not_strong then y7,8 = 0

6.3.2 Fuzzy Gradient FKM module
As quite a number of market indices involve similar measurement of changes of
prices and trends over time, a fuzzy Gradient FKM module that measures the
changes in the direction of price movements is described below. This module will
be reused often in the market indicator modules.

The purpose of the Fuzzy Gradient module is to detect when a graph (for
example, of price movements) changes direction from ascending to descending or
from descending to ascending.
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Figure 6-2: Fuzzy Gradient FKM module to detect change in the direction of curve –
ascending to descending or vice versa.

Figure 6-2 shows the Fuzzy Gradient module. The input at node C1 is passed on
to the second node C2 via two arcs – one of which labelled as –Δ, negates the
input and delays it by one time step. The aggregation of the inputs at node C2
thus represents the change in the curve. This change is then passed on to node C3
as a discrete value of 1 for positive values and a discrete -1 for negative values.
There are two arcs connecting C2 and C3, one of which again delays it by one
time step. Thus, a zero at the aggregation of the inputs at node C3 indicates that a
change in the direction of inputs has occurred. The arc C2 to C4 (or C2—C4 for
short) outputs a strong signal when the state at C2 is positive and no signal when
C2 is negative. The arc C3—C4 outputs a strong signal when C3 is zero and no
signal when C3 is non-zero. Therefore for a strong output at C4 we require strong
signals from both C2 and C3.

Similarly for a strong signal at C5 we need strong signals from both C2 and C3.
Arc C2—C5 is strongest when C2 is negative, and weakest when C2 is positive,
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and arc C3— C5 outputs a strong signal when C3 is zero and no signal when C3 is
non-zero.

The fuzzy rules are as follows:
R1,2:

If x1,2 is any_value then y1,2 = x1,2

R1,2(d):

If x1,2(d) is any_value then y1,2(d) = -x1,2(d)

R2,3:

If x2,3 is positive then y2,3 = 1
If x2,3 is negative then y2,3 = -1

R2,3(d):

If x2,3(d) is positive then y2,3(d) = 1
If x2,3(d) is negative then y2,3(d) = -1

R2,4(d):

If x2,4(d) is positive_small then y2,4(d) = 1
If x2,4(d) is positive_large then y2,4(d) = 0.2
If x2,4(d) is negative then y2,4(d) = 0

R2,5(d):

If x2,5(d) is negative_small then y2,5(d) = 1
If x2,5(d) is negative_large then y2,5(d) = 0.2
If x2,5(d) is positive then y2,5(d) = 0

R3,4:

If x3,4 is zero then y3,4 = 1
If x3,4 is not_zero then y3,4 = 0

R3,5:

If x3,5 is zero then y3,5 = 1
If x3,5 is not_zero the y3,5 = 0

6.3.3 Momentum indicator
The momentum m of a share measures how fast the price of the share moves over
a period of n days, and is given by the formula:
M(t) = P(t) – P(t-n)
157

(6- 1)

where P(t) is the closing price of a share on day t, and n is the number of days
preceding day t that define the period over which the momentum is measured. In
the experiment, n = 5 days was chosen to represent this period.

As momentum tends to oscillate and thus introduces inaccuracy in its value, an
exponential momentum was used instead. It plots a momentum of the price series,
with higher weighting on more recent prices and lower weighting on older prices.
The exponential momentum on day t is given by:
EM(t) = WM(t) + WM(t-1)

(6- 2)

where WM(t) = M(t) * β is the weighted momentum on day t, and WM(t-1) = EM(t-1)
* (1 - β) is the weighted momentum on day (t -1), β = 2/(m + 1) and m is the
period in days over which momentum is calculated. EM(t

-1)

is the exponential

momentum on day (t-1). EM(0) is set to the closing price of day t = 0. The
exponential momentum indicates the market trend or direction of momentum; that
is, whether the market is bullish or bearish.

Figure 6-3 shows the FKM module that models the momentum indicator. The
input to node C1 is the exponential momentum as defined in equation (6-2). Node
C2 encapsulates a Fuzzy Gradient FKM module. It outputs a strong signal when a
change in the direction of the exponential momentum is detected. There are two
outputs from the Fuzzy Gradient module. If the change in direction is upwards
then the output to node C3 (for a BUY signal) is strong and the output to node C4
is weak. Similarly if the change in direction is downwards then the output to C3
is weak and that to C4 is strong.
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Figure 6-3: FKM module for the simulation of momentum indicator.
exponential momentums are input into the system from a text file.

The

When both the BUY and SELL signals are weak, a HOLD signal is implied. This
signal then flows on to the higher layer of the hierarchical FKM, which also
receives similar inputs from other lower layer FKM modules.

The fuzzy rules are of the form:
Ruleij: If xij is any_value then yij = xij
where Ruleij is the set of fuzzy rules from ith node to the jth node, x is the input to
the jth node from the ith node, and y is the output to the jth node. Note that there
are two different outputs from the Gradient node (C2) – one to C3 for a BUY
signal, and one to C4 for a SELL signal. This is always the case for a Gradient
module. At the BUY output terminal, a Gradient module always outputs a BUY
signal of 1 when the gradient changes from negative to positive and a signal of 0
otherwise. Similarly at the SELL output terminal, the Gradient module outputs a
SELL signal of 1 when the gradient changes from positive to negative and a zero
signal otherwise.
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6.3.4 Relative strength index indicator
The Relative Strength Index (RSI) indicator was developed by [14]. It is based on
RS, the relative strength of the market as defined by the equation:
RS = (U / n) / (D / n)

(6- 3)

where U is the number of days up, D is the number of days down, and n is the
number of days under consideration. A stock is considered to be up when the
closing price for the day is higher than that of the previous day, and down
otherwise. In this experiment, the period n under consideration was 15 days.

RSI measures the strength of the market based on the ups relative to the downs
over a period of n days:
RSI = 1 – 1/(1 + RS)

(6- 4)

The RSI lies within the interval [0, 1]. As the value of RSI approaches 1, the
share is said to become more overbought. As the RSI approaches 0, it is said to
become more oversold. These are the critical regions for decision making. The
overbought critical region is defined as where RSI is 0.8 or higher. The oversold
critical region is where RSI is 0.2 or lower. A change in direction of the RSI
when it is in these regions is an indication of the change in strength of the market.
Thus, when the gradient of RSI changes from negative to positive, the BUY signal
is strong. Similarly when the RSI gradient changes from positive to negative, the
SELL signal dominates. When BUY and SELL signals are both weak, it is
considered as a HOLD position.
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Figure 6-4 shows the FKM module for modelling the RSI indicator. The FKM
takes in the RSI as defined in equation (6-4). This is then transformed into an RSI
gradient in C3 which encapsulates a Fuzzy Gradient FKM module. The outputs
from C3 are the signals indicating that RSI has changed direction from ascending
to descending (SELL signal) or from descending to ascending (BUY signal). The
arc C1—C2 measures the degree of RSI that is considered as overbought.
Similarly the arc C1—C4 measures the degree of oversold. Nodes C5 and C6 are
nodes that encapsulate a fuzzy ÃND FKM module each. When the outputs from
C2 (Overbought) and C3 (RSI Gradient) are both strong, node C5 outputs a strong
SELL signal. Similarly when the outputs from nodes C3 (RSI Gradient) and C4
(Oversold) are strong, node C6 outputs a strong BUY signal. A HOLD situation
is implied when there is a weak or no signal for both BUY and SELL.

Figure 6-4: FKM module for simulation of Relative Strength Index (RSI)

The fuzzy rules are as follows:
R1,2:

If x1,2 is overbought then y1,2 = x1,2
If x1,2 is not_overbought then y1,2 = 0

R1,3:

If x1,3 is any_value then y1,3 = x1,3

R1,4:

If x1,4 is oversold then y1,4 = 1 -x1,4
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If x1,4 is not_oversold then y1,4 = 0
R2,5:

If x2,5 is any_value then y2,5 = x2,5

R3,5:

If x3,5 is any_value then y3,5 = x3,5

R3,6:

If x3,6 is any_value then y3,6 = x3,6

R4,6:

If x4,6 is any_value then y4,6 = x4,6

6.3.5 Moving averages
Moving averages measure the share trading trend over a period of time.
Generally, a short-term moving average (say, 10 to 20 working days) indicates the
average trading transaction price of a short-term trader; while a long-term moving
average (say, 50 or more days) measures the average transaction price of a longterm investor.

When the two trends cross, it is perceived that both trends are in agreement.
When the short-term trend is above the long-term trend, the market is considered
to be bullish and the long-term investors are likely to follow. However, if the
moving average changes direction from upwards to downwards, it may signal a
SELL sentiment.

When the short-term trend is below the long-term tend, it indicates a bearish
market. However, if it changes into an upward direction, it may indicate a BUY
signal. In this situation, the gradient changes from negative to positive. Two
simple moving averages were used for the experiment in this chapter, one for 10
days and the other for 50 days. The simple moving average (MA) is given by the
formula:
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n
MA = ∑ p/n
i=0

(6- 5)

where p is the closing price, and n is the number of trading days.

Figure 6-5 shows the FKM module for modelling the moving average indicator.
The arc C2—C3 negates the output of C2. Thus a negative state value in C3
indicates a bearish sentiment when the Short MA (Short-term Moving Average) is
below the Long MA (Long-term Moving Average). A positive state value in C3
indicates a bullish sentiment when the Short MA is above the Long MA. The
SMA Gradient node, C4, encapsulates a Fuzzy Gradient FKM module. When the
Short MA bottoms up (that is, turns bullish), C4 outputs a BUY signal to C5.
When short MA tops out (that is, turns bearish), C4 outputs a SELL signal to C6.
When C3 is negative and C4 indicates an upward turn, C5 outputs a strong BUY
signal; otherwise it outputs a weak signal. When C3 is positive and C4 indicates a
downward turn, C6 outputs a strong SELL signal; otherwise it outputs a weak
signal. Nodes C7 and C8 set weak signals to zero, leaving the respective strong
BUY and SELL signals to pass through to the upper layer.

Figure 6-5: The Moving Averages FKM module.
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The fuzzy rules are as follows:
R1,3:

If x1,3 is any_value then y1,3 = x1,3

R1,4:

If x1,4 is any_value then y1,4 = x1,4

R2,3:

If x2,3 is any_value then y2,3 = -x2,3

R3,5:

If x3,5 is negative then y3,5 = 1 + x3,5
If x3,5 is not_negative then y3,5 = 0

R3,6:

If x3,6 is positive then y3,6 = x3,6
If x3,6 is not_positive then y3,6 = 0

R4,5:

If x4,5 is any_value then y4,5 = x4,5

R4,6:

If x4,6 is any_value then y4,6 = x4,6

R5,7:

If x5,7 is strong then y5,7 = x5,7
If x5,7 is not_strong then y5,7 = 0

R6,8:

If x6,8 is strong then y6,8 = x6,8
If x6,8 is not_strong then y6,8 = 0

6.3.6 Bollinger band indicator
The Bollinger band indicator is a plot of three curves called bands - a middle band
(MB), which is a plot of the moving average of closing prices, an upper band
(UB) at two standard deviations above the middle band, and a lower band (LB) at
two standard deviations below the middle band. It is used as a measure of the
volatility of the market. Once again, we calculated the moving averages over a 15
day period. When a price goes above the upper band, it is said to be in an
overbought situation. When it goes below the lower band, it is said to be in an
oversold situation. These situations often indicate the turning point of the trend.
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The middle band is given by the formula:
MB =

n

∑p
i =0

i

/n

(6- 6)

where p i is the share price at point i in the moving average window of width n =
15.

The upper band is given by:
UB = MB + 2 * SDN

(6- 7)

where SDN is the standard deviation of the closing prices, and is given by:
SDN =

1
n

n

∑(p
i =1

i

− MB i ) 2

(6- 8)

where MBi is the value of MB at position i in the time series, and n = 15 is the
period of the moving average.

The lower band LB is given by:
LB = MB - 2 * SDN

Figure 6-6: FKM module for simulation of Bollinger Band Indicator.
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(6- 9)

Figure 6-6 shows the FKM module for modelling the Bollinger band indicator.
The difference between nodes C1 and C2 is stored in node C4. If the difference is
positive then it is considered to be an overbought situation. This results in a
SELL signal in node C6. Similarly the difference between nodes C2 and C3 is
stored in C5. A positive difference indicates an oversold situation. This results in
a BUY signal in C7.

The fuzzy rules are as follows:
R1,4:

If x1,4 is any_value then y1,4 = -x1,4

R2,4:

If x2,4 is any_value then y2,4 = x2,4

R2,5:

If x2,5 is any_value then y2,5 = -x2,5

R3,5:

If x3,5 is any_value then y3,5 = x3,5

R4,6:

If x4,6 is positive then y4,6 = 1
If x4,6 is not_positive then y4,6 = 0

R5,7:

If x5,7 is positive then y5,7 = 1
If x5,7 is not_positive then y5,7 = 0

6.3.7 Stochastic indicator
The Stochastic Indicator (SI) or oscillator is based on the premise that the market
tends to close higher in its price range during a bullish run and lower during a
bearish period. Generally it consists of two lines: the fast stochastic (%K), and
the slow stochastic (%D). %K is calculated by the formula:
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%K = (P – L) / (H - L)

(6- 10)

where P is current price or closing price for the current session, L is the minimum
of low prices over n days, and H is the maximum of high prices over n days. We
used n = 10 in the experiment in this chapter.

%D is simply the moving average of the %K indicator, usually over a period of 3
days, and is given by:
%D = (%Kt + %Kt - 1 + %Kt - 2) / 3

(6- 11)

where the subscript t indicates the current day.

The region above 0.7 of SI readings is considered to be overbought, and that
below 0.3 is considered oversold. When the fast %K crosses the slow %D from
below, it is a BUY condition, while %K crossing %D from above represents a
SELL condition. Stronger signals are generated when the indicators cross in the
regions above 0.7 (overbought region) or below 0.3 (oversold region).

Figure 6-7 illustrates the Stochastic FKM module. The arc C2-C4 negates the
output from node C2 such that the aggregate in node C4 is formed from the
difference between the outputs from nodes C1 and C2.

Node C4 is positive

when %K crosses %D from below and outputs a BUY signal to node C6. It is
negative when %K crosses %D from above and outputs a SELL signal to node
C6. The Overbought and Oversold nodes aggregate the overbought and oversold
positions based on the %K and %D values. Both C1 and C2 only output a strong
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signal to C3 when they are in an overbought region. Similarly they only output a
strong signal to C5 when they are in an oversold region. The BUY and SELL
nodes encapsulate a fuzzy ÃND FKM module. C6 outputs the strongest SELL
signal when the C3 (overbought) signal is strong and the C4 (difference) signal is
negative. It outputs a strong BUY signal when the C5 (oversold) signal is strong
and the C4 signal is positive. The signal to SELL and/or BUY is the weakest
when C1 and C2 are in the neutral region and the difference between C1 and C2 is
small.

Figure 6-7: FKM module for the simulation of the Stochastic indicator.

The fuzzy rules are as follows:
R1,3:

If x1,3 is overbought then y1,3 = 1 – x1,3
If x x1,3 is not_overbought then y1,3 = 0

R1,4:

If x1,4 is any_value then y1,4 = x1,4

R1,5:

If x1,5 is oversold then y1,5 = x1,5
If x1,5 is not_oversold then y1,5 = 0

R2,3:

If x2,3 is overbought then y2,3 = 1 – x2,3
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If x2,3 is not_overbought then y2,3 = 0
R2,4:

If x2,4 is any_value then y2,4 = -x2,4

R2,5:

If x2,5 is overbought then y2,5 = x2,5
If x2,5 is not_overbought then y2,5 = 0

R3,6:

If x3,6 is any_value then y3,6 = x3,6

R4,6:

If x4,6 is positive then y4,6 = 1
If x4,6 is not_positive then y4,6 = 0

R4,7:

If x4,7 is negative then y4,7 = 1
If x4,7 is not_negative then y4,7 = 0

R5,7:

If x5,7 is any_value then y5,7 = x5,7

6.4 THE EXPERIMENT AND RESULTS
28 datasets were selected for the experiment. These datasets were shares listed on
the Australian Stock Exchange ASX200.

Eight of these shares showed a

downward trend and the remaining twenty gained in value over the period of the
experiment. The lower number of data sets for stocks with a downward trend is
due to the generally bullish market conditions existing over the study period.

The simulation of the share trading was simplified by making a number of
assumptions as listed below:

1. The trading started with an initial capital of A$10 000, which would vary
during the simulation depending on profit or loss made from subsequent
transactions.
2. All transactions were carried out at the closing price of the day.
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3. At each SELL recommendation, all the shares in hand were disposed off.
4. No more than the actual number of shares owned was allowed to be sold;
that is, no ‘sell short’ was allowed. Brokerage and other costs associated
with the SELL were deducted from the proceeds.

These costs were

assumed to total A$30.
5. At each BUY recommendation, all available cash was used to buy shares
and pay for brokerage and other costs. These costs were assumed to total
A$30.

Only alternating BUY and SELL transactions were permitted, that is, the
only transaction following a purchase was the selling off of shares and
vice versa.

TABLE 6-1 shows the performance of the FKM model compared with the ‘buy
and hold’ strategy for all of the 28 company stocks used for the experiment. On
average, the FKM model out-performed the ‘buy and hold’ strategy by a factor of
3.4. For stocks exhibiting a downward trend (prefixed by asterisks in the table),
the FKM model was still able to generate better returns although they were
smaller; whereas ‘buy and hold’ strategy inevitably generated negative returns. A
paired sample t-test at 95% confidence interval shows a t-statistics of 9.17 with a
significance level of p < 0.000, indicating that the difference between the FKM
model and the ‘buy and hold’ strategy is significant.
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Results obtained from the experiments show that the individual indicators alone
are unlikely to be adequate for investment decision making. This is due to mixed
signals generated by FKMs corresponding to different indicators.

Another

problem is the timing of these signals. Sometimes the signal corresponding to a
specific indicator may appear earlier than the actual price movement and
sometimes later.

TABLE 6-1: Comparison of profit or loss from investments in 28 company stocks
for the 3-year period 2002-2004. Asterisks indicate stocks with a downward price
movement over the experimental period.
FKM model
Security
Amcor
*AMP
Alumina
Asia Pacific
BHP
*Brambles
Boral
Bluescope Steel
Commonwelath Bank
Coca-cola
Coles-Meyers
CSR
Foster
John Fairfax
General Properties Trust
Insurance Australia
*Mayne
Macquarie Bank
Marvac Group
*Macquarie Infrastructure
*National Australia Bank
News Corp
Origin Energy
Oil Search
*Qantas
Rio Tinto
Ten Network
*Telstra

Buy & hold

Profit/(Loss) Profit/(Loss)
$,000
$,000
2.48
0.07
1.25
-1.60
3.03
0.27
3.73
1.39
3.78
1.81
2.42
-1.08
4.35
3.54
8.49
6.79
3.65
0.20
5.17
1.13
3.58
1.13
3.06
1.89
2.45
0.35
6.73
0.49
1.60
1.04
4.18
3.48
2.70
-1.30
3.72
0.78
1.72
0.87
2.20
-0.11
2.23
-0.33
2.72
-0.06
5.33
4.75
7.23
1.59
3.22
-0.01
6.28
0.20
5.04
3.54
2.91
-0.34

Mean
Std. deviation

3.76
1.78
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1.09
1.88

TABLE 6-2 shows FKM recommendations output on 14 successive days for the
Commonwealth Bank with the five indicators used in the experiment –
Momentum, Relative Strength Index (RSI), Bollinger Bands, Moving Averages
(MA), and Stochastic. The second column shows the closing prices, and the last
two columns indicate the final decisions of the upper layer FKM. These are the
output recommendations of the higher layer FKM as explained in Sub-section 5.6.

TABLE 6-2: FKM simulation outputs for the five indicators relevant to the
Commonwealth Bank of Australia Ltd. for the period 16 July 2002 to 2 August 2002.
Zeros for both BUY and SELL indicate the HOLD recommendation. Column
‘Close’ shows the day’s closing prices.
Date

Close

16-Jul-02
17-Jul-02
18-Jul-02
19-Jul-02
20-Jul-02
23-Jul-02
24-Jul-02
25-Jul-02
26-Jul-02
27-Jul-02
30-Jul-02
31-Jul-02
01-Aug-02
02-Aug-02

32.00
32.10
32.30
32.00
32.40
32.00
31.80
31.80
32.30
31.90
32.00
31.70
31.90
31.70

Momentum

RSI

Bollinger

MA

Stochastics

Fianl
Decision

BUY SELL BUY SELL BUY SELL BUY SELL BUY SELL BUY SELL

0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0 0.15
0.63
0 0.5
0
0 0.85
0.63
0
0
0 0.85
0
0.63 0.35
0
0
0 0.2
0
0 0.65
0
0
0
0.63
0 0.65
0
0 0.35
0
0 0.15
0
0
0
0
0 0.9

0
0
0
0
0
0
0
0
0
0
0
0
0 0.63
0
0
0
0
0
0
0 0.24
0
0 0.02
0
0
0
0
0
0
0 0.15
0
0
0
0
0
0
0
0
0
0
0
0
0
0 0.45
0
0
0
0
0 0.21
0
0
0
0 0.05
0
0
0
0
0
0
0
0
0
0
0

0
0
0.25
0.05
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
1
0
0
0
0
0
0
0
0
0
0
0

A HOLD recommendation is assumed when both BUY and SELL signals are
zero. As can be seen in the TABLE on some days, signals were mixed. For
example on 27 July, two of the indicators (Momentum and RSI) recommended a
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SELL, one (MA) recommended a BUY, and the rest suggested a HOLD. On
other days, the signals were consistent but not for all of the indicators. Also,
some of the indicator outputs appear to be in agreement but out of step. For
example, the Momentum and RSI indicator’s SELL outputs on 17 July were
followed by similar outputs on 18 July from the RSI, MA and Stochastic
indicators.

Figure 6-8: Price movements of Commonwealth Bank of Australia shares from 2
January 2002 to 31 December 2004, with BUY and SELL decisions.

Figures 6-8 shows price movements of Commonwealth Bank of Australia Ltd.
(CBA) shares over the experimental period, with BUY and SELL decisions as
recommended by the FKM.

Figure 6-9 shows price movements of Telstra

Corporation Ltd. (TLS) shares for the same period.
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As evident from the figures, the investment decisions output by the FKM model
were more satisfactory for CBA, where the price movements were bullish and
trendy, compared with that of TLS, where the prices moved more horizontally
than up or down, and were generally more bearish. It is noticeable that in the case
of the TLS stocks, there are relatively long time intervals spent waiting for the
opportunity to buy or sell. These periods of waiting represent inaction and missed
opportunity for growth. Thus, these charts, based on the investment
recommendations of the FKM model, reveal which security is a better choice for
investment.

Figure 6-9: Price movements of Telstra Corporation Ltd. Shares from 2 January
2002 to 31 December 2004, with BUY and SELL decisions.

6.5 SUMMARY
The FKM framework used in the experiment for stock investment and trading
shows that the framework is effective in capturing technical chartists’ expert
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knowledge. The five commonly used indicators – Relative Strength Index,
Bollinger Bands, Moving Averages, Momentum, and Stochastic have been used
for deriving recommendations on the buying, selling or holding of stocks. In the
FKM hierarchical model, decisions based on individual indicators at a lower level
are combined at a higher level to produce the final recommendation.

The

experiment shows that the hierarchical framework performs better than ‘buy and
hold’ strategy in both bullish and bearish share markets.

The experiment shows that the decisions of the individual indicators are less
accurate.

However, by combining these intermediate decisions, the FKM

framework is able to derive a better decision.
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CHAPTER 7
C on c l us i o n a n d F ut u re D i re c t i o n s

7.1 SUMMARY
Cognitive scientists have shown that Cognitive Maps can be a useful tool for capturing
the structure of arguments and concepts. Knowledge representation in the form of
nodes and arcs can also be an excellent tool for modelling functions in a problem
domain, and fuzzy logic can be used for approximating this function.

However,

evaluating a continuous function is computationally expensive and at times may not be
readily available or derivable. Since a polynomial can approximate a continuous
function to any degree of accuracy, the possibility of approximating a polynomial
function instead of a continuous function lays the theoretical foundation for using
single-antecedent fuzzy rules instead of the conventional multi-antecedent fuzzy rules
in this study. This approach provides a means of incorporating single-antecedent
fuzzy rules in the arcs of a directed graph. The fuzzy rules in an arc thus provide a
means of inferencing the relation between the antecedent node and the consequent
node.

The Fuzzy Knowledge Map takes advantage of the capability of single-antecedent
fuzzy rules to approximate a polynomial function. This novel approach has many
advantages:

•

In FKM, the number of rules increases in proportion to the increases in the
number of partitions and the number of input variables. The approach avoids
the potential problem often associated with combinatorial rule explosion.

•

It significantly simplifies the logical reasoning processes as clearly
demonstrated in the experiments where the transparency of the rules was
improved and the linguistic labelling was simple and unambiguous.

•

Since rules are implemented in individual arcs, and thus the scope of influence
is local to these arcs, maintenance of rules is simplified in that one does not
have to take into consideration any global side-effects while designing the
knowledge in local context.

•

Rules can be fired in parallel, in sequence or not at all, depending on the
topology of the FKM.

As only two rules at most are fired for each arc,

computational overheads are low and maintenance of rules is simple.
•

Since fuzzy rules are used, reasoning is not limited to just causality, but also
not-causal considerations.

Construction of single-antecedent fuzzy rules for an application domain can be based
on relevant management policies, domain experts’ knowledge, and extraction of rules
from data. While not exhaustive, several techniques of construction of these rules
have been presented. Both Mamdani and Takagi-Sugeno types of inference have been
used to demonstrate the operations of the FKM. Defuzzification is performed local to
each set of fuzzy rules in each arc so that the output to each consequent node is a crisp
real value. The weighting of these defuzzified outputs allows the consideration of the
relative importance of the contribution of each set of the fuzzy rules to the consequent
node. Where the contributions from n antecedent nodes are equally important, the
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weighting is the default 1/n.

The final new state of a consequent node is the

aggregation of all these weighted contributions.

The hierarchical structured framework of FKM modules provides a means of
simplifying the design of an FKM. The concept of encapsulation of an FKM module
is introduced whereby an FKM module at a lower layer is abstracted as a node in a
higher layer. The advantage is that the number of time-steps in the upper layer for the
simulation of the encapsulated FKM module in the lower layer is always one, even
though the actual number of time steps of the simulation at the lower layer is more
than one. This simplifies the design of FKM as one needs to consider only the time
within the confinement of the module in the individual layer. One can, for example,
design the individual modules and then assemble them into a complex hierarchical
structure.

7.2 FURTURE DIRECTIONS
Among the 28 stocks in the last experiment, the FKM seems to perform better on
stocks that have bullish trends than those with bearish trends. This may indicate that
the indicators used in the experiment are biased in favour of bullish markets, or that the
market players behave differently in an uptrend as against a downtrend. Further
investigation is needed to discover the additional knowledge that can be incorporated
into the knowledge base to improve the disparities.

Certainly, using only five technical indicators for measuring market sentiments and
making investment and trading decisions falls far short of the vast number of measures
available for technical analysis. Adding more indicators will fine-tune the predictive
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capability of the FKM model. This is evident from the charts of the price movements
of Commonwealth Bank of Australia and Telstra Corporation in Figures 6-8 and 6-9
where there are many misses in the FKM recommendations to BUY or SELL. The
question is: how many more indicators can be added before the predictive capability
starts to deteriorate and what are those potential indicators? This is an optimization
problem that is worth further study.

As a side benefit, the last experiment also confirms that technical analysis has its
merits, and its knowledge can be expressed in the FKM. This leads to the proposition
that FKMs may also be useful for modelling fundamental analysis. Assuming that to
be the case, it may be possible to use fundamental analysis for the selection of quality
stocks for investment and then use technical analysis for the actual timing of buying
and selling of stocks. The potential benefits from this can be significant.

The FKM has shown promise as a useful modelling tool since it implements fuzzy
rules in its arcs enabling better reasoning capacity. This thesis has only carried out
initial investigations on a few potential applications such as decision making,
classification, and causal reasoning. There are ample scopes for further study on these
applications.
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